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Section  I.  INTRODUCTION 


A.  Geological  Aspects  of  Radio  Propagation 
1.  Propagation  Modes  in  the  Atmosphere 

To  put  into  proper  perspective  Raytheon's  work  on  Deep  Strata 
Radio  Propagation  research,  the  large  scale  aspects  of  the  pertinent  propa¬ 
gation  media  for  radio  waves  are  reviewed  first. 

Figure  I.  1  is  an  oversimplified  sketch  of  the  earth  with  the 
immediately  surrounding  tropospheric  and  ionospheric  media.  Radio  propa¬ 
gation  between  points  on  the  surface  of  the  earth  as  affected  by  these  media  * 

has  been  and  is  a  large  field  of  research  covering  the  radio  frequency 
spectrum.  The  troposphere  extending  upwards  to  about  10  km  or  more  and 
the  major  ionospheric  regions  at  100  km  (E  region)  and  150  to  250  km  (F 
regions)  play  various  roles  in  short  line -of- sight,  longer  beyond-horizon, 
and  much  longer  distance  paths.  At  UHF  and  for  distances  beyond  horizon, 
the  principal  effects  of  the  troposphere  are  those  of  scattering,  and  tropo¬ 
spheric  scattering  modes  have  been  studied  from  higher  HF  through  micro- 
wave  frequencies  and  at  ranges  up  to  hundreds  of  miles.  At  YHF  and 
distances  beyond  horizon,  turbulent  and  meteoric  scattering  in  the  iono¬ 
sphere  give  rise  to  ionospheric  and  meteoric  scatter  modes  at  distances  of 
600  to  1200  miles.  At  frequencies  up  through  HF  (and  neglecting  sporadic 
E -layer  propagation),  reflection  and  refraction  in  the  ionospheric  regions 
give  rise  to  well-known  regular  ionospheric  layer  modes  for  propagation  to 
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Figure  I.  1.  Oversimplified  sketch  of  earth  structure  and  radio  propa¬ 
gation  modes  above  the  surface  (not  to  scale) 


1-2 


great  distances.  The  principal  effect  of  the  troposphere  here  is  that  of 


radio  refraction.  There  is  an  additional  mode,  that  of  the  surface  wave 


along  the  air-ground  interface,  which  contributes  to  vertically  polarized 

wave  propagation  of  particular  importance  at  LF  and  MF. 

An  explanation  of  the  mechanism  of  propagation  in  the  spherical 

cavity  between  the  earth's  surface  and  the  ionosphere  can  be  found  in  the 
,  ,  25,76,81 

mode  theory  at  the  low  frequencies  used  in  deep  strata  propagation. 

Our  interest  in  the  mode  theory  is  twofold:  first,  external  noise,  which  may 
limit  the  range  for  subsurface  propagation,  is  due  mainly  to  atmospheric 
radio  noise  propagated  between  the  earth's  surface  and  the  ionosphere  and 
then  attenuated  through  the  earth  to  the  buried  receiver;  second,  the  mode 
theory  for  propagation  in  air  between  ground  and  ionosphere  has  a  counter¬ 
part  in  certain  possible  propagation  modes  in  the  earth's  crust  in  a  "wave¬ 
guide"  of  very  low  conductivity  rock  between  highly  conducting  boundaries, 
e.  g.  ,  overburden  soil  on  top  and  the  highly  conducting  "Moho"  (Mohorovicic) 
discontinuity  on  the  bottom.  This  is  discussed  further  in  Section  IB  and 
Appendix  B. 


.  2.  Geological  Structure  of  the  Earth 

We  have  discussed  one  of  perhaps  four  major  spherical  regions 
of  the  earth:  the  atmosphere.  Depending  upon  the  definition  used  for  these 
regions:  the  second  is  the  hydrosphere,  which  includes  the  great  oceans, 
seas,  lakes,  and  rivers;  the  third  region  is  the  lithosphere;  the  fourth  is 
the  barysphere. 
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The  lithosphere,  according  to  one  set  of  definitions,  ^  refers 

to  the  solid,  rocky  outer  portion  of  the  earth - as  distinguished  from  the 

barysphere,  which  designates  the  unknown  interior  supposed  to  consist  of 
matter  heavier  than  surface  materials.  More  positively,  the  lithosphere  is 

formed  only  of  the  types  of  rocks  observable  to  geologists  and  is  assumed  to 

*.  * 

be  about  60  miles  thick.  It  is  commonly  termed  the,  earth's  crust.  • 

s 

The  earth  may  be  divided  into  shells  according  to  reflections 
of  seismic  waves  from  discontinuities  forming  the- boundaries  of  such  spheri¬ 


cal  shells.  The  major  discontinuities  are:* 
-  the  earth's  surface. 


•  * 


the  Mohorovicic  (Moho)  discontinuity,  *which  occurs 


at  a  depth  10  _+  km  in  deeper  parts  of  the  oceans, 

30  +  km  under  lower  parts  of  continents,  and  perhaps 
r  • 
up  to  60  km  under  high  mountain  ranges. 

•  •  •  *  •  * 

—  outer  core,  boundary  at  a  depth  2900  +_  20  km  .(radius- 

•  '  .  •  .  • 

0  * 

3470  km).  •  * 


inner  core,  there  is  doubt  as  to  whether  the Jooundary * 
(radius  =  1300  +  km)  is  sharp  or  whether  the  transi¬ 
tion  takes  place  over  a  range  of  100  to  200  km  in 
depth. 


*  See  Reference  13,  section  2-k. 
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Therefore,  the  earth  has  four  shells:  the  crust  extends  above 


the  Moho,  with  a  thickness  varying  from  10  to  30  miles  (its  upper  surface 
may  vary  by  12  miles  when  considering  the  variation  from  the  top  of 
Mt.  Everest  to  the  Mindinao  Deep);  the  mantle  extends  to  a  depth  of  about 
1900  miles;  the  outer  core  is  about  1300  miles  thick;  the  inner  core  is  about 
800  miles  in  radius.  This  division  is  depicted  in  an  oversimplified  fashion 
in  F igur e  I.  1 . 

We  will  not  discuss  further  the  characteristics  of  the  core. 

The  mantle  is  believed  to  be  a  plastic  fluid  area  mostly  of  peridotite  rock 
(with  conductivity  and  dielectric  constant  comparable  to  thoseoof  surface 

soils).  Conductivity  was  deduced  from  diurnal  variations  in  the  earth's 

6 1  3  ,r 

magnetic  field  by  Lahiri  and  Price  of  about  4  x  10  mhos /meter  at  the 

Moho.  The  crust  consists  of  rocks  in  various  forms  most  often  with  lower 

conductivity.  @ 

Closer  examination  of  the  crust  reveals  more  complexity  in 
structure  and  distributions  of  rock  types  with  depth,  causing  consequent 
difficulty  in  attaining  suitably  simplified,  useful  propagation  models.  The 
crust  may  be  divided  into  two  thin  portions:  the  outer  or  continental  layer, 
which  is  the  foundation  of  all  continents  and  consists  largely  of  granite;  the 
inner  or  subcontinental  layer,  which  lies  beneath  continents  and  makes  up 
ocean  bottoms  and  consists  mainly  of  basalt.  An  oversimplified  sketch  for 
the  model  postulated  is  depicted  in  Figure  I.  2. 
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Figure  I.  2.  Sketch  of  crust  and  mantle  regions  near 
earth' s  surface  (lithosphere) 


3.  Rocks  and  Structure  of  the  Crust 


A  rock  consists  of  one  or  more  minerals.  A  simple  rock 
consists  of  one  mineral;  marble,  for  example,  is  formed  from  the  single 
mineral  calcite.  A  compound  rock  is  made  of  more  than  one  mineral; 
granite,  for  example,  is  formed  from  feldspar  and  quartz  in  various  ratios, 
plus  minor  amounts  of  mica  and  other  accessory  minerals. 

Rocks  may  be  divided  into  three  classes  according  to  the  code 

of  origin: 


a.  Igneous  -  rocks  formed  from  molten  masses  of  material 
from  within  the  earth,  which  have  cooled  and  solidified.  In 
part  they  are  the  lavas  and  other  products  of  volcanoes; 
other  masses  cool  slowly  below  the  surface  to  form  granite 
and  other  crystalline  forms.  The  bulk  of  igneous  types  are 
intrusive - as  distinct  from  the  lavas*  which  are  extrusive. 

Examples  are: 


(1)  granite  -  a  common  and  widely  occurring  deep  seated 
igneous  rock.  As  the  amount  of  feldspar  increases, 
granite  becomes  known  as  granodiorite. 

(E)  basalt  -  fine  grained  to  dense,  intrusive  or  extrusive; 
black  or  green-black,  principally  feldspar  and 
pyroxene. 

(3)  gabbro  -  often  coarse-grained,  deep  seated. 
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b.  Sedimentary  -  material  that  "formed  a  part  of  pre-existent 
rocks,  and  that  was  moved  from  its  former  position,  depos¬ 
ited  by  the  action  of  water,  atmosphere,  or  glacier  ice, 
and  subsequently  converted  into  rock.  " 

Examples  are:  conglomerate,  sandstone,  and  limestone. 

c.  Metamorphic  -  rocks  which  were  originally  igneous  or 
sedimentary  but  changed  for  some  (e.  g.  ,  temperature  and 
pressure)  reason  in  texture,  composition,  or  both,  so  that 
the  original  characteristics  are  altered  markedly. 

Examples  .are:  Slate,  formed  from  shale;  marble,  derived 

from  pre-existent  limestone. 

Referring  again  to  Figure  I.  2,  the  gross  picture  is  that  of 
surface  soils  of  varying  thicknesses  overlying  in  general  sedimentary  rocks 
on  top  of  "fractured",  granites.  One  theory  is  that  granites  meld  in  depth 
with  more  solid  granite  and  then  blend  into  basaltic  rock,  which  extends 
down  to  the  Mo  ho.  ; 

4.  Gross  Electrical  Characteristics  of  Crust  and  Mantle 

From  a  radio  propagation  point  of  view,  we  consider  the  region 
above  the  Moho;  our  immediate  and  perhaps  more  limited  and  practical  con¬ 
cern  is  with  that  portion  nearer  the  earth's  surface.  We  wish  to  know  the 
electrical  characteristics  of  such  media  pertinent  to  the  complex  propaga¬ 
tion  constant  k  discussed  in  Section  II.  The  electrical  constants  which  affect 
k  are  the  conductivity  <3-  and  relative  dielectric  constant  (it  is  assumed 
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for  simplicity  that  relative  permeability  =  1).  The  way  in  which  q— 

and  affect  attenuation  constant  and  phase  constant  ^(where  k  = 

-  j  o<)  depends  upon  a  ratio  called  the  loss  tangent  p  =  / &'€■  = 

60  CT  iQ/  6r‘,  \  is  the  free  space  wavelength  and  mks  units  are  employed. 

This  ratio  is  that  of  conduction  current  to  displacement  current  in  the  lossy 
dielectric  media.  If  p  is  large  (say  p  2  10),  propagation  is  similar  to  that 

in  metals;  if  p  is  small  (say  p  —  0.5),  propagation  is  similar  to  that  in 

*  3 

dielectrics  with  small  heating  loss  (glass,  polyethylene,  etc.).  For  reason¬ 
able  values  of  £■  ,  the  loss  tangent  p-will  be  large  unless  CT"  is  extremely 
r 

small  at  the  necessarily  low  frequencies  wherf  \  is  large.  . 

'  °  • 

The  accuracy  of  values,  of  <y  and  £  is  complicated  by  several 

r 

factors,  becoming  worse  as  depth,  incre’ases  because  of  the  indirect  "methods 

of  measurement.  It  is  also  found  that  CT  and  £  are  not  independent  of 

r 

frequency,  temperature,  pressure,  and  water  content;  so  that  at  best,  a 
relatively  simple  but  accurate  picture  is  difficult.  Nevertheless,  typical 
ranges  of  values  of  these  constants  and  the  loss  tangent* may  .serve  as  a  guide. 

The  ranges  of  conductivity  for  earth  materials  are  shown 
sketched  in  Figure  I.  3,  based  principally  on  data  from  the  American  Institute 
of  Physics  Handbook."''  These  cover  various  forms  of  water,  unconsolidated 
sediments  (soils),  and  sedimentary,  igneous,  and  metamorphic  rocks.  One 
notes  the  wide  ranges  of  O-  ,  particularly  for  igneous  and  metamorphic  rock. 


*  See  Reference  13,  Table  5K-2. 
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Figure  I.  3.  Conductivity  of  earth  materials  (after 
Amer.  Inst.  Phys.  Handbook) 


At  VLF  where  the  loss  tangent  is  large,  the  principal  mechanism  of  conduc¬ 
tion  is  electrolytic;  hence,  qt~  depends  on  the  state  and  amount  of  water  in 
the  rock  and  the  O-  of  that  water.  The  amount  of  water  depends  upon 
whether  the  rocks  are  porous  and  upon  the  availability  of  water  to  fill  the 
cracks.  Dense  rocks  such  as  dense  limestone  have  lower  values  of  than 
their  porous  forms.  Buried  sand  with  water  has  higher  Q~  than  surface  sand. 

The  conductivity  of  the  included  water  itself  depends  on  amounts  of  dissolved 
salts.  The  salt  content  may  be  enhanced  because  the  original  rock  minerals 
have  been  changed  into  more  soluble  mineral  forms  or  because  the  water  has 

¥ 

been  in  contact  for  a  very  long  time  with  rock  normally  thought  insoluble. 

in  drill  holes,  from  which  much  of  the  data  was  taken,  tempera¬ 
ture  increases  with  depth  (perhaps  parabolically  down  to  the  Moho)  and  so 
does  pressure  (perhaps  linearly  with  depth).  The  conductivity  increases  with 

increased  temperature  and  decreases  with  decreased  water  content.  From 

14 

the  tabulated  data  of  von  Hippel  for  sandy  soil  and  marble  for  example,  the 
effect  of  water  content  at  constant  temperature  may  be  seen.  Since  the  per¬ 
centage  of  w'ater  in  rocks  decreases  as  the  temperature  and  pressure 
increase,  the  conductivity  at  first  decreases  with  depth  well  into  the  crust. 

As  the  depth  increases  further  and  where  the  temperature  is  several  hundred 
degrees  centigrade,  temperature  increases  result  in  a  rising  trend  in  O”  . 

At  the  Moho,  the  conductivity  is  about  4  millimhos/m,  which  is  comparable 
to  that  for  surface  soils. 
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\ 


The  electrical  properties  of  rocks  are  frequency  dispersive, 
particularly  when  dry.  The  variation  in  CT  with  frequency  is  particularly 
marked,  the  variation  in  being  much  less  frequency  dependent.  Thus, 
dry  marble  at  25°C,  measured  over  the  range  100  cps  to  100  me,  shows  that 

^  _  -  9 

fc  decreases  slightly  from  9.  5  to  S.  5,  but  G~  increases  from  about  10 
_4 

to  6  x  10  mhos/m.  Throughout  this  frequency  range  the  loss  tangent  p  is 

small,  decreasing  from  0.  2  to  about  0.03,  respectively.  A  similar  frequency 

behavior  of  Q~  >  6T.,  and  p  is  found  for  dry  sandy  soil.  However,  when  wet 

with  about  3.  9%  moisture,  this  soil  shows  decreasing  slightly  from  5  at 

■  -4 

100  cps  to  4.  5  at  300  kc,  while  the  values  of  C3T  vary  from  5.  3  x  10  at  . 

-3 

100  cps,  then  decrease  slightly  and  increase  slowly  to  2.  25  x  10  at  300  kc. 

The  loss  tangent  is  19  at  100  cps  and  decreases  to  .03  at  300  kc.  Crudely, 

-3 

it  appears  that  for  >  10  and  at  frequencies  where  the  loss  tangent  is 
large,  then  C5~  and  do  not  vary  markedly  with  frequency.  This  seems  to 
hold  true  for  surface  soils  and  some  sediments.  For  smaller  conductivities 
and  loss  tangents,  <5~  increases  markedly,  and  decreases  somewhat 
with  increasing  frequency;  consequently,  p  decreases  markedly  with  frequency. 

It  is  also  found  that  earth  materials  are  anisotropic  in  that  Q~ 
in  a  direction  perpendicular  to  bedding  planes  is  notably  less  than  CT*  in  a 
direction  parallel  to  such  planes.' 

Most  of  the  measurements  on  c T  and  ^*r  to  be  reported  have 

been  done  in  drill  holes  of  relatively  small  depth  compared  with  the  poten¬ 
tially  larger  depths  into  the  crust  previously  discussed.  The  drill  holes  used 
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to  date  in  New  Hampshire  and  on  Cape  Cod  are  1000  feet  deep  or  less.  From 
the  discussion  above,  it  is  not  expected  that  very  small  conductivities  in  situ 

_4 

will  be  encountered  at  the  locations  studied  and  values  of  10  mhos/m  and 
greater  were  typical,  certainly  not  as  low  as  10  ^  mhos/m.  However,  most 
of  the  work  was  that  of  developing  adequate  theory  and  techniques  of  measure¬ 
ment  rather  than  attempting  radio  transmission  over  very  great  distances 
(the  results  of  propagation  tests  over  various  paths  are  discussed  in  Section  VI). 


B.  Subsurface  Modes  of  Propagation 

One  may  conveniently  divide  possible  modes  of  radio  propagation 
between  buried  antennas  below  the  surface  into  three  types  by  reference  to 
"  the' simplified  sketches  in  Figure  I.  4.  These  are  the  up-over-and-down 
(UOD)  mode,  the  short  'distance  deep  strata  mode,  and  the  potentially  much 
longer  distance  very,  deep  waveguide  mode.  The  models  shown  for  an  example 
assume  four  media:  (a)  air,  with  y  =  0  and  £  =1;  (b)  an  overburden, 

O  T  q 

^  -2 

perhaps  500  feet  thick  with  (J~  =  10  mhos/m,  £,  “=  4;  (c)  a  rock  trans- 

1  ri 

mission  medium  with  (J~  having  two  lower  ranges  of  <3~  values  and 

2  2 

sys  —  2 

£  4  to  9;  (d)  the  Moho  discontinuity  where  is  °f  the  order  of  10 

mho  s/m  with  £  "=^4. 


r2 

1.  Up-Over-and-Down  Mode 

This  mode  for  propagation  up  through,  over,  and  down  through 

60 

sea  water  was  suggested  and  analyzed  by  R.  K.  Moore  and  more  recently 
by  Moore  and  colleagues  at  the  University  of  New  Mexico.  ^  Experiments 
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Figure  I.  4.  Subsurface  propagation  modes  -  simplifies 


with  antennas  in  ground  soils  have  been  carried  out  by  Guy  and  Hasserjian 
among  others. 


43.45 


Horizontal  antennas  are  buried  just  below  the  earth's  surface, 
perhaps  a  few  tens  of  feet.  The  antennas  are  arranged  axially,  i.  e.  ,  "end-fire" 
for  maximum  received  field  (A  of  Figure  I.  4).  Energy  travels  vertically  upward 
towards  the  air  boundary,  dampening  exponentially.  At  the  surface,  the  wave 
suffers  refraction  loss  and  the  major  component  in  air  is  the  vertically  polarized 
electric  field, as  though  there  were  a  pseudo  vertically  polarized  emitter  just 
above  the  buried  transmitting  antenna  T.  The  wave  propagates  along  the  surface 
with  the  characteristics  of  a  ground  wave.  Recent  modifications  to  the  simpler 
theory  take  into  account  the  mode  theory  of  propagation  in  the  cavity  between  the 
earth  and  ionosphere.  As  the  wave  propagates  along  the  surface,  energy  leaks 
into  the  ground;  in  the  vicinity  of  the  receiving  antenna  R,  one  may  imagine  the 
wave  "bending  over"  after  undergoing  refraction  loss  to  become  a  horizontally 

polarized  wave,  with  further  exponential  damping  towards  R. 

With  antennas  buried  not  too  deep  (  a  few  meters)  to  minimize 

exponential  damping,  distances  of  hundreds  of  miles  are  potentially  feasible. 

The  influence  of  external  noise  on  the  received  signal,  which  is  also  attenuated 

into  the  earth,  gives  rise  to  useful  frequencies  in  the  VLF  region.  There  are 

various  trade-offs  regarding  depth  and  optimum  frequency  for  best  signal-to- 

60,61 

noise  ratio  at  the  receiver. 

This  mode  has  an  advantage  where  antennas  must  be  buried  for 
protection,  but  the  depths  cannot  be  too  great.  However,  the  signals  can  be 
readily  detected  in  air  and  can  cause  interference;  vice  versa,  VLF  signals 
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from  other  stations  can  cause  interference  to  the  desired  received  signal. 

The  theory  assumes  a  soil  thickness  so  great  that  there  is  no 
appreciable  "reflection"  effect  from  the  overburden-rock  boimdalry,  because 
of  exponential  damping  in  the  soil.  It  further  assumes  that  the  "direct" 
signal  through  the  overburden  from  T  to  R  is  negligible,  a  reasonable  assump¬ 
tion  for  larger  distances  in  highly  conducting  soils  and  sea  water. 

2.  Deep-Strata,  Medium  Loss,  Short  Distance  Mode 

Deep  strata  modes,  represented  in  B  of  Figure  I.  4  and  C  of 
Figure  I.  4,  differ  from  the  UOD  mode  in  A  of  Figure  1.4  in  two  principal 
ways.  First,  rather  deep  drill  holes  (DH)  must  be  available  to  afford  access 
from  the  earth's  surface  to  the  lower  loss  rock  lying  beneath  the  overburden. 
Second,  and  as  a  consequence  of  the  geometry  of  drill  holes,  vertically 
polarized  radiators  appear  more  favorable  from  a  practical  point  of  view. 

We  have  principally  considered  vertical  linear  radiators,  insulated  and  bare, 
and  fed  by  means  of  coaxial  lines.  The  theory  for  and  experiments  with  such 
antennas  are  discussed  in  Section  IV  and 'in  Appendices  D  arid  E. 

When  the  conductivity  of  the  rock  q~  is  somewhat  lower  than 
that  of  the  overburden  but  not  as  low  as  that  of  such  igneous  rocks  of 
Figure  I.  3,  the  situation  of  B  of  Figure  I.  4  pertains.  The  theory  assumes 
first  that  the  rock  is  a  simple  medium  of  infinite  extend;  this  is  developed  in 
Section  IIG.  The  result  is  applicable  to  the  direct  ray  for  great  depths 

shown  in  ^  in  B  of  Figure  I.  4.  The  next  approximation  takes  into  account 
the  effect  of  the  overburden-rock  boundary;  it  further  assumes  that  the  thickness 
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of  the  rock  down  to  the  next  major  discontinuity  such  as  the  Moho,  is  so  great 
that  the  effect  of  reflections  at  such  discontinuities  is  negligible  due  to  expo¬ 
nential  and  spreading  losses.  This  assumption  appears  to  be  valid  if  Q~  is 

2 

-4 

of  the  order  to  10  mhos/m  or  greater. 

The  theory  of  the  effect  of  the  overburden-rock  boundary  is 
given  in  Appendix  C  and  summarized  in  Section  IIG.  Besides  the  direct  ray 
(l)  ,  there  is  a  wave  reflected  from  the  overburden-rock  interface  as  (5)  , 
and  a  wave  component  (5)  guided  along  that  interface.  This  wave  component 
notation  parallels  the  "ground  wave"  treatment  for  antennas  in  air  above 
ground  with  the  rock  replacing  the  air  as  the  "propagation"  medium.  The 
resulting  effect  of  waves  (2)  and  (5)  depends  upon  the  propagation  constants 
of  the  overburden  and  the  rock  and  upon  their  ratio,  which  gives  the  relative 
refractive  index  of  the  two  media. 

Estimates  for  communication  range  may  be  made  for  various 
assumptions  of  the  propagation  model,  the  constants  of  the  media,  electrical 
length  of  antennas,  and  noise.  The  calculations  have  been  done  in  Section  IIF 
for  the  rather  simplified  model  of,.a.  direct  ray  between  T  and  R  in  a  homo¬ 
geneous  rock  medium,  which  calculations  would  apply  for  antennas  at  several 
skin  depths  below  an  overburden  boundary.  The  antennas  were  assumed  to  be 
identical  and  electrically  short,  and  results  are  given  for  insulated  antennas 

which  were  short  circuited.  For  an  allowed  total  transmission  loss  of  205  db 

-4 

and  a  conductivity  (j —  =  10  mhos/m,  the  range  is  5  miles  at  10  kc  and 

about  12  miles  at  1  kc.  If  the  conductivity  varies,  the  ranges  will  vary 
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roughly  proportional  to  ^ 1 /  at  a  given  frequency  and  for  such  ranges. 

Greater  ranges  can  be  achieved  by  using  resonant  insulated  antennas  if  hole 

depths  are  sufficiently  great.  If  the  allowed  transmission  loss  is  based  upon 

a  receiver  limited  by  its  own  internal  noise,  then  the. ranges  will  decrease  if 

atmospheric  noise  fields  are  not  sufficiently  attenuated  by  the  overburden. 

There  is  the  possibility  of  the  UOD  mode  of  propagation.  For 

vertical  electric  dipoles  immersed  in  the  overburden  or  sea  water,  as  for 

60,61 

the  model  sketched  in  A  of  Figure  I.  4,  Moore  has  shown  that  the  verti¬ 

cal  electric  field  in  air  at  large  distances  is  negligible  compared  with  the 
horizontal  component,  which  is  itself  weak.  The  theory  for  such  mode  has 
not  been  worked  out  completely  for  vertical  electrical  antennas  in  the  rock. 
However,  if  values  of  relative  refractive  index  of  the  overburden  with  respect 
to  the  rock  are  not  too  great,  the  potential  UOD  modes  would  be  expected  to 
be  much  weaker  than  those  for  similar  antennas  nearer  the  surface  but 
immersed  in  the  overburden. 

A  further  potentially  attractive  mode  is  the  downward  refracted 
wave  shown  as  (2)  in  B  of  Figure  I.  4.  Such  a  mode  can  occur  if  the  con¬ 
ductivity  decreases  to  low  values  with  increasing  depth,  causing  a  decrease 
in  refractive  index  with  depth  compared  with  that  nearer  the  overburden. 

The  situation  is  roughly  analogous  to  ionospheric  propagation  from  air  into 
an  ionized  medium  of  lesser  refractive  index  causing  ray  refraction  and 

return  to  earth.  In  the  rock,  the  bending  depends  upon  the  initial  values  of 
refractive  index  at  transmitter  and  receiver  and  the  gradient  of  refractive 
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index  with  depth.  This  mode  is  being  studied  further  with  several  assumed 
gradients  of  refractive  index  with  depth,  with  a  view  of  utilizing  digital 
computation. 


3.  Very  Deep  Strata,  Low  Loss,  Waveguide  Mode 

This  mode  is  shown  sketched  in  idealized  form  in  C  of  Figure  I.  4. 
It  assumes  that  the  rock  conductivity  is  at  least  two  orders  of  magni¬ 

tude  less  than  that  for  rays  £T)  ,  Q)  ,  and  (5)  in  B  of  Figure  1.4  and  that 
the  gradient  of  refractive  index  with  depth  is  very  sharp  at  the  rock-overburden 
boundary  and  also  at  the  lower  discontinuity  (say  the  Moho  shown  sketched 
in  the  Figure  at  20-km  depth).  Rather  larger  antenna  depths  may  be  required 
to  excite  this  mode.  The  simple  picture  is  that  of  waves  propagated  in  rock 
of  very  low  loss  tangent  and  guided  between  parallel  planes  (or  spherical 
sections)  of  much  larger  conductivity.  The  theory  is  given  in  Appendix  B 
and  is  discussed  below. 

Some  examples  were  used  to  typify  the  theory.  The  cases 
.  chosen  were  those  for  which  a  10 -kc  wave  was  excited  by  a  dipole  near  the 
upper  wall  and  the  field  was  calculated  at  a  point  near  that  wall  at  a  dis¬ 
tance  •-  The  upper  and  lower  plane  walls  were  assumed  separated  a 
distance  d  =  20  km.  The  dielectric  in  between  was  assumed  to  have  a  rela¬ 
tive  dielectric  constant  ^  =  4.  Two  cases  for  the  conductivity  were 


considered:  (a)  for  =  0  (loss-less  dielectric)  and  (b)  for  =  10 
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mhos/m  (a  rather  low  value,  and  such  that  the  loss  tangent  p^  =  0.  45).  The 
resulting  electric  field  Ez  was  normalized  to  the  same  dipole  moment 
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Ids  =  16,900  amp-meter  for  the  two  cases,  the  value  chosen  being  that  which 
gives  a  field  of  300  mv/m  at  -  1  km  for  1  kw  radiated  from  a  short  loss¬ 
less  dipole  over  a  perfect  ground  pi-ane  for  waves  in  a  loss-less  dielectric 
with  £  ~  resu*ts  are  shown  plotted  in  Figure  1.5,  in  which  values 

of  Ez  in  db  above  1  mv/m  are  plotted  vs  horizontal  distance  on  a  log 
scale  for  the  two  assumed  values  of  (T-.  There  are  three  modes  excited: 
m  =  0,  1,  2;  the  solid  curves  are  the  resultant  field;  the  dashed  curves  are 
those  for  the  TEM  mode  (m  =  0).  The  departure  of  the  solid  and  dashed 

curves  is  the  quantity  |w|  given  in  Appendix  B. 
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The  values  of  Ez  for  <3"  =  10  are  relatively  lower  than 
those  for  <5-^  =  0,  due  first  to  the  exponential  damping  exp  (-  ^>)  in  the 


former.  Also,  at  /O  =  50  km,  the  relative  enhancement  of  E  for  QT1  =  10 
r  z 

above  E  1  e  1  is  smaller  than  that  enhancement  of  Ez  for  =  0  above 

O  w 
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For  the  example  cited,  there  does  not  appear  to  be  much  theo¬ 
retical  advantage  in  considering  the  waveguide  mode  over  the  TEM  mode 

-6 

when  a  conductivity  as  small  as  10  mhos/m  exists.  If  such  a  waveguide 
mode  existed  over  great  distances  In. the  earth,  the  presence  of  a  lower 
boundary  may  cause  weaker  fields  than  those  due  to  the  TEM  mode,  but  not 
much  stronger.  This  appears  due  to  the  greater  attenuation  of  the  higher 
order  modes.  Further  calculations  for  different  frequencies,  plane  separa¬ 
tions,  and  conductivity  are  needed  to  generalize  the  relative  behavior  of  Ez 
found  for  this  example. 
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C.  History  of  the  Program 

Basic  consideration  of  the  problem  of  underground  communications 
was  undertaken  in  a  study  for  project  Minuteman,  sponsored  by  Boeing  Air¬ 
craft  Company.  It  resolved  into  a  program  of  electrical  measurements  of 
rock  and  boundary  media  in  the  laboratory  and  field,  antenna  design  and 
measurements,  propagation  and  path  attenuation  measurements  in  the  field, 
consideration  of  the  subterranean  noise  levels  to  be  encountered,  and  a 
theoretical  study  a.nd  analysis  effort. 

Raytheon  Company  sponsorship  was  then  used  to  initiate  one  phase 
of  immediate  interest,  based  upon  some  of  the  results  of  the  previous  study. 
This  was  the  use  of  layers  of  rock  salt  as  a  potential  transmission  medium. 
These  salt  layers,  of  varying  thickness,  are  reached  at  drilling  depths  of 
100  feet  to  2000  feet  depending  on  location.  The  three  major  salt  basin  areas- 
in  the  United  States  cover  areas  of  50,000  to  150,000  square  miles.  The  low 
conductivity  of  this  medium  offered  attractive  possibilities  for  underground 
communications,  though  the  thickness  of  the  salt  layers  placed  a  lower  limit 
of  3  to  4  me  on  the  frequency  to  be  used  when  assuming  a  waveguide  mode. 

Experiments  were  conducted  in  the  Retsof  salt  mine  at  Geneseo, 

New  York,  during  the  latter  part  of  1959.  This  mine  is  approximately 
1000  feet  underground,  the  depth' minimizing  the  limitations  on  signal-to- 
noise  due  to  surface  noise  and  interference.  It  was  intended  to  use  test  holes 
drilled  100  feet  into  the  floor  of  the  mine  as  antenna  holes  for  simple  propa¬ 
gation  tests.  These  holes,  supposedly  dry,  were  filled  with  brine  and 
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totally  unsatisfactory  for  the  intended  use.  Cracks  and  fissures  in  the  layers 
under  the  mine  floor  allowed  water  infiltration  reducing  the  effectiveness  as 
a  transmission  medium. 

Further  measurements  in  salt  layers  were  attempted  in  early  I960 
at  Honeoye,  New  York.  This  is  a  site  of  natural  gas  drilling,  with  hole 
depths  1500  feet  and  deeper  usual  in  the  area.  The  wells  selected  were  . 
approximately  4  miles  apart,  and  the  corings  indicated  a  layer  of  salt  75  feet 
thick  centered  at  1500  feet.  These  holes  were  supposed  to  be  dry.  The  water 
used  in  drilling  had,  as  at  the  Retsof  salt  mine,  infiltrated  the  salt  layers 
encountered  in  drilling,  and  the  insides  of  the  holes  were  soaked  with  brine. 
Tubular  dipole  antennas  were  used,  resonant  at  about  6  me.  These  antennas 
were  wrapped  in  polyethylene  sheeting  to  prevent  their  being  shorted  out 
electrically  by  the  brine  coating  the  inside  of  the  holes. 

These  unsuccessful  experiments  in  a  watery  salt  medium  indicated 
the  need  for  a  more  favorable  area  for  experimentation.  They  pointed  out 
the  need  for  controlled  conditions  in  drilling,  which  are  not  always  feasible 
when  using  holes  drilled  for  other  purposes. 

Work  was  initiated  in  New  Hampshire  where  low-conductivity  granite 
is  common  and  reached  easily  through  relatively  thin  layers- of  overburden. 
Sites  were  selected  at  Concord,  Goffstown,  and  Bedford  where  drilled  holes 
already  existed  at  each  location.  Various  antenna  and  propagation  measure¬ 
ments  -were  conducted  at  these  sites.  The  propagation  tests  pointed  up  a 
problem.  The  small  amount  of  overburden  in  this  area  complicated  an 
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accurate  assessment  of  the  transmission  path  between  the  sites:  i.  e.  , 
the  signal  propagated  principally  through  the  rock  or  via  the  up-over-and- 
down  mode  ? 

The  AFCRL  sponsored  a  continuation  of  the  work  under  the  present 
USAF  contract,  effective  in  the  Spring  of  1961.  Following  some  preliminary 
measurements  of  phase  on  signals  between  Goffstown  and  Bedford,  the  phase 
measurements  were  repeated  in  an  attempt  to  differentiate  between  rock- 
propagated  and  air-propagated  signals.  Results  were  not  conclusive  in 
proving  that  the  principal  mode  was  rock-propagated.  Attention  was  then 
concentrated  on  measurements  of  the  drill  hole  water,  and  first  definitive 
measurements  were  made  on  insulated  antennas. 

Field  model  measurements  were  made  in  early  1961  at  Weston, 
Massachusetts,  where  40-mc  air-resonant  dipoles  were  used  from  1  to  25  me 
over  a  path  length  of  several  hundred  feet  to  arrive  at  vertical  directivity 
patterns  for  this  type  of  antenna.  Antenna  impedance  measurements  were 
taken  over  this  spectrum. 

A  study  of  balanced  dipoles  and  J  antennas  was  made  at  Swenson's 
Quarry  in  Concord,  N.  H.  ,  these  antennas  being  lowered  horizontally  into 
cracks  cut  in  the  granite.  It  was  hoped  that  the  variation  in  impedance  of  the 
standard  dipole  antenna  when  in  close  contact  with  the  granite  would  allow  a 
better  understanding  of  an  antenna  in  intimate  contact  with  a  low-conductivity 
medium. 
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Later  phases  of  the  work  were  commenced  on  Cape  Cod  in  early 
1962.  Seismic  and  magnetic  surveys  were  performed  over  several  areas, 
and  sites  were  then  chosen  for  drill  holes,  one  in  Harwich  and  ultimately  two 
in  Brewster.  The  holes  were  1000  feet  deep  and  overburden  thickness,  an 
important  consideration  for  attenuation  of  atmospheric  noise,  varied  from 
400  to  450  feet. 

It  is  with  the  work  since  early  1961  that  the  technical  aspects  of  the 
report  are  concerned. 

D.  Structure  of  This  Report 

The  work  to  be  reported  consists  of  the  work  done  under  the  con¬ 
tract  since  its  inception  over  a  year  ago.  The  various  wave  propagation 
constants  to  be  employed  are  defined  in  Section  II.  Particular  attention  is 
given  to  effects  of  large  vs  small  loss  tangents  of  the  propagating  media  on 
the  various  coefficients  used. 

Section  III  contains  a  description  of  the  various  facilities, equipment, 
and  test  equipment  employed,  with  several  photographs. 

In  Section  IV  the  theory  and  experimental  results  for  bare  and  in¬ 
sulated  antennas  are  given.  The  theoretical  discussions  draw  on  more 
detailed  treatments  given  in  the  Appendix.  The  measurements  refer  to  full 
scale  tests  in  New  Hampshire  and  Cape  Cod  drill  holes. 

Section  V  contains  a  review  of  techniques  employed  for  measuring 
electrical  properties  of  dissipative  media.  Almost  all  have  been  employed. 
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the  major  exception  being  that  surface  resistivity  type  techniques  have  not 
been  employed  directly.  Emphasis  was  placed  on  techniques  involving  meas¬ 
urement  of  resonant  frequencies  of  insulated  antennas  and  those  involving 
measurement  of  attenuation  with  depth. 

Section  VI  contains  results  of  transmission  path  measurements, 
principally  those  made  on  Cape  Cod. 

Section  VII  includes  discussion,  conclusions,  and  recommendations 
based  on  the  work  to  date. 

Personnel  involved  are  listed  in  Section  VIII;  acknowledgements 
are  made  in  Section  IX;  an  extensive  bibliography  is  given  in  Section  X. 

The  Appendices  include  a  discussion  and  tabulation  of  the  f(p)  and 
g(p)  functions,  the  theory  of  the  very  deep  strata  waveguide  mode,  theoret¬ 
ical  treatments  of  the  performance  of  bare  and  insulated  antennas,  the  theory 
of  the  short  distance  "ground  wave"  type  of  mode  of  propagation,  and  the 
theory  of  attenuation  of  atmospheric  noise  through  overburden. 


1-26 


Section  II.  WAVE  PROPAGATION  IN  CONDUCTING  MEDIA 


A.  Definitions  of  Electrical  Constants  -  Notation 


We  shall  be  concerned  with  radio  wave  propagation  in  simple  media. 


A  simple  medium  is  homogeneous  and  isotropic,  the  electrical  constants  (in 


general  complex)  of  which  are  proportionality  constants  between  density 
functions  and  electromagnetic  field  vectors,  as  given  for  example  by  King. 


Various  complex  amplitudes  assume  a  periodic  dependence  upon  time  (t)  of 
j  ^  t  I - 

the  form  £  ,  where  j  =  \J  -1,  and  02  -  2  7T  f  where  f  =  frequency  of  the 


variation. 


We  employ  the  mks  system  of  units.  There  are  two  universal  con¬ 
stants  6  and  '•  £  is  the  fundamental  electric  constant,  called  the 

o  o  o 

dielectric  constant  or  permittivity  of  free  space;  p  is  the  fundamental 


magnetic  constant, called  the  diamagnetic  constant  or  reluctivity  of  free  space. 


The  reciprocal  oi  the  latter  is  n  ,  called  the  permeability  of  free  space, 

/  °  - 

which  we  shall  use  for  convenience  and  familiarity  in  preference  to  p  , 

o 

5 

although  p  is  the  more  fundamental.  Numerical  values  are 


-12  -9 

€■  -  8.854  x  10  farad/meter  =  10  / 36  IT  farad/meter 

o 


4TT  x  10  henry/meter 


(II.  1) 
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1.  Dielectric  Constant  (£  )* 

The  complex  quantity 

(II.  2) 

is  called  the  absolute  permittivity  or  absolute  dielectric  constant.  The 


~  -  £,4 


dimensionless  complex  quantity  jg  is  called  the  complex  relative  permit¬ 


tivity  or  complex  relative  dielectric  constant  and 


£r=  v 


(II.  3) 


i' =  v  y 

o  '-'r 


2.  Permeability  (j£) 

The  complex  quantity 

(II.  4) 

is  called  the  absolute  reluctivity  of  the  medium  and 

7/  =  y'  -j  y  "  (ii.  5) 

^  r  r 

is  called  the  relative  reluctivity  (dimensionless)  of  that  medium.  In  the 
conducting  dielectric  media  of  interest,  we  assume  (see  below)  that  is 

real.  In  this  case, 

A- A  A- A  ^  <IL6) 

is  called  the  permeability  and  JjL  the  relative  permeability  (dimensionless) 
with  jAx  =  ^  =  1/  V\ 


*  The  tilde  sign  under  a  quantity  is  usedto  indicate  a  complex  quantity, 
temporarily. 
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3.  Conductivity  (gr  ) 

The  constant 

2T=  cr’  -J  <r  <n*7> 

is  the  complex  conductivity  of  the  medium,  measured  in  mhos /meter  (vari- 

-1 

ously  designated  (_/L  m)  or  (~ir  /m)  ). 

4.  Dielectric  Factor  (§  ) 

The  quantities  CT"  »  £  »  and  CO  often  occur  in  combination  and 

the  quantity 

jco§  =  cr  +  j  ^  £  (II.  8a) 

can  be  written 

f  =  £  -j  crfr  =(£•  -  -e£~)  -j  ( 0-’  +^6")  (n.8b) 

=  <  >  _j  {<re] 

and  §  is  called  the  complex  dielectric  factor. 

The  real  part 

€  =  e*  -  £  =  G  (6'-  ^ICoC)  (II.  9a) 

e  v  oerorv  o 

is  called  the  real  effective  permittivity  or  dielectric  constant  and 

is  the  real  effective  relative  permittivity  or  relative  dielectric  constant.  In 

the  imaginary  part  of  equation  (II.  8b),  the  quantity 

CTe  =  <r'  +  CO  C"  (H.  9b) 

is  called  the  real  effective  conductivity. 

In  most  measurements,  it  is  €  (or  G  )  and  that  are 

c  cr  c 

determined.  A  frequency  variation  in  is  oftened  attributed  to  the  presence 
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of  the  imaginary  part  q-"  of  q—  •  Similarly,  a  frequency  variation  in  g- 
is  often  attributed  to  the  imaginary  part  of  C.  . 

We  shall  drop  the  subscript  "e"  and  the  primes  and  henceforth 

let 

CT  =  real  effective  conductivity 
£  =  real  effective  absolute  dielectric  constant 
but  will  keep  in  mind  the  respective  definitions  of  equations  (II.  9b)  and 
(II.  9a)  for  these  quantities. 

B.  The  f(p)  and  g(p)  Functions  for  Evaluating  \J  1  +  jp 

The  complex  factors  used  in  propagation  of  waves  in  dissipative 
media  involve  the  complex  radical  ^1  +  j  p.  As  shown  in  Appendix  A,  the 
real  and  imaginary  parts  are  the  functions  f(p)  and  g(p),  respectively;  i.  e.  , 

S  =  \J  1  ±  j  P  =  f(p)  ±  j  g(p)  (II.  10) 


In  polar  form,  the  complex  square  root  may  be  written  as 

±j  0 


fiTT 


(ii.  ii) 

64 


=  |S|  e 

The  f(p)  and  g(p)  functions  were  first  computed  by  G.  W.  Pierce 
and  have  been  published  by  King.*  Appendix  A  contains  more  extensives 
tables  of  f(p),  g(p),  g(p)/f(p),  j S J  and  9;  the  values  were  obtained  using  a 


digital  computer. 


g(P> 


Values  of  these  functions  and  the  important  ratio  are  shown 

plotted  on  the  curves  of  Figure  II.  1  and  Figure  II.  2  as  functions  of  p.  In 


*  See  Reference  4,  Appendix  II. 
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AND 


Figure  II.  1,  the  range  of  p  is  p  ^  0.9,  and  the  plots  are  linear.  In  Figure 
II.  2,  the  range  of  p  is  0.01  £  p  —  200,  and  the  curves  are  plotted  on  log-log 
scales. 


OI  importance  are  limiting  ranges  of  p,  for  which  simplified  approxi¬ 
mate  expressions  for  these  functions  can  be  used. 


Small  p  (p2  <<1) 

In  this  case  ’ 

f(p)  S'  1  +  p2/8 - 

(II.  12a) 

=  1,  (p2/8<<  1) 

(II.  12b) 

g(p)  =  _P.  (1  -  p2 - ) 

(II.  13a) 

*i  -  «£«,» 

(TI.  13b) 

(II.  14a) 

~  -§•  .  dl <<» 

**  A. 

(II.  14b) 

If  p  £=.  0.6,  first  approximation  accuracies  are 

\ 

f(p)  'S'  1,  too  low  by  4%  or  less 

g(p)  ="  p/2,  too  high  by  4%  or  less 

£l£i  p/2,  too  high  by  8%  or  less 
f(P) 

If  p  —  0.6,  second  approximation  accuracies  are 

f(p)  =  1  +  p2/8,  too  high  by  0.  4%  or  less 

g(p)  ”=  (1  -  P  ),  too  low  by  0.6%  or  less  (II.  16) 


"N 

>  (II.  15) 
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(II.  16) 


^  "2"  ( 1  )  >  too  low  by  1. 0%  or  less 

In  the  range  0—  1  —  0.  6.  we  use  first  approximations  for  sim¬ 
plicity  and  reasonable  accuracy,  the  expressions  being  those  of  equations 
(II.  12b),  (II.  13b),  and  (II.  14b)  for  f (p) ,  g(p)  and  g(p)/f(p).  respectively,  with 
accuracies  indicated  in  equation  (II.  15). 

2.  Large  p  (p^  1) 

-) 


f(p)  =  (1  +  -i-  +  - 


1 

7p 


g(p)  ^nI^t  U 

-If. 


l2F  <<;  11 


2p 


+ - ) 


<2?  «  >> 


mM.  ?  i .  _L  . 

f(P)  P  + 


If  p5s  6,  first  approximation  accuracies  are 
f(p)  =\j-y  >  too  low  by  8%  or  less 

g(p)  -J -y  >  too  high  by  9%  or  less 


=  1  ,  too  high  by  18%  or  le 

f(p) 


ss 


(II.  17a) 
(II.  17b) 
(II.  18a) 

(II.  18b) 

(II.  19a) 
(II.  19b) 


V  (II.  20) 


If  p.%  6,  second  approximation  accuracies  are 

f(p)  “S'  J_P.  (1  +  ^L)  ,  too  low  by  0.  3%  or  less 
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(11.21) 


too  low  by  0.  4%  or  less 


g(p)  ^  i  JL 

f(p)  "  P  ’ 


too  low  by  0.  1%  or  less 


If  p  ~Z-  10,  first  approximation  accuracies  are 
f(p)  =  »  too  low  by  5%  or  less 

g(p)  ,  too  high  by  5%  or  less 

■Sip)  "=  1  ,  too  high  by  10%  or  less 

f(p) 


V  (U.  22) 


If  p^  10,  second  approximation  accuracies  are 
f(p)  =”  ^  —  (1  +  ■—  )  ,  too  low  by  0.  1%  or  less. 
g(p)  (1  -  2~  )  *  to°  low  by  0.  2%  or  less  W  (II.  23) 


g(p)  ^  i  _  J_ 
f(p)  P 


,  too  low  by  0. 1%  or  less 


For  simplicity  and  reasonable  accuracy,  the  first  approxima¬ 
tion  forms  are  employed,  given  by  equations  (II.  17b),  (II.  18b),  and  (II.  19b) 
for  f(p),  g(p),  and  g(p)/f(p),  respectively.  The  accuracy  is  quite  adequate 
for  p5  10  as  indicated  in  equation  (II.  22)  and  is  somewhat  poorer  if  p  2r  6, 
particularly  for  g(p)/f(p),  as  indicated  in  equation  (II.  20). 

The  departure  of  the  first  approximations  from  the  true  values 
of  the  functions  are  also  shown  graphically  in  the  curves  of  Figure  II.  1  and 
Figure  II.  2  for  the  small  range  of  p  (p  ^  0.  6)  and  large  range  of  p  (p>  6). 


4 
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C.  Loss  Tangent  (p) 


The  loss  tangent  p  is  the  ratio  of  conduction  current  to  displacement 
current  components.  This  ratio  may  be  obtained  from  the  dielectric  factor, 
equation  (II.  8b),  as  the  ratio  of  imaginary  to  real  part,  i.e. 


Pi 

CO  & 


(II.  24) 


or  dropping  the  subscript  "e"  as  discussed 


P  = 


CO  6 


cr 

371T 


2T~ 

o  r 


(H.  25) 


where  by  CS~  we  mean  the  real  effective  conductivity,  by  £  the  real  effective 
dielectric  constant,  and  by  6 !  the  real  effective  relative  dielectric  constant, 
as  discussed  in  Section  IIA. 


We  may  write  equation  (II.  25)  as 
60  CT  1 


in  which 


P  = 


X. 


1. 8  X  1010  CT 

”T_gr 

4  -  3 

1.8  x  10  CT  (10  mhos/m) 
fkc  €r 


free  space  wavelength  (meter) 


(II.  26a) 

(II.  26b) 

(II.  26c) 


f  =  wave  frequency  (cps) 

f^c  =  wave  frequency  (kc) 

O-  =  conductivity  (mhos /meter) 

<3-  ( 10 " ^  mhos/m)  =  conductivity  in  millimhos/meter 


MU. 


27) 


II  m 


Values  of  loss  tangent  p  are  plotted  as  functions  of  frequency  f- 


kc 

on  the  curves  of  Figure  II.  3  with  C5-  and  as  parameters.  Two  values  of 
€  of  5  and  25  should  bracket  values  encountered  for  a  large  variety  of 
rocks  and  soils.  Two  ranges  of  p  are  plotted  (note  scales  of  p  and  f^  )  for 
small  p  (p  ^  0.  6)  and  large  p  (p  >  10),  these  limits  being  shown  in  heavy 
horizontal  lines. 

-4 

Thus,  for  small  p,  if  6.^  =  5  and  <3—  =  10  mhos /meter,  the 

frequency  must  exceed  600  kc,  while  if  =  25  for  that  same  >  the 

frequency  must  exceed  120  kc.  Again,  for  large  p  (p  2  10),  if  £__  =  5  and 
-4 

0~~  =  10  mhos/m,  the  frequency  must  be  less  than  36  kc,  while  if  £  -  25 

for  that  same  conductivity,  the  frequency  must  be  less  than  7.  2  kc. 

For  sea  water,  with  CT  =  4  mhos/m  and  €■  =  81,  the  loss  tangent 

5 

is  p  =  8.89  x  10“  / f and  will  be  large  (p  2r  10)  at  all  frequencies  less  than 
about  90  me. 

D.  Propagation  Constant  or  Complex  Phase  Constant  (k) 

The  complex  phase  constant  k  is  found  from  the  general  relation 


(II.  28) 


where  co  -  Ziri,  f  =  frequency,  JA  is  the  permeability  and  J?  the  dielectric 
factor,  discussed  in  Section  IIA.  We  assume  is  real  and  that  JL(  is 


unity  so  that  n  - 


A 


lit  x  10  h/m. 


* 
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We  let* 


k=  ft  -j  °<  =  /(1-j  ^T>  (H.  29) 

where  ^<3  is  the  phase  constant  and  ©<  the  attenuation  constant  measured  in 
radians  (or  nepers)  per  meter,  and  both  are  real. 

With  equation  (II.  8b)  without  subscript  "e",  plus  the  relations  in 
Section  IIB  and  equation  (II.  29),  we  may  write  equation  (II.  28)  as 


k  =  OJ 


%  = 


“V/i  ^o  ¥r 

(II.  30a) 

[^(p)  -j  g(pyj 

(II.  30b) 

1.  Phase  Constant  ( ^  )  and  Wavelength  in  the  Medium  (X) 
From  equation  (II.  30b)  with  equation  (II.  29) 

A  A  JK  '<»> 


(11-31) 


and  with 

A  -  21r<\ 

where  X  *s  the  wavelength  in  free  space 
o 

X  i 


(n.  32) 


K 


v/T  f(P) 


(II.  33) 


where  Vp  =  phase  velocity  and  vQ  =  velocity  of  light  in  vacuo.  **  The  effect  of 
the  magnitude  of  p  on  this  ratio  is  discussed  below. 


*  In  some  texts,  the  notations  = 

/v 

propagation  constant. 

**  The  phase  velocity  is  given  by 


+  j  0  =  -j  k  is  sometimes  used  for  the 


v 


o 


*(P> 


(II.  33a) 
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2.  Attenuation  Constant  (c< ) 

From  equation  (II.  30b)  with  equation  (II.  29) 

g(P) 

g(p)  (II.  34) 

The  effect  of  the  magnitude  of  p  on  c<  is  discussed  below. 

Occasionally,  confusion  in  expressing  attenuation  losses  arises 

because  of  the  various  units  assigned  to  in  practice.  The  far-zone  fields 

-  R 

attenuate  or  vary  exponentially  with  distance,  according  to  e  .For  sim¬ 

ple  media,  an  exponential  attenuation  (power)  loss  A  may  be  ascribed  to  this 

variation,  which  is  the  square  of  the  reciprocal  of  e  ;  i.  e.  , 

2<=xr 

A  =  e  (II.  34a) 

where  the  units  are  nepers/meter  for  «=<  and  meters  for  R,  for  consistency. 

In  practice,  it  is  most  convenient  to  express  A  as  a  logarithm  of  a  power 

ratio,  and  the  usual  form  is  the  decibel  rather  than  the  neper.  Thus,  the 

exponential  attenuation  loss  A  in  decibels  is 

A(db)  =  10  I°gjQ  A  =  8.686  (nepers/meter)  R  (meter) 

(II.  34b) 

The  relations  for  <xC  and  R  will  be  expressed  in  subsequent  sections  in  units 
other  than  neper  s/m  and  meters.  One  has 


4 

2  TT 

2  IT 

"  * 

g(P) 

<=<  (nepers/meter)  = 


1  ,  3.281 

87686  00  <db/m>  =  87686 


3.  281 

ST  666  x  5280 


(db/mi) 


=  ©C(db/ft) 
(II.  34c) 
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1  5280 

R(meter)  =  3.281  R(ft)  -  3.281  R(mi) 


(II.  34d) 


Hence, 


A  (db)  =  <X  (db/m)  R  (meter) 

=  oc  (db/£t)  R  (ft)  (II.  34e) 

=  oC  (db/mi)  R  (mi) 


To  express  A  in  equation  (II.  34a)  as  a  dimensionless  power  ratio,  the 
logarithmic  unit  in  c>c  must  be  the  neper  and  the  length  unit  in  oC  must  be  the 
same  as  that  for  R. 

3.  Effect  of  Magnitude  of  Loss  Tangent  (p)  on  Relations  for 
cX  ,  and  X 

a.  Small  loss  tangent  (p  x  0.  6) 

When  p  is  sufficiently  small,  first  approximations  for  f(p) 

-  and  g(p)  are  used,  whence 


f(p) 

=  1 

(H. 12b) 

g(p) 

O'  _p_  = 

<S~ 

(II.  13b) 

2 

2  Ck>  6 

g(p) 

f(p) 

II 

hi 

o~ 

■2  oj£ 

(II.  14b) 

In  this  case  of  small  loss  tangent,  several  useful  relations  result. 

(1)  Phase  constant,  phase  velocity  and  wavelength 


**  4.  K 


=  IS- 


When  p  ^0  as  in  air  (for  which  o~  =  0), 


>■*  K- 


(II.  35a) 
(II.  35b) 
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In  dielectrics,  such  as  polyethylene  in  coaxial  cables. 


O'  =  0  =  p  and  with  -  2.  25 

-y-  =  IS.  =  =0.67 

a  1. 5 

^o  o 

giving  rise  to  the  "fore -shortened  wavelength.  " 
(2)  Attenuation  constant 
In  this  case 


4  Fr 

P 

2 

60  tt  or  , 

=  — — -  neper /meter 

F 

(II.  36a) 

-  1.  637  x 

10  3 

cr 

db /meter 

(II.  36b) 

Ft 

=  4.  990  x 

102 

cr 

db/ft. 

(II.  36c) 

Ft 

=  2.  635  x 

io6 

cr 

db/mile  (statute) 

(II.  36d) 

F 


Less  used  is  the  relation  of  attenuation  per  wavelength 

oC  =  1637.3  ... X  (db /medium  wavelength)  (II.  37a) 

€  ° 
r 

=  1637.  3  ■  \  (db/free-space  wavelength) 

°  (II.  37b) 


in  which  XQ  is  the  free  space  wavelength  in  meters. 

It  must  be  emphasized  that  relations  of  equation  (II.  36)  are 
valid  only  for  small  loss  tangents  (p  ^  0.  6)  of  the  medium.  Such  relations 
cannot  be  used  for  sea  water  at  frequencies  less  than  150  me,  for  example. 

From  the  relations  of  equation  (II.  36)  one  sees  that  is 
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independent  of  frequency  as  long  as  c T  and  are  constant  with  frequency. 

The  remarks  in  Section  I1A  must  be  recalled  to  the  effect  that  <r  and  €  as 

r 

used  here  are  the  real  effective  conductivity  and  real  effective  relative 
dielectric  constant,  respectively,  and  thus  may  be  functions  of  frequency  (low) 
if  imaginary  parts  of  complex  cr  and  £  are  important. 

b.  Large  loss  tangent  (p  »  10)  -  metallic  skin  depth  (f) 

When  p  is  sufficiently  large(say  p  —  10),  first  approxima¬ 


tions  give 

f(p)  ~  \|p/2 

g(p)  =  ^pTT  (U.  22) 


£tP>  ~  1 

f(p) 

Accordingly,  the  following  relations  develop. 

(1)  Phase  constant,  phase  velocity  and  wavelength 
From  equation  (II.  31)  with  equation  (II.  I7b) 


A 

4  i 

ii 

|o,|(M 

1  VU* 

a,  /“o  cr 

- - -  (rad/m) 

(II.  38) 

2  TT 

i  u 

(meter) 

(II.  39) 

\ 

J 

V  = 

a'  .  2  CxJ 

(  meter/sec) 

(II.  40) 

p 

N  A0- 

(2)  Attenuation  constant  -  skin  depth  {t) 

The  skin  depth  ('£')  is  reciprocal  of  attenuation  constant 
(e<)  and  when  the  loss  tangent  is  large  (p  >  10),  one  speaks  of  the  "metallic 


# 
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skin"  depth.  From  equation  (II.  34)  and  equation  (II.  18b) 


r 


nepers/meter 


Upon  comparing  equation  (11.41)  with  equation  (II.  38),  one  notes 


(11.41) 


c>C  ?  ft  ~  -L  (II.  42) 

g<p)/f(p)~l  (11.43) 

whence  the  complex  propagation  constant  jk  becomes 

k  =  ft-i  OC  3^(1  -j)  =  (11.44) 

For  non-magnetic  media  (ftr  -  1),  the  expression  for  't'  can 
be  written  variously  as 


~  503. 2  ,  „  % 

~  =  - -  (meter) 

v|f  cr  __ 

(II.  45a) 

15.92 

-  - - -  (meter) 

N  ^c^ 

(II.  45b) 

1651 

-  | -  (feet) 

>Tf  a" 

(II.  45c) 

522.2  . 

=  (feet) 

(II.  45d) 

Accordingly, 

cxT  ~  1. 987  x  10*3  \1  f  O" 

nepers/meter 

(II.  46a) 

=  6.  283  x  10’2  \Jfkc<3T 

neper  s  /meter 

(II.  46b) 

=  0.5458 

db /meter 

(II.  46c) 

=  0.  1663  softer 

db/'foot 

(II.  46d) 

=  l6-63 

db / 100  feet 

(II.  46e) 
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=  878.  3  ^fkcCT  db/mile  (statute)  (II.  46f) 

One  may  express  the  attenuation  per  skin  depth  or  per  wave¬ 
length  in  the  medium  as 

-  8.686  db/skin  depth  (II.  47a) 

=  54.  58  db/medium  wavelength  (II.  47b) 

One  further  comment  on  attenuation:  the  attenuation  is 

the  result  of  exponential  damping  of  the  electromagnetic  fields  in  a  dissipa- 

-  <XR 

tive  medium.  The  fields  vary  with  distance  not  only  according  to  e  but 

also  according  to  other  distance  dependent  functions  (e.  g.  ,  1/R). 

4.  Example 

As  an  example  of  calculations  for  various  propagation  constants, 

5 

consider  an  unbounded  simple  medium  with 

_4 

a-  =  2  x  10  mhos /meter 


^r  =  9 

which  are  independent  of  frequency  and  somewhat  typical  for  rock.  In  this 
case 

400 

p  =  loss  tangent  =  -z -  (II.  48a) 

tkc 

x  300 

X  =  free-space  wavelength  =  f —  .(kilometers)  (II.  48b) 

°  *kc 

-  6.  2832  x  10  g(p)  f^c>  (nepers/kilometer)  (II.  48c) 

=  0.  8783  g(p)  f^  ,  (db/statute  mile)  (II.  48d) 

/3  =  6.  2832  x  10"^  f(p)  fkc  ,  (radians /kilometer)  (II.  48e) 
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A  =  medium  wavelength  =  L2®. 

fkc  f(P) 

3.  281  x  105 


kc 


f(p) 


(kilometers) 

(feet) 


X  _  vp  0.333 


X 


r  = 


f(p) 
4 


5.  222  x  10 


kc 


g(p) 


(feet)  =  skin  depth 


(II.  48f) 

(II.  48g) 

(II.  48h) 

(II.  48i) 


The  pertinent  calculations  of  the  above  quantities  are  tabulated 
in  Table  II.  1  for  1  *  f  ^  1000. 

The  dimensionless  quantities  p  and  Xao  and  the  values  of 
(km),  (rad/km)  and  oC  (neper /km)  are  plotted  in  the  curves  of 
Figure  II.  4.  The  values  of  c<  (db/mile),  X  (feet)  and  't'  (feet)  are  shown 
plotted  on  the  curves  of  Figure  II.  5. 

In  Figure  II.  4  it  is  seen  that  loss  tangent  p  and  free -space  wave 
length  vary  inversely  with  first  power  of  frequency.  Small  loss  tangents  are 
encountered  (p  ^  0.6)  at  frequencies  exceeding  667  kc;  large  loss  tangents 
are  encountered  for  frequencies  less  than  66.  7  kc  (p^  6);  and  for  the  more 
accurate  limit  p  &  10,  the  frequencies  must  be  less  than  40  kc.  The  attenua¬ 
tion  constant  (©c)  and  phase  constant  ( are  about  equal  and  increase  with 

l/2 

frequency  proportional  to  (fjcc)  *  ,  up  to  the  40  to  67  kc  region.  At  fre¬ 
quencies  exceeding  667  kc,  approaches  the  constant  value  given  for  the 
small  loss  tangent  case  of  47 T  nepers/kilometer,  and  approaches  the  loss 

less  values  or  2ir  x  10  ^  fjcc  rad/km  and  thus  increases  as  fj^  in¬ 

creases. 
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1000  0.4  1.019  0.1962  0.3  12.328  172.32  64.026  .3271  266.2  322. 


In  Figure  II.  5  in  the  large  loss  tangent  region  (p>  6),  In- 

1/2 

creases  as  (f^c)  and  in  the  small  loss  region  (p  —  0.6)  approaches  the 

-  lfz 

constant  value  175.6  db/statute  mile.  The  skin  depth  varies  as  (f^  )  in 
the  large  loss  region  according  to  equation  (II.  45d)  and  tapers  off  to  the  con¬ 
stant  value  for  low  loss  tangents  given  by  the  reciprocal  of  equation  (II.  36a)  as 

km  or  261.  1  feet.  The  wavelength  in  the  medium  (\)  varies  as 
-lb 

(f^  )  ^ ,  like  f  in  the  low-frequency,  large  loss-tangent, region;  at  the  higher 

frequency,  low  loss-tangenl;  region,  X-  approaches  \>K  and  thus  varies 
5 

here  as  3.281  x  10  /f^  (feet). 

E.  Characteristic  Impedance  ( jj? )  of  the  Medium 

The  characteristic  impedance  of  the  medium  is  given  by 


= 

~  k 


Jb 

o 


(ohm) 


(II.  49) 


CO 


f4 ° 


«//)  l-j 

in  which  the  effective  impedance  is 


°  A 


(ohm) 


Using  equation  (11.31) 


/  =  _ L 

S  ft  y?  r-r  r 


io 


(ohm) 


./?  Jet  £(p>  /er £ (p) 

in  which  is  the  impedance  of  free  space 


s  n  - ~7T 


'  o 


120  IT  ~  377.0  ohms 


(II.  50) 


(II.  51) 


(ohm)  (II.  52) 


(II.  53) 
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From  the  above,  a  useful  general  relation  is 


oju  =  k  =  £■$  =  /> 

/  o  '*■'  /-'e  /  o  o 


(II.  54) 


F.  Transmission  Equation 
1.  General  Expression 

In  Appendix  F,  the  transmission  loss  associated  with  the 
power  transferred  between  parallel  linear  antennas  in  dissipative  media  was 
developed.  The  antennas  were  assumed  to  be  loss -less  and  situated  in  the 
far-zone  of  each  other.  For  antennas  of  length  2h,  the  conditions  for  the 
latter  assumption  are  that 

h  <  <  R  (II.  55a) 

|k3R|V>  i  (II.  55b) 

where  R  is  the  distance  between  the  centers  of  the  antennas  and  is  the 
complex  phase  constant  of  the  medium.*  The  transmission  loss  Lt  is  the 
ratiq  of  the  power  P  into  the  transmitting  antenna  terminals  to  that  power 
Pr  ava-ilable  from  the  receiving  antenna  terminals,  when  the  antennas  are 
loss-less.  When  the  far-zone  conditions  in  equations  (11.55)  prevail,  mutual 
impedance  effects  on  antenna  impedances  are  neglected  and  the  impedances 
at  the  antenna  terminals  are  the  self-impedances  of  the  antennas.  In  such 


*  We  use  the  numerical  subscripts  appropriate  to  the  3  coaxial  region  nota- 
,  tion  for  insulated  antennas.  Thus  subscript  "1"  denotes  the  inner  conductor, 

subscript  "2"  denotes  the  insulation  which  is  absent  in  bare  antennas,  and 
subscript  "3"  denotes  the  dissipative  region  in  which  the  antennas  are  im- 
*  mersed. 
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From  the  above,  a  useful  general  relation  is 

=  =  /„  /0  <“■ 541 

F.  Transmission  Equation 
1.  General  Expression 

In  Appendix  F,  the  transmission  loss  L^.  associated  with  the 
power  transferred  between  parallel  linear  antennas  in  dissipative  media  was 
developed.  The  antennas  were  assumed  to  be  loss-less  and  situated  in  the 
far -zone  of  each  other.  For  antennas  of  length  2h,  the  conditions  for  the 
latter  assumption  are  that 

h  <  <  R  (II.  55a) 

|k3R|2^>  1  (II.  55b) 

where  R  is  the  distance  between  the  centers  of  the  antennas  and  is  the 
complex  phase  constant  of  the  medium.*  The  transmission  loss  Lt  is  the 

ratiq  of  the  power  P  into  the  transmitting  antenna  terminals  to  that  power 

>■'  ■** 

P^  available  from  the  receiving  antenna  terminals,  when  the  antennas  are 
loss-less.  When  the  far-zone  conditions  in  equations  (11.55)  prevail,  mutual 
impedance  effects  on  antenna  impedances  are  neglected  and  the  impedances 
at  the  antenna  terminals  are  the  self-impedances  of  the  antennas.  In  such 

*  We  use  the  numerical  subscripts  appropriate  to  the  3  coaxial  region  nota¬ 
tion  for  insulated  antennas.  Thus  subscript  "1"  denotes  the  inner  conductor, 
subscript  "2"  denotes  the  insulation  which  is  absent  in  bare  antennas,  and 
subscript  "3"  denotes  the  dissipative  region  in  which  the  antennas  are  im¬ 
mersed. 
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case,  it  is  shown  in  Appendix  F  that  the  far-zone  transmission  loss  may  be 
written  as 


(II.  56) 


where 


—  I*  A  — 

t  s  gtgr 


f  4  ir  R  \  „  2 

Lg  =  "spreading  loss"  =  I— ^ - -J  =  (2  ^R) 

2  e<  R 

A  =  "exponential  damping  loss"  =  e  • 

Gt,Gr  =  "modified  power  gains"  for  loss-less  transmitting  and 
receiving  antennas,  respectively. 

In  the  above,  is  the  phase  constant,  the  attenuation  constant,  and 
the  wavelength  of  the  dissipative  medium,  discussed  in  Section  IID. 

The  "modified  power  gain  G"  for  a  loss -less  antenna  is  given 
by  equation  (F.  24)  in  Appendix  F  for  the  far-zone  as 


i 


e3 
TT 


Q(®,  kh,  k3h) 


(F.  24) 


where 


=  effective  characteristic  impedance  (real)  of  the  dissipative 
^  medium 


cu 


for  non-magnetic  media 


OJ  -  radian  frequency  =  2Trf 


=  permeability  of  free  space  =  4TT  x  10  henry/m. 

self  "radiation  r< 

(Appendix  F.  Ill) 


Rq  =  self  "radiation  resistance"  referred  to  the  input  terminals 
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case,  it  la  shown  in  Appendix  F  that  the  far-zone  transmission  loss  may  be 
written  as 


L.=  LSA  ^ 


T  R 


(II.  56) 


where 


f  4tt  R  \  2 

=  "spreading  loss"  =  1  — ^ -  )  =  (2 


'exponential  damping  loss"  =  e 


2  R 


^T’^R  =  Power  gains"  for  loss-less  transmitting  and 

receiving  antennas,  respectively. 

In  the  above,  j3^  is  the  phase  constant,  the  attenuation  constant,  and 
the  wavelength  of  the  dissipative  medium,  discussed  in  Section  IID. 

The  "modified  power  gain  G"  for  a  loss-less  antenna  is  given 
by  equation  (F.  24)  in  Appendix  F  for  the  far-zone  as 


where 


G  = 


e3 


TTR, 


/C5>3Fo(9,  kh,  k3h) 


(F.  24) 


e3 


=  effective  characteristic  impedance  (real)  of  the  dissipative 
medium 

CJ 


for  non-magnetic  media 

'  \ 


CJ  -  radian  frequency  =  2'frf 


.-7 


=  permeability  of  free  space  =  4tf  x  10  henry/m. 

self  "radiation  r 
(Appendix  F.III) 


Rq  =  self  "radiation  resistance"  referred  to  the  input  terminals 
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case,  it  is  shown  in  Appendix  F  that  the  far-zone  transmission  loss  may  be 


written  as 


Lt  =  L  A  ~  — 

t  s  gtgr 


(II.  56) 


where 


T  _  M 

LS  ' 


4  tr  R  \  a  2 

spreading  loss"  =  — ^ - J  =  (2  y^R) 


A  =  "exponential  damping  loss"  =  e 


2  o<3  R 


Gt,Gr  =  "modified  power  gains"  for  loss-less  transmitting  and 
receiving  antennas,  respectively. 

In  the  above,  j3^  is  the  phase  constant,  the  attenuation  constant,  and 
the  wavelength  of  the  dissipative  medium,  discussed  in  Section  IJD. 

The  "modified  power  gain  G"  for  a  loss-less  antenna  is  given 
by  equation  (F.  24)  in  Appendix  F  for  the  far-zone  as 


where 


G  = 


e3 


t r  r. 


^3Fo(0,  kh,  k3h) 


(F.  24) 


=  effective  characteristic  impedance  (real)  of  the  dissipative 
^  medium 


cu 


A 


for  non-magnetic  media 


OJ  =  radian  frequency  =  2irf 


A 


-7 


permeability  of  free  space  =  4 IT  x  10  henry/m. 


R  =  self  "radiation  resistance"  referred  to  the  input  terminals 
(Appendix  F.  Ill) 
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In  equation  (F.  24)  of  Appendix  F,  the  function  Fq  (9,  kh,  k^h)  is  the  far-zone 
pattern  factor  (complex)  given  by  equation  (F.  5)  in  Appendix  F  as 


Fo(9,  kh,  kjh)  =  — sin 


^•h  j  k*  z'  cos  0 

(  I(z')  e  _ 

1(0) 


dz' 


(F.5) 


U-h 

and  is  the  pattern  factor  referred  to  the  input  current  1(0),  with  I(z')  being 
the  current  distribution  for  an  antenna  lying  along  the  z-axis  and  z'  the 
coordinate  along  the  antenna.  The  angle  9  is  the  "stagger  angle"  between  the 
axis  of  an  antenna  and  the  line  drawn  between  the  centers  of  the  antennas. 

The  complex  phase  constant  k  is  that  of  the  current  distribution;  k  is  the  same 
as  k^  for  bare  antennas  but  is  generally  smaller  than  k^  for  insulated  antennas 
(Section  IV,  Appendices  D,  E,  and  F). 

.  In  practice,  the  transmission  loss  in  equation  (II.  56)  is  modi¬ 

fied  by  two  effects:  one  being  that  the  antennas  are  not  loss-less  and  the 
other  being  due  to  the  use  of  necessarily  low  frequencies.  The  consequences 
of  first  may  be  accounted  for  by  an  "antenna  efficiency  factor"  Y  .  At  very 
low  frequencies,"  the  antennas  may  be  in  the  "near-zone"  of  one  another. 

Also,  because  of  finite  hole  depths  into  the  rock  strata,  the  electrical  lengths 
of  the  antennas  are  small.  One  is  then  concerned  with  the  mutual  impedance 
effects  between  electrically  short  antennas. 

The  "antenna  efficiency  factor"  y  may  be  defined  as  the  ratio 
of  the  resistance  R  when  there  are  no  losses  to  that  including  losses  R. 
referred  to  the  input  terminals.  The  loss  resistances  are  the  so-called 
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"non -radiating"  or  "dead-loss"  resistances  and  include  ohmic  losses  in  the 
wires  and,  in  the  case  of  insulated  antennas,  the  resistances  of  input  and  out¬ 
put  electrodes.  Hence 


R  ■  =  R  +  R  ,  +  R  .  .  , 

in  o  ohmic  electrodes 


“  Ro  +  RDL 


(II.  57) 


where  Rj-jj^  is  the  dead-loss  resistance.  The  "input  radiation  resistance" 

Rq  is  used  in  the  sense  that 

HI2  Rp 
2 

represents  the  power  input  to  the  terminals  of  a  loss-less  transmitting 
antenna  and  hence  the  power  that  "leaves"  such  an  antenna  to  be  dissipated  in 
the  medium  surrour  ’ing  the  antenna.  Hence 

R 


77  = 


R  R-  -  Rn. 
o  in  DL 


(II.  58) 


R; 


R- 


Ro  +  RDL 


"in 

To  account  for  losses,  Norton^  uses  the  term  "system  loss"  to 
describe  the  power  transferred  between  antennas.  We  shall  use  the  symbol 
L,p  to  describe  the  "total  system  losses.  "  In  the  far-zone,  LT  differs  from 
Lj.  in  equation  (II.  56)  by  antenna  efficiency  factors  7^  and  7^^  for  transmit¬ 
ting  and  receiving  antennas,  respectively.  Thus 


Lt  =  L. 


1 


*  ?t7r 


LSA 


1 


1 


>7  G 
l  <T  n 


T  T/  WRGR/ 
where  the  other  symbols  have  the  meanings  described  before. 


(II.  59) 
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The  mutual  impedance  effects  may  be  treated  by  circuit  theory 

wherein  the  coupled  antennas  are  represented  by  a  T-network.  The  develop- 

80  63 

ment  was  published  by  Wait  and  shortly  thereafter  by  Norton0  with  more 
general  expressions.  For  antennas  in  the  far-zone,  the  results  lead  to  the 
same  expressions  for  L  in  equation  (11.55)  and  for  L  in  equation  (II.  59). 

V  X 

Digressing  momentarily  to  use  the  notation  of  Norton,  °  the  accessible 

terminals  of  the  transmitting  antenna  a  are  AA  and  those  of  the  receiving 

antenna  b  are  the  terminals  BB  in  the  T-network.  The  central  member  of 

the  T-network  is  the  mutual  impedance  between  the  two  antennas  while 

Za  and  are  the  self -impedances  of  the  two  antennas.  The  series  arm  of 

the  T  from  the  transmitter  terminals  is  Z  -Z  and  that  from  the  receiver 

a  m 

terminals  is  Z^-Zm.  Thus,  the  impedance  at  AA  with  BB  open-circuited  is 
Za  while  the  impedance  at  BB,  with  AA  open-circuited,  is  Z^.  The  receiver 
load  impedance  connected  across  BB  is  Z^  .  The  transmitter  source  imped¬ 
ance  is  Zg.  The  input  impedance  at  the  transmitter  terminal  AA  of  the  net¬ 
work  with  ZT  connected  is  Z.  ;  the  output  impedance  at  the  receiver  terminal 
BB  looking  towards  the  T  is  ZQut.  The  mesh  currents  are  1^  and  1^  and  the 
mesh  currents  flow  in  the  same  direction  through  Zm.  The  network  equations 
with  no  source  voltages  in  the  mesh  in  which  1^  is  flowing  may  be  written  as 


Z  .  =  Z,  - 
out  b 


Z 


2 

m 


zb+z 


L 


za+  ZS 


(II.  60a) 


(II.  60b) 


<4 


II-  29 


(II.  60c) 


I.(Z.+ZT)+I  Z  =0 
b  b  L.  am 


The  ratio  of  the  power  P  into  the  input  terminals  AA  to  the  power  P  deliv- 

*  I-l 

ered  to  the  load  is 


1 

*a 

2 

Re  Z-in 

Zb+  ZLi 

2  Re 

Zin 

II 

1 

1 

*b 

2 

Re  Z. 

L 

z 

m 

Re 

ZL 

(11.61) 


For  a  constant  power  input  P  ,  this  ratio  will  be  minimized  when  Z  is  the 

I  I_i 

* 

complex  conjugate  ZQut  of  the  output  impedance.  In  this  case  P  =  (max) 

=  P  where  P  is  the  available  power  from  the  receiving  terminals. 

K  Jtv  - - - 


Now  except  in  closely  spaced  arrays,  Zm|* 


Za  Za+  ZS 


8,9 


(Zm  is  defined  as  the  ratio  of  the  open-circuit  voltage  V^(OC)  induced  in 

the  receiver  antenna  at  its  terminals  to  the  current  1^,(0)  at  the  terminals  of 

the  transmitting  antenna.  An  example  in  a  propagation  test  is  described  in 

Section  VI  where  on  a  1-mile  path  V  (OC)  was  of  the  order  of  200  microvolts 

K 

at  1  kc  for  an  antenna  current  of  1  ampere  with  the  transmitter  approximately 

matched  to  the  transmitter  antenna  input  impedance  of  100  ohms.  The 

receiver  self-impedance  was  roughly  the  same  value.  Hence  with  |zmj  about 

-4 

2.x  10  ohms,  the  inequality  was  satisfied.)  Hence  ZQut  =  Z^  and  the  match- 

#  .  #  j  0 

ing  condition  is  Z,  =  Z  ..  -  Z,  .  If  we  write  Z _  =  Z _  e  ,  then  the  total 

°  L  out  b  mm 

30C 

system  loss,  Z^  =  Z^  ,  is 

4(Rin)T  (Rjn>R  _  z  cos  2  <t 


=  Pt 
T  P~ 

K. 


(11.62) 


m 


11-30 


For  the  practical  case  in  deep-strata  propagation,  the  first  term  on  the  right 
in  equation  (11.62)  is  larger  than  the  second  and 


LT  = 


4<Rin>T  <Rin>R 


4  R  R 
oT  oR 


Zm  *V?RlZ 


m 


(11.63) 


In  the  far -zone,  governed  by  equation  (11.55),  the  electric  field 
in  spherical  coordinates  has  only  a  0-component  for  a  transmitting  antenna 
lying  along  the  z-axis.  At  the  receiver  antenna  this  field  may  be  written  as 
Appendix  F,  equation  (F.4);  the  use  of  the  effective  length  Jt  from. 


in 


equation  (F.  28)  is  convenient  whence 

>-j  k3R 


Eq  =  j  - 

0T  4-irR 


lT{0) 


(II.  64) 


The  open-circuit  voltage  V  (OC)  induced  in  the  receiver  antenna  at  its  ter- 

K. 

minals  due  to  E  is 

df 


V-HOC)  =  E 


0^ 


3R 


(II.  65) 


where  is  the  effective  length  of  the  receiver  antenna.  Hence 


'R 


m 


j0  VR(OC) 

7  e  -  -  - 

.  Yc 

1  ml  IT(0) 

=  7»'  Kr| 

H 

47TR 

-  <*c,R 

^eT  Ar  e'j  /3R 


4ir  R 


(II.  66a) 
(II.  66b) 


0  =  tt/2  -  A  R  -  0  -  0 

r  3  en  < 


eR  eT 


(II.  66c) 
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where  we  have  written  the  complex  effective  length  =  j  ^  j 
subscript  T  and  R  to  denote  transmitter  and  receiver  antennas, 
With  equation  (II.  66b)  in  equation  (11.63) 


-j 

e  e  with 
respectively. 


4  R°TR°R  f^/o6  l^eR|l 

^R  (  4irR 


(11.67) 


Recalling,  from  equation  (F.  28)  in  Appendix  F,  the  expression  for  is 
deduced  from  the  reciprocal  theorem  for  the  far-zone  and  is  given  by 


-  -r—  F  (0,  kh,  k,h) 
e  °  J 

the  modified  power  gain  in  equation  (F.  24),  Appendix  F,  becomes 

4tt  R_ 


(II.  63) 


(11.69) 


Substituting  equation  (11.69)  for  the  appropriate  antenna  into  equation  (11.67), 
the  total  system  loss  L^,  reduces  to  that  form  given  in  equation  (II.  59)  for  the 
far-zone. 

In  the  far-zone,  the  calculation  of  the  pattern  factor  F^*  and 
modified  power  gain  for  bare  dipoles  is  reasonably  straightforward,  as 
indicated  in  Appendices  D  and  F.  For  insulated  dipoles,  the  far-field  expres¬ 
sions  reduce  to  simpler  forms  if  the  assumption  is  made,  which  is  valid  in 
practice,  that  the  insulation  radius  a^  is  small  compared  with  the  wavelength 


^  in  the  dissipative  medium  (Appendix  E).  The  far-zone  pattern  factors 


OG  SC  OC  SC 

Fq  and  Fq  and  modified  power  gains  G  and  G  then  are  developed  read¬ 
ily  in  Appendix  F  for  insulated  dipoles  which  are  terminated  in  an  open 
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circuit  (OC)  and  short  circuit  (SC),  respectively. 

In  the  near -zone  region  of  the  antennas,  the  behavior  of  the 
electromagnetic  fields  for  bare  dipoles  differs  formally  from  that  for  insula¬ 
ted  dipoles.  We  shall  illustrate  the  effect  of  the  mutual  impedance  on  L^,  by 
reference  to  bare  antennas.  Also,  since  in  practice  the  frequencies  will  be 
low,  the  antennas  are  electrically  short  (  —  0.  3,  ^).  The 

current  distribution  in  such  a  case  has  the  triangular  form 


I(z)  =  1(0)  (1  -  )  (H.70) 

for  both  transmitting  and  receiving  antennas.  The  additional  assumptioft  is 


that 


— Z  «  1 


(II.  7  1) 


which  is  less  of  a  restriction  than  the  far-zone  conditions  (II.  55)  and  is 

5 

called  the  "qua.si-far  zone"  condition  by  King.  The  electric  field  of  the 

51 

transmitting  dipole  then  has  components  in  spherical  coordinates  given  by 

k  ^R2)  Sin  9  (IL72a) 


,  A'/'oW  hT  e'jk3R  1 

1  T  — -  (1  -  j 


E0t  J  4  IT 
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k3R 


^Rt 


^A1t(0)  u  - 

2  TT  k3R  T 


-jk3R 


R 


(1  -j 


k3R 


)  cos  0 


(II.  72b) 


Note  that  Eq  has  essentially  far-zone  form  except  for  the  quantity  in  paren- 

b 

theses.  This  follows  from  the  far-zone  pattern  factor  Fq  for  electrically 
short  bare  dipoles  which  is  the  value  given  by  equation  (F.  5)  when  |  k3h  J  is 
small  and  is  then  given  by  equation  (F.  13a)  in  Appendix  F  as 
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sin  8 


(F. 13a) 


One  then  may  write  equation  (II.  72a)  as 


Ea  (near-zone)  = 

wX 


)  =  Ee,  (far -zone)  (V  j  5^5  - 


(II.  73) 


J1  2  b 

oq*  _  .  .  ej.  =  —  Fq  =  h,^.  sin  6. 

inspection  of  equations  (r  .  i3a)  and  (II.  72a)  shows  that  as  0  is  varied,  maxi¬ 
mum  values  o  1  F^  and  Efl  occur  when  0  =  90°,  at  which  the  losses  L_  and 

w  X  1 

Lg  should  have  minimum  values. 

To  evaluate  L^,  ana  Lfc,  consider  that  the  electrically  short, 

bare  dipoles  are  perpendicular  to  the  line  joining  their  centers.  The  open- 

8,9 

circuit  voltage  induced  in  the  receiver  antenna  at  its  terminals  is 


VR(OC)  =  - 


lR  Ezt  ir(2)  d£ 


(H.  74) 


where  Ez^.  i*  the  component  of  the  field  due  to  the  transmitting  dipole  along 
the  axis  (z-axis)  of  the  receiving  dipole  of  length  2hR  and  IR(z)  is  the  current 
distribution  along  the  receiving  antenna  as  though  it  were  transmitting  with 


input  current  IR(0).  Now  foi  9  near  90°, 


EZt  =  -  E0t  sin  0  +  ERt  cos  6  =  -  E0  sin  8(1- 


ERT 


cos  6 


Eqt  sin  6 


01.75) 


As  long  as  hR  satisfies  equation  (11.71),  the  second  term  in  the  parentheses 
is  small  compared  with  unity,  and  Ez^,  =  -  E0<^  sin  0  =  -  E0<^.  Hence 
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VR(OC)  =  E0  (0  =  900)  Je R  where  yeR  a  (  !R(z)  dz  =  hR.  For 

^'hR  lR(0) 

6=  90°,  J  has  its  maximum  value  =  h_  and  the  pattern  factors  have 

eT  eT  x 

maximum  values  (Fq  )max  =  k-jh/2.  As  in  equation  (11.66),  the  mutual  imped¬ 


ance  Z  is 
m 


m 


%  i"Ae 

Zm  (near -zone)  = 


- 


|ZmJ  (near-zone)  =  (far-zone)  \|  +  B ' 


0  =  tt/2  -  ^/d^R  -  tan  1  B/A 
in  which 

-j  -l^R-  jjp 
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eT  M  eR  M 


4  7 r  R 


-  <R 

CO  LI  e  hrp  h 

/  o  T  R 


4TT  R 


-j  ^ 

(II.  76a) 
(II.  76b) 

(II.  76c) 

(11.77) 

(II.  78a) 

(II.  78b) 


Subject  to  the  conditions  for  deducing  L^,  in  equations  (11.62)  and  (11.63),  plus 

the  conditions  on  dipole  length  in  equation  (11.71),  the  total  system  loss  for 

o 

electrically  short  bare  dipoles  may  be  written  for  0  =  90  in  a  form  like 
equation  (II.  67) 

4 
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Lj  — 


.67) 

:  R  R  IcoMe'  3  (J  )  (J?  )  p— - —  / 
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(11.79) 
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or  in  the  form  like  equation  (II.  56) 


lt  = 


Ls  A 

1 

r  *  1 

M 

1 

H 

0 

H«r 

| 

(II.  80) 


M 


where  the  subscript  "M"  indicates  a  maximum  value  at  0  =  90  .  In  the  last 

N 

equation  we  have  introduced  the  symbol  G  to  indicate  the  "near-zone  enhance¬ 
ment  gain."  For  bare  dipoles,  subject  to  equation  (11.71),  which  are  electri- 
cally  short,  where  A  -j  B  is  given  by  equation  (II.  77).  G^  may 

be  considered  as  the  enhancement  of  the  electric  field  (magnitude  squared) 
over  and  above  that  field  which  would  be  calculated  by  using  far -zone  formula¬ 
tions,  for  parallel  dipoles.*  For  bare  dipoles  which  are  electrically  longer 

and  perpendicular  to  a  line  joining  their  centers,  the  mutual  impedance  could 

3 

be  calculated  as  for  antennas  in  air.-  The  exponential  sine  and  cosine  inte¬ 
grals  of  complex  argument  are  involved  in  the  formulation  for  Z  . 

For  insulated  dipoles,  an  equation  for  L  could  be  written  which 
is  formally  like  equation  (II.  80)  with  appropriate  modified  power  gains  G  for 
the  antennas,  but  the  evaluation  of  G^  would  differ  from  A^+B^  where  A  and 
B  are  given  in  equation  (11.77).  This  is  because  the  cylindrical  components 
Ez  and  EyO  vary  with  the  radial  distance  according  to  a  zero-order  Hankel 
function  of  the  second  kind  of  complex  argument  k-j^?  >  as  shown  in  Appendix  E. 

For  purposes  of  calculation,  we  shall  assume  that  the  dipoles 
are  identical  and  perpendicular  to  the  line  joining  their  centers  spaced  a 


*  For  bare  dipoles  which  are  arranged  coaxially  so  that  9  =  0  ,  equation  (II.  7  2b) 
would  be  used.  Such  arrangement  was  used  in  the  depth  attenuation  method 
described  in  Section  VF.  Calculation  of  for  coaxial  dipoles  in  air  is  given 
by  Norton.  63 
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distance  R,  that  the  dipoles  are  electrically  short  and  that  the  dipoles  are 
immersed  in  an  unbounded,  homogeneous,  isotropic  dissipative  medium. 
Further,  we  assume  that  input  impedances  of  the  antennas  are  their  self¬ 
impedances,  i.  e.  ,  their  mutual  impedance  has  negligible  effect  on  their  in¬ 
put  impedances.  Then  the  total  system  loss  L^  in  equation  (11.80)  may  be 


written 


lt= 

T  _N 


(  1  A  (6  =  90°,  ^.3,  h2«R2)  (11.81) 

V?°M  J 


where  is  the  maximum  modified  power  gain  for  the  loss -less  dipole 
occurring  at  0  =  90°. 

It  is  convenient  to  consider  L^,  in  equation  (11.81)  as  the  product 
of  two  terms:  the  first  containing  terms  which  depend  upon  the  distance  P. 
and  called  the  "propagation  loss  Lp"  and  the  second  consisting  of  terms  which 
do  not  depend  upon  R  and  called  the  "antenna  coupling  loss  L  .  "  Accordingly 

A 


Lt  -  Lp  La 


where 


Lp  =  LsA 


,N 


LA  = 


1 


(II.  82) 

(II.  83a) 

(II.  83b) 


It  is  common  to  use  decibel  notation  so  that  in  decibels 
LT(db)  =  10  log  Lt  =  Lp(db)  +  LA(db)  (II.  84) 


where 


Lp(db)  =  10  log  Lp  =  Lg(db)  +  A(db)  -  GN(db) 


(II.  85a) 
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LA(db)  =  10  log  La  =  -  20  log  (y  Gm)  =  -2  [^GM>dbJ  (II.  85b) 


and 


/4tt  r\  R 

Ls(db)  =  20  log  /  — — ]  =  21.98  +  20  log  — 

\  ^3  /  *3 

=  6.02  +  20  log  ( R) 

A(db)  =  10  log  e  3  =  8.  69  R. 

N  N 

G  (db)  =  10  log  G 


(II.  86a) 


(II.  86b) 
(II.  86c) 


The  types  of  antennas  being  discussed  are  sketched  in  Figure 
II.  6.  '  The  electrically  short  dipoles  have  current  distributions  which  are 
triangular  for  the  bare  dipole,  in  A  of  Figure  II.  6,  and  the  insulated  dipole 
which  is  terminated  in  an  open-circuit,  in  B  of  Figure  II.  6.  For  the  insulated 
dipole  which  is  terminated  in  a  short-circuit,  in  C  of  Figure  II.  6,  the  current 
amplitude  is  practically  constant  along  the  dipole. 

The  antenna  coupling  loss  LA  will  be  evaluated  first.  After  a 
discussion  and  calculation  of  the  propagation  loss  Lp,  the  total  system  loss 
L.j,  will  be  evaluated  and  discussed.  The  calculations  will  be  limited  prin¬ 
cipally  to  the  case  where  the  loss  tangent  P^—  10,  i.  e.  ,  for  given  values  of 

C JT  and  €.  of  the  medium,  the  frequency  f,  in  kc  is  limited  to 
3  ^  Kc. 

f.  i  18  x  105  0-J  € 

kc  ^3  r3 

£  2  x  105  o-3<er3  =  9) 

2.  Antenna  Coupling  Losses  LA  -  Electrically  Short  Antennas 


We  shall  use  superscripts  on  quantities  to  denote  values  of  those 
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€3 

H-o 


h 


(A)  BARE  DIPOLE 


BALANCED 

FEEDER 


«3 

H-o 


BALANCED 

FEEDER 


(B)  INSULATED  DIPOLE  - 
"OPEN  CIRCUITED" 


M-0 


INSULATED  DIPOLE 
SHORT  CIRCUITED  " 


Figure  II.  6.  Bare  and  insulated  dipoles  in  infinite  simple  medium 

A.  Bare  dipole 

B.  Insulated  dipole,  open-circuited 

C.  Insulated  dipole,  short-circuited 
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quantities  for  three  types  of  antennas;  "b"  designates  the  bare  dipole,  and 
"OC"  or  "SC"  apply  to  insulated  dipoles  terminated  in  an  open-circuit  or 
short-circuit,  respectively. 


a.  Modified  Power  Gain 

The  various  maximum  modified  power  gains  become 

(Appendix  F) 


b 

G 

a3 

(II.  87a) 
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(II.  87b) 
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o 

2  2 
.A  h 

(II.  87c) 

where  t? 

e3 

^/i 

4 

is  the  effective  characteristic  impedance 

(a  real  quantity) 

of  the  medium.  The 

resistances  Rq  are  the  input  resistances 

of  the  antenna 

with  no  ohmic  losses 

.  From  Appendices  D  and  E,  for  a  medium  with  large 

loss  tangent 

7 

b 

R 

(II.  88a) 

o 

477y?3h 

OC 

Ro  = 

2  x  ^ °h 
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(II.  88b) 

2  x  24 
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(II.  88c) 

in  which 

is  King's 

expansion 
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parameter  given  by  r 

-  3.  386  and 
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SLis  the  thickness  parameter  JL  -  2  In 


2h 


With  equation  (11,88)  in 


equation  (11.87) 
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(II.  89a) 

(II.  89b) 
(II.  89c) 


Let  us  compare  the  gains  G._  for  the  same  length  h  such  that 
£  .  3.  The  short-circuited  insulated  antenna  has  small  theoretical 
advantage  over  the  open-circuited  form  according  to  the  ratio  4/3  =  1.2  db. 
The  open-circuited  coaxial  antenna  is  superior  to  the  bare  antenna  according 
to 


OC 

’M 


JM 


3  y 


</>> 


^  100  T  _ 

>  -  >-  1Q>6 


2  ~  3  IT 


(11.90) 

OC 

M 


For  modestly  thin  antennas,  with-/!-  =  13  for  example,  this  means  G 

exceeds  Gb  by  more  than  20  db. 

M 

Moreover,  while  the  formulas  for  the  bare  antenna  assume 
y^^h  —  .  3,  those  for  the  electrically  short  coaxial  antennas  assume  that 
j3h  -  .  3  where  is  the  phase  constant  of  the  current  and  is  typically  smaller 
than  This  means  a  larger  length  of  coaxial  antenna  can  be  tolerated  and 

still  be  subject  to  the  condition  y^h  -  .  3  Consequently,  the  insulated  antenna 
for  the  same  small  electrical  length  of  antenna  can  have  an  advantage  over  the 
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bare  antenna  even  larger  than  the  20  db  just  cited  as  an  example. 

Calculations  were  made  to  illustrate  the  comparisons  of  G 
given  by  equations  (11.89).  The  dissipative  medium  is  assumed  to  have 


M 


- 2 

Or^  =  2  x  10  mhos/m  and  values  of  Gj^.  were  calculated  for  frequencies 
f  —  10  kc,  for  which  10.  The  half-length  of  the  antennas  is  h  and  is 
assumed  to  be  100  m,  and  thus  the  conditions  /3^  —  •  3  and  /3h.  -  .  3  are 
fulfilled.  The  antenna  conductor  radius  a,  is  assumed  to  be  10"  m,  approxi¬ 
mately  that  for  #12  wire.  Accordingly,-/?.  =  24.  411.  For  the  insulated  an¬ 
tenna,  the  RG-8/U  type  was  assumed  with  (polyethylene)  =  2.  25,  and 

a2^ai  =  ^*^9.  The  results  of  the  calculations  are  shown  in  the  curves  of 
Gjy[(db)  vs  frequency  (log  scale)  from  0.  1  to  10  kc  in  Figure  11.7.  The  gains 
£ir  the  dipoles  in  the  medium  are  all  less  than  unity,  and  the  relative  advan¬ 
tages  of  each  type  discussed  above  can  be  seen  graphically, 
b.  Antenna  Efficiency 

The  antenna  efficiency  ~Y]  was  given  in  equation  (II.  58)  with 

the  input  self-resistance  given  in  equation  (11.57)  as  the  sum  of  Rq,  R0hmic 

and  R  .  ^  ,  .In  most  cases,  the  values  of  R  ,  ^  ,  exceed  those  of 

electrodes  electrode 

the  radiation  and  ohmic  loss  terms.  The  evaluation  of  these  terms  depends 
upon  the  current  distributions  in  the  appropriate  part  of  the  antenna  circuit. 
We  have  found  linear  conducting  cylinders  as  practical  forms  of  terminating 
electrodes  for  insulated  monopole  antennas  (see  Sections  III  and  IV).  In 
computing  the  gains  of  insulated  antennas,  we  neglect  radiation  from  such 
electrodes.  A  crude  idea  of  relative  radiation  may  be  seen  in  comparing 
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G  D  with  G  in  Figure  II.  7,  for  example,  for  the  conditions  assumed  there. 
M  M 

As  an  illustration,  consider  the  antennas  used  for  Figure  II.  7, 

_3 

i.  e.  ,  h=  100  m,  a^  =  10  m  (#1.2  wire).  For  the  ohmic  loss  in  the  wire,  we 
assume  the  internal  resistance  per  unit  length  r1  to  be.  its  d.,  c.  value  r  , 
which  for  #12.  copper  wire  is 


_ 1_ 

7ra2 


5.49  x  10  ohm/m 


(11.91) 


which  is  valid  for  frequency  less  than  3  kc  and  approximately  so  for  fre¬ 
quencies  less  than  10  kc. 


The  ohmic  loss  R0pmic  depends  on  current  distributions.  For 

the  electrically  short  antennas  one  obtains 
\b  2 


(R 


ohrnic' 


h  r1 


(Rohmic>°C  =  |  h  ^ 


(R 


ohmic 


,SC  ,  ,  i 
)  =  2  h  r 


(II.  92a) 

(II.  92b)  _ 

(11.92c) 


With  Rq  given  by  equation  (II.  88)  and  R  ^  .  given  by  equation  (II.  92)  the 

efficiencies  given  by  equation  (II.  58)  were  calculated  over  the  range  0.1  —  f^ 
-  10.  For  the  short-circuited  case  the  terminating  electrodes  were  assumed 
to  have  zero  resistance  and  to  be  non-radiating.  Other  values  of  terminating 
electrode  resistance  R,p  for  the  dipole  were  assumed  at  R^,  =  10,  20,  and 
167.  3  ohms.  (The  last  value  of  R  assumed  would  be  that  for  electrode  ter¬ 
minations  each  made  of  100  m  of  #12  wire.  )  The  calculated  values  of  T?  are 
shown,  plotted  in  the  curves  of  Figure  II.  8,  with  given  in  db  (=  10  log^Q  ^  ). 
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The  efficiency-gain  product  (yj  Gj^)  was  next  obtained,  from  the 

curves  of  Figure  II.  7  and  Figure  II.  8,  and  resulting  values  of  ~Y1  in  db 

were  plotted  on  the  curves  of  Figure  II.  9.  It  is  seen  that  for  the  conditions 

assumed,  values  of  (  for  the  insulated  antennas  exceed  those  for  the 

bare  wire  dipole.  The  slight  advantage  for  the  short-circuited  insulated 

dipole  for  R  =0  over  that  for  the  open-circuited  insulated  dipole  disappears 

SC 

when  Rrp  has  a  small  finite  value  (e.  g.  ,  R^  =  10  ohms),  (y  G  )  becomes 


much  less  than  ( 7^  G 


.OC 


M' 


as  R^,  increases. 


The  advantage  of  open-circuited  insulated  dipoles,  indicated 

OC  , 

by  (T^Gj^)  over  that  for  short-circuited  dipoles,  indicated  by  ( G  )  ^ 

when  Rt  >  0,  again  disappears  when  there  are  mismatch  losses  between  the 
dipole  and  feeder.  These  losses  occur  because  the  input  impedance  of  the 
open- circuited  dipole  is  a  very  large  capacitative  impedance  when  electri¬ 
cally  short,  whereas  the  short-circuited  dipole  presents  a  better  match  to 
the  feeder.  In  the  open-circuited  case,  insertion  of  a  low-loss  inductor 
matched  to  the  antenna  capacitative  reactance  at  the  operating  frequency 
should  preserve  the  advantage  of  the  insulated  dipole  with  open-circuit  ter¬ 
mination.. 


3.  Propagation  Losses  L^ 

a.  Near- Zone  Enhancement  Gain  G^ 

The  value  of  G^  to  be  used  in  equation  (II.  81)  for  the  total 
system  loss  L^  depends  upon  the  type  of  antenna.  For  illustration,  we  com¬ 
pute  G^  for  an  electrically  short,  bare,,  dipole  using  equation  (II.  77),  subject 
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o  2  ck  2  ' 

to  the  condition  hr<<  R  and  A  h  -  .  3.  Let  us  write  k-R  =  .LR  (1  -  j  — — ) 

P  3 

=  v  (1  -  j  u).  Then  with  equation  (11.77) 


N 

G  =  A  - j  B 


1-j 


A  =  1  + 


v(l+u2)  v^(l  +  u^) 


NR  k0  R 


1  -  u _ 

2.  2 


=  -a2+b2 


B  = 


v  ( 1  +  u2) 


1  + 


2  u 


v  ( 1  T  u^) 


“=  “V/V 


”  AR 


(11.93) 


When  the  loss  tangent  of  the  medium  is  large  (P^—  10),,  then  =  ^9  and 


u  =  1.  With  u  =  1,  then 


A=1+_L;  B  =  ^-(1  +  -  ) 
2v  2v  v 


(II.  94) 


Calculations  of  were  made  first  for  f  =  1  kc  and  =9, 

'  r  3 

-5  -4  -3 

and  for  <57^  =10  ,  10  and  10  mhos/m.  At  such  a  frequency  P3—  20  for 


i-5 


0“3  —  10  mhos/m,  and  the  relations  in  equation  (11.94)  apply.  A  plot 


of 


,N 


G  (db)  vs  /P^R  (=  v)  results  inthe  single  curve  shown  in  Figure  II.  10.  Cor¬ 
responding  plots  of  G^  vs  R  are  shown  in  the  three  curves  of  Figure  II.  11  for 

the  three  assumed  values  of  o-^. 

Z  2 

The  condition  h  /R  «£<  1  for  which  the  field  expressions  were 
developed  may  be  written 

h  —  R/4,  RS  4h,  /3R~  4  /S3h  (II.  95a) 
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The  condition  for  the  antenna  to  be  considered  electrically  short  is 

0.  3 


Ahi  °- 


3  ,  hi 


A 


(H.  95b) 


The  far -zone  condition  may  be  written 

I  ,2 

k3R  »  1  ,■ 


k3R  I  —  4  , 


,R  = 


/?3"~  JTT? 


(II.  95c) 


Conditions  (II.  95a)  and  (II.  95b)  govern  the  ranges  of  j3  R  or  R  which  may  be 


used  to  determine  G^.  For  Figure  II.  10  where  u  -  ~  1'  H  /3^R  —  3.0, 

N 

far-zone  conditions  prevail  and  G  is  only  .2  db  or  less.  For  smaller  values 
of  near-zone  conditions  prevail,  but  subject  to  condition  (II.  95a).  If 

y^h  =  0.  3,  the  curve  in  Figure  II.  10  may  be  used  for  G^  if  1.  2, 

according  to  condition  (II.  95a).  Values  of  G^  at  still  smaller  values  of  yd?3R 
can  be  used  only  if  K  is  smaller  than  0.  3.  In  Figure  II.  11,  the  insert 
contains  tabular  values  of  loss  tangent  p3>  phase  constant  y^,  the  ratio 

=  u  and  maximum  values  of  h  for  the  three  values  of  assumed. 

(The  tables  in  Appendix  A  were  used  for  calculations.)  The  maximum  value  of 
h  is  that  for  which  the  antenna  may  be  considered  electrically  short,  condition 
(II.  95b).  Thus,  for  CT^~  10  ^  mhos/m,  P3  =  20,  u=  <=*^/ y^  -  .  9513  =  1.0, 

=  0.2038  rad/km.  For  the  antenna  to  be  electrically  short,  the  maximum 
value  of  h  is  0.  3/  y^  =  1472  m  =  4831  ft.  Distances  R  less  than  20  km  are 
in  the  near-zone.  If  h  =  4831  ft,  values  of  G  on  the  curve  may  be  used  if 
Ri  5.9  km.  However,  if  h  =  1200  ft,  values  of  G^  on  the  curve  may  be  used 
where  R  —  1.5  km  and  G^  —  18  db. 
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Similar  calculations  were  made  but  for  a  frequency  of  10  kc. 


The  results  are  shown  in  the  curves  of  vs  ^3^R  *n  ^Sure  ^  and  vs 

_5 

R  in  Figure  II.  13.  In  one  case  of  conductivity,  =  10  mhos/m,  the  loss 
tangent  is  smaller  than  10  (p^  =  2)  so  that  is  less  than  y/?  (u  =  o//y<^ 

=  .6179).  The  curve  of  vs  for  ^  =  10“’’  mhos/m  in  Figure  II.  12 

differs  from  those  for  =  10”^  and  10"^  mhos/m  where  u  =  °<^/  =  1. 

There  is  one  other  restriction  on  the  inclusion  of  G^  in  the 
expression  for  total  system  loss  L,p.  In  the  simpler  expression  for  L^,, 

I  I2 

equation  fll.  63),  it  is  assumed  that  Z  «  4  R  R  /">?  ~Y)  ,  which  for 
H  v-  /*  I  ml  °T  °R  '  T  '  R 

I  1 2  2  2  N 

identical  antennas  means  |Z  I  «4  Rq  />?  .  Now  the  effect  of  G  is  included 


in  |  Z _ |  ,  and  let  us  call  the  resulting  total  loss  L^,  (near-zone),  meaning 

that  we  have  included  G1^  in  the  calculation  of  L^.  One  form  of  L^  (near- 

zone)  is  given  in  equation  (11.79).  For  identical  antennas  perpendicular  to  a 

line  joining  their  centers,  another  form  is  given  in  equation  (11.81)  in  terms 

2 


of  maximum  antenna  gains.  Let  us  interpret  the  limitation  on  |Zj  as 


m 


i2  -2  r  2  o 

|  i  10  [4  Ro  /?2 


(11.96) 


This  means  that  L^.  (near-zone)  itself  in  equation  (11.82)  must  exceed  20  db  or 

(11.97) 


gn*  id-2 


LSA 
2  2 


The  quantity  in  parentheses  is  the  value  of  L^,  assuming  that  far-zone  con¬ 
ditions  prevailed,  for  which  we  may  use  the  symbol  L^,  (far-zone).  Suppose 
for  a  given  path  that  a  calculation  of  L^,  (far-zone)  had  been  made  and  yielded 
a  value  of  30  db.  If  re-examination  indicates  that  near-zone  conditions  did 
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exist,  then  a  calculation  of  would  be  made  and  included  to  obtain  L,p  (near¬ 
zone)  provided  10  db,  if  the  limitation  given  by  condition  (II.  96)  is 

applied.  We  shall  soon  see  that  the  calculation  of  for  practical  cases  of 

N 

interest;  will  be  sufficiently  large  that  the  restriction  on  G  in  equation 
(11.97)  is  not  serious.  It  will  turn  out  that  for  many  cases,  far-field  condi¬ 
tions  do  exist  for  bare  or  insulated  dipoles  and  that  G^  may  be  neglected. 

b.  Exponential  Damping  Loss  A 

In  decibels,  the  exponential  damping  loss,  using  equation 
(II.  86b),  may  be  written 

A(db)  =  8.  69  ^R  =  8.69  uv  (II.  98) 

where  u  and  v  are  given  by  equation  (11.93)  and  v  is  expressed  in  radians. 
Typical  calculations  are  given  in  the  next  subsection. 

c.  Spreading  Loss  Lg 

The  spreading  loss  in  decibels,  using  equation  (II.  86a),  may 

be  written 

=  6.02  +  20  log  v  (11.99) 

with  v  given  by  equation  (II.  93)  in  radians.  Typical  calculations  are  given  in 
the  next  subsection. 

4.  Example  of  Calculations 

Consider  transmission  between  two  parallel  identical  dipoles, 
for  which  R  =  5800'  =  1.768  km.  The  anteinas  are  short-circuited  insulated 
dipoles,  of  length  2h  =  950  feet,  h  =  144.8  m,  with  inner  conductor  made  of 


Lig(db)  =  20  log 


'4tt  R 
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#12  wire  (a^  =  10"  m)  and  polyethylene  insulation  (£r^  =  2.  25)  with  radius 
3.  5  x  10  m.  It  is  assumed  that  the  total  input  resistance  R^  =  Rracj 
+  ^ohmic  +  rt  =  ohms,  and  is  constant  with  frequency. 

It  is  further  assumed  that  the  antennas  have  common  equatorial 
planes  so  that  0=  90°  and  that  any  feeder  and  mismatch  losses  may  be  neg¬ 
lected.  We  desire  to  compute  L^,  as  a  function  of  frequency  with  medium 

conductivity  as  a  parameter.  The  value  of  £  is  assumed  to  be  9,  although 

r3 

for  the  range  of  frequencies  of  interest  the  loss  tangent  p^  will  be  large  even 
for  greater  values  of  . 

It  is  noted  that  —  =  — =  12.  21  so  that  the  radiation  con- 

11  475 

dition  R-  4h  of  (II.  95a)  is  satisfied.  We  have,  using  Appendices  E  and  F, 


2  x  10* 
fkc 


fa  =  2-rr  x  10'5fkc  f(p3) 

-  o.3639  fkc(r- 

fih  =  9.098  x  10'3  fkc  f(p3) 

eu  = 

.  -1 
tan  u 

v  =  ftR  =  0.  11109  fkc  f(p3) 

?  = 

R  J100 
rad 

u  =  ^  fa  =  S(P3)/f(P3) 

'ty(db) 

=  -  24.  39  +  10  log 

’■>] 


<7 gm)SC  *  /jVutf  /h2),  .4 

ir  Rin 

^  -3 
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(See  equation  11.93) 

Lg(db)  =  6.  02  +  20  log  v 
A(db)  =  8.  686  u. v 

Calculations  of  the  component  losses  of  the  total  system  loss 
were  made  for  values  of  =10  ,  5  x  10  ,  and  10"  mhos/m.  Resulting 

values  of  losses  A(db)  and  Lg(db)  are  shown  plotted  on  the  curves  of  Figure 
II.  14.  The  various  "gain"  quantities  are  shown  in  the  curves  of  Figure  II.  15. 
In  these  figures  "losses"  and  "gains"  are  plotted  in  decibels  vs  frequency  on 
a  linear  scale. 

Values  of  Lp(db)  and  L^(db),  with  0=  90°  and  no  feeder  losses, 


are  plotted  on  the  curves  of  Figure  II.  16.  Finally,  the  values  of  L^db)  vs 
frequency  are  plotted  on  the  curves  of  Figure  II.  17, 

-4 

An  optimum  value  of  L,p(db)  is  noted  for  <3^  =  10  mhos/m  at 
about  2  kc.  This  and  the  shape  of  all  the  curves  is  the  result  of  the  interplay 
between  propagation  losses  L  (db)  and  antenna  losses  (or  gains)  L  (db).  For 

ir 

the  assumed  values,  at  very  low  frequencies,  the  reverse  is  true  due  prin¬ 
cipally  to  the  larger  and  larger  values  of  the  exponential  loss  A(db). 

These  curves  were  used  as  the  basis  for  predictions  of  expected 
losses  and  signal-to-noise  ratio  at  the  receiver  for  propagation  tests  on 
Cape  Cod,  one  path  being  5800  feet  long..  Insulated  monopoles  with  h=  475  feet 
long,  of  the  RG-8/U  type,  were  used  with  short-circuit  terminations.  (The 
results  are  discussed  later,  with  reference  to  the  relative  effects  of  using 
monopoles  instead  of  dipoles,  total  input  antenna  resistance  and  apparent 
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values  of  <j~.  )  Thus,  if  one  assumes  an  antenna  power  input  P™  and  values 

of  P  for  the  receiver,  one  calculates  the  maximum  allowable  total  trans- 

R-min 

mission  loss  L^(max).  For  example,  assume  P^  =  100  w  =  20  dbw.  For  the 
receiver,  assume  noise  figure  NF  =  14  db  and  a  noise  bandwidth  B  =  1  lcc. 

The  available  noise  power  P^,  in  dbw,  is  P^(dbw)  =  14  -  204  +  30  =  -  160  dbw. 
If  the  required  carrier -to-noise  ratio  at  the  receiver  is  15  db,  then  the  mini¬ 
mum  detectable  receiver  signal  power  P  must  be  -145  dbw.  Hence 

hmin 

Lrp(db)  =  20  -  (-145)  =  165  db.  A  readily  detectable  signal  should  be 
i  max 

found  at  frequencies  much  higher  than  25  kc  if  CT^  =  10  ^  mhos/m.  On  the 
other  hand  if  cT^  is  as  high  as  10  mhos/m,  frequencies  lower  than  13  kc 
must  be  employed. 

Reference  to  the  curves  shows  that  for  a  given  medium  environ¬ 
ment,  the  only  components  of  loss  under  the  control  of  the  designer  are  the 
antenna  system  losses,  and  these  are  the  more  important  the  lower  the 

frequency.  For  hole  dpeths  which  limit  the  antenna  lengths  to  electrically 

SC 

short  values  (/^h^.  4,  say),  not  a  great  deal  can  be  done  to  improve  G 

I  JVL 

itself.  Outside  of  the  obvious  minimizing  of  mismatch  losses  (Lm),  this 

SC 

leaves  only  the  improvement  in  the  low  "radiation  efficiency  (  )",  which 

means  lowering  the  dead-loss  resistance  ^•0j1In^c  +  ^terminations*  ^his 
parallels  the  problem  of  VLF  antenna  systems  in  air,  but  here  the  worst 
offender  seems  to  be  the  resistance  of  terminating  electrodes.  For  mono¬ 
poles,  there  appears  to  be  advantage  in  considering  open-circuit  insulated 


types  depending  upon  electrical  length  because  the  dead-loss  resistance  is 
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smaller  than  short-circuited  types;  however,  their  input  impedance  is  higher 

and  mismatch  to  coaxial  feeders  must  be  reduced  by  low-loss  matching 

circuits  if  this  advantage  is  to  be  realized. 

The  previous  curves  can  be  used  for  predictions  for  other  ranges 

for  the  same  antenna  configurations.  One  observes  the  behavior  of  the 

distance-dependent  propagation  loss  terms  individually  that  combine  to  make 

2 

up  Lp(db).  The  "spreading  loss"  L  varies  as  R  and  thus  L  (db)  varies  as 

S  S 

20  log  R.  The  exponential  attenuation  in  decibels  varies  directly  with  R,  i.  e.  , 

A(db)  varies  with  R  (for  the  same  frequency  and  medium  characteristics). 

The  near  field  enhancement  at  greater  distances  becomes  much  less  than  ■ 

the  values  at  5800  feet  used  in  the  curves,  and  as  an  approximation  we  may 

N  4-4-3 

neglect  G  .  Suppose  we  consider  the  cases  for  <3-^  =  10  ,  5x  10  and  10  mhos/m. 

Further  it  is  assumed  that  the  antenna  is  the  same  as  previously  used,  so 

SC  1 

that  total  antenna  coupling  losses  L  (db)  =  -  2  (^G  )  db  are  those  on 

A  ‘  M 

the  curves  of  Figure  II.  16.  The  propagation  losses,  neglecting  G3^,  are 

_4 

values  given  on  the  curves  of  Figures  II.  18,  II.  20,  and  II.  22  for  ry-  =  10  , 

-  4  _  Q 

5  x  10  ,and  10”  mhos/m,  respectively.  The  final  values  of  transmission 
loss  are  those  on  the  curves  of  Figures  II.  19,  II.  21,  and  II.  23,  respec¬ 
tively,  where  it  is  assumed  that  mismatch  losses  L  =0  db.  For  the  pre- 

m 

viously  assumed  experimental  system  —  165  db,  if  the  receiver  sensitivity 
is  limited  by  "receiver  noise"  and  not  by  "attenuated  atmospheric  noise.  " 

Thus,  for  a  three-mile  pah.,,  frequencies  less  than  2  kc  must  be  employed 
if  0-^  =  5  x  10”4  mhos/m. 
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igure  II.  19.  Total  system  loss  L^,  vs  distance  R  for  various 
frequencies,  cr^  -10"^  mho/m. 


* 


11-65 


Lp(DB) 


R  (Ml) 

Figure  II.  22.  Propagation  los  se  s  Lp  vs  distance  Rat  various  fre¬ 
quencies.  a- ,  =  10"3  mho/m,  e  =9. 

3  r3 


11-68 


i_t<d  b) 


Similarly,  if  the  rock  has  five  times  lower  conductivity  than 

_4 

that  assumed  above  so  that  CT^  =  10  ,  much  higher  frequencies  could  be 

_4 

used  than  those  when  =  5  x  10  ,  for  the  same  path  length.  Conversely, 

somewhat  greater  distances  can  be  achieved  at  the  same  frequency  for  the 
lower  conductivity. 

It  should  be  emphasized  that  we  have  used  as  an  illustrative 

example  an  electrically  short  insulated  antenna  having  a  length  which  was 

limited  by  the  amount  of  penetration  into  the  rocks  expected  for  the  drill 

holes  on  Cape  Cod.  The  obvious  areas  of  improvement  possible  in  antenna 

performance  have  been  mentioned.  For  other  lengths  of  antennas,  antenna 

types,  frequencies,  and  conductivities,  similar  calculations  would  be  made. 

Calculations  have  been  given  earlier  elsewhere  for  bare 
32 

antennas  where  conductivities  and  loss  tangents  were  assumed  to  have  much 
lower  values  than  assumed  here.  Those  calculations  resulted,  of  course, 
in  larger  ranges  and  higher  limiting  frequencies,  anticipated  in  practical 
circumstances  only  in  a  few  geological  areas  at  best. 

Attenuation  of  atmospheric  noise  by  an  overburden  as  it  affects 
signal  detection  is  considered  later  on.  The  theory  is  discussed  in  Appendix. G 
where  it  is  shown  that  atmospheric  noise  at  VLF  may  limit  the  signal-to- 
noise  ratio  at  the  receiver  unless  the  overburden  is  sufficiently  thick  and 
highly  conducting. 
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G.  Effect  of  Other  Modes 


We  consider  a  simplified  two-layer,  three  region  model  to  approxi¬ 
mate  the  case  of  rock  propagation  in  practice.  An  oversimplified  sketch  is 
shown  in  Figure  II.  24  with  each  region  being  a  simple  medium;  region  0  is 

air  with,  propagation  constant  k  =  A  \  region  1  is  lossy  overburden  with 

~o  /  o 

2  ^  2  2 

k,  =  -  j  c/u  CTT  and  k  k,  ;  and  region  2  is  rock  with  loss  tangent  p 
1  /  o  I  o  I  Z 

2  2 

and  with  k^  <  k^  .  A  vertical  electric  dipole  is  immersed  in  rock. 

To  illustrate  simple  refracted  and  reflected  rays,  suppose  that  all 

media  are  loss-less  dielectrics  so  that  k  =  /%  ,  k,  =  p  =  /S 

-~o  /  o  "1  /  1  /  o 


,  £  ,  and 


^2  =  P2  = 


£  and  further  that 
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Then  the  wave  from  a  dipole  in  region  2  following  the  ray  path  (T) 
would  be  refracted  at  the  boundary  between  regions  2  and  1  and  the  transmitted 
ray  would  be  bent  towards  the  normal  in  region  1.  This  ray,  at  the  boundary 
between  region  1  and  0  would  be  bent  away  from  the  normal  in  air. 

A  ray  such  as  @  from  the  dipole  would  suffer  total  internal  reflec¬ 
tion  at  the  boundary  between  region  1  and  air.  A  ray  such  as  (jp  would  suffer 
total  internal  reflection  at  the  boundary  between  regions  2  and  1. 
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Figure  II.  24.  Oversimplified  sketch  of  two-layer,  three  medium  propa 
gation  modes  from  vertical  dipole  in  rock. 


In  a  situation  approaching  that  in  practice,  regions  1  and  2  have 

(II.  102) 

(II.  103) 

(II.  104) 

The  complete  analysis  of  the  three  medium  problem  is  complicated. 

For  the  two  medium  problem  such  as  air  above  sea  water  (or  lossy  ground) 

With  antennas  immersed  in  the  latter,  an  analysis  has  been  carried  out  by 
60  21 

Moore  and  Banos  and  Wesley,  the  latter  for  horizontal  dipoles.  For 
dipoles  not  buried  too  deeply,  the  principal  propagation  mode  is  the  up-over- 
and-down  mode  launched  like  "ray  (j)  "  and  discussed  in  Section  IB.  For 
great  distances,  the  vertical  field  in  air  due  to  a  buried  vertical  dipole  is 
very  small  and  is  neglected  compared  with  the  horizontal  field  in  air,  at  the 
earth's  surface.  The  direct  wave  is  likewise  negligible. 

The  analysis  of  the  three  medium  problem  corresponding  to  condi'-* 
tions  (II.  104)  has  not  been  carried  out  completely.  However,  if  we  assume 
that  region  1  in  Figure  II.  24  is  highly  conducting  and  sufficiently  thick,  then 
any  energy  refracted  into  region  1  is  highly  attenuated  therein.  Accordingly, 
the  field  in  air  for  a  potential  UOD  mode  would  be  weak  and  neglibible  upon 


large  loss  tangents  so  that 

ki2  =  - j  "A 
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J  CO 


/i, 


whence 


one  has 


£^>6^ 


kl  >  >  , 

A  2/0 
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passing  through  region  1  to  a  receiver  antenna  in  region  2. 

An  analysis  has  been  carried  out  in  Appendix  C  which  takes  into 
account  the  propagation  between  vertical  electric  dipoles  at  varying  distances 
into  the  rock  medium  2  below  the  overburden-rock  boundary.  The  analysis 
takes  into  account 

-  a  direct  wave  between  T  and  R  dipoles 

-  wave  reflection  at  the  rock-overburden  boundary,  and 

-  a  wave  guided  along  the  interface  between  rock  and 

overburden. 

If  the  dipole  moment  is  constant  with  depth,  and  with  plausible 
values  of  rock  and  overburden  electrical  constants,  it  is  shown  that  at  fre¬ 
quencies  exceeding  1  kc  the  field  at  the  receiver  increases  with  antenna  depth, 
the  increase  being  more  marked  the  higher  the  frequency.  This  phenomenon 
affords  one  means  of  distinguishing  between  a  predominantly  up-over-and- 
down  mode  from  a  predominantly  rock  mod  s  signal  in  that  the  former  the 
field  should  decrease  as  the  antenna  depths  increase  below  the  overburden. 

The  theory  in  Appendix  C  indicates  that  as  the  dipole  depths  increase 
below  the  rock-overburden  boundary  the  field  intensity  at  the  receiver  point 
approaches  the  value  of  the  direct  wave  between  T  and  R.  The  direct  wave, 
for  a  given  dipole  moment,  has  an  intensity  at  the  receiver  point  which  is 
the  same  as  that  in  an  unbounded  medium.  It  is  thus  inferred  that  the  trans¬ 
mission  loss  equation  in  the  previous  section  may  be  applied  to  antennas  well 
below  the  overburden-rock  boundary  and  that  for  antennas  near  that  boundary 


11-74 


a  small  correction  is  needed  which  depends  upon  the  conductivity  contrast 
0^/  and  frequency  . 

Another  possible  transmission  mode  makes  use  of  horizontal  polarization 
and,  in  concept,  would  be  useful  at  ELF  and  lower  frequencies.  The  idea  is 
based  upon  certain  concepts  used  in  surface  measurements  of  deep  resistivity 
using  four  electrodes  (see  Section  V).  Instead  of  two  vertical  drill  holes 
separated  a  transmission  distance  R,  there  would  be  four  shallower  drill  holes 
into  the  rock  at  the  corners  of  a  long,  thin  rectangle  (of  length  R).  Electrodes 
would  be  inserted  into  the  first  pair  of  holes,  insulated  from  the  overburden 
but  contacting  the  rock.  These  would  be  connected  to  a  transmitter  on  the 
surface  and  serve  as  the  "current  electrodes.  "  A  similar  pair  on  the  opposite 
side  of  the  rectangle  would  be  connected  to  the  receiver  and  act  as  the  "poten¬ 
tial  electrodes.  "  For  an  overburden  of  negligibly  small  electrical  thickness 
(as  at  ELF  and  lower  frequencies),  the  polarization  would  be  horizontal. 
Conceivably  larger  dipole  moments  with  two  pairs  of  holes  could  be  achieved 
at  less  cost  than  for  two  single,  very  deep  holes  having  the  same  dipole 
(vertical)  moment.  Further  studies  are  needed  to  evaluate  the  fields  in  air 
as  well  as  in  the  rock  in  order  to  assess  the  merits  of  the  scheme. 
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Section  III.  EQUIPMENT  AND  FACILITIES 


This  Section  is  devoted  to  a  brief  description  of  site  facilities  and  equip¬ 
ment  used  in  the  experiments  on  electrical  characteristics  of  media  near 
drill  holes  and  on  limited  propagation  tests  between  antennas  in  pairs  of  holes. 

A.  Site  Facilities 

Four  sites  were  used  in  New  Hampshire  (see  map  in  Figure  III.  1) 
in  the  very  early  phases  of  the  program  which  followed  that  being  conducted 
under  Raytheon  Company  sponsorship.  Three  of  these  were  at  existing  drill 
holes  and  the  fourth  was  a  granite  quarry.  Three  holes  were  drilled  on  Cape 
Cod  following  an  analysis  of  the  results  of  seismic  and  magnetic  surveys,  and 
the  locations  are  shown  on  the  map  of  Figure  III.  2. 

1.  Concord  (N.  H.  )  Drill  Hole 

An  existing  drill  hole,  1000  ft.  depth,  was  supplied  by  the  city 
of  Concord  with  permission  to  use  the  site.  A  view  is  shown  in  the  photo¬ 
graph  of  Figure  III.  3  showing  the  10'  x  10'  maintenance  building  housing 
equipment.  Due  to  some  geologic  faults,  the  full  hole  depth  was  not  usable. 
Commercial  .power ,  220/110  v.  60  cycle  AC,  single  phase,  was  made  avail¬ 
able  plus  a  telephone.  The  site  was  used  principally  for  signal  transmissions 
from  the  AN/GRN-6  on  loan  from  the  Department  of  the  Army. 

2.  Bedford  (N.  H.  )  Drill  Hole 

Use  of  an  existing  drill  hole  400  ft.  deep  and  site  was  arranged 
under  a  lease  with  Silverberg  Bros,  of  Bedford.  A  photographic  view  is 
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Figure  III.  1.  New  Hampshire  -  Location  of  Drill  Hole  Sites 
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Figure  III.  2.  Cape  Cod  -  Location  of  Drill  Hole  Sites 


shown  in  Figure  III.  4.  The  prefabricated  building  was  about  12'  x  12'  with  a 
modest  attempt  at  shielding  made  by  stapling  copper  around  the  inside  of  the 
building.  The  site  was  about  18  miles  due  south  of  the  Concord  site.  Com¬ 
mercial  power,  220/110  v.  60  cycle,  single  phase,  was  made  available  plus 
a  telephone.  The  site  was  used  for  signal  reception  and  for  signal  trans¬ 
mission  using  the  ART  -  13  transmitter. 

3.  Goffstown  (N.  H,  )  Drill  Hole 

About  6  miles  north  northwest  of  Bedford  and  13  miles  south 
southwest  from  Concord  was  located  a  400-ft.  drill  hole  in  Goffstown.  The 

* 

use  of  the  hole  and  site  was  arranged  under  a  lease  with  Karanikis  Brothers, 

Goffstown.  A  photograph  of  the  site  is  shown  in  Figure  III.  5,  showing  the 
12'  x  12'  prefabricated  building.  The  site  was  used  for  signal  reception  and 
for  signal  transmissions  using  a  second  GRN-6  transmitter  on  loan  from  the 
Department  of  the  Army.  Preliminary  path  transmission  tests  were  made 
between  here  and  the  other  sites,  prior  to  more  extensive  work  on  Cape  Cod. 

Early  impedance  measurements  on  bare  and  insulated  antennas  were  also 
made  here,  the  holes  being  water -filled. 

4.  Swenson's  Quarry  (Concord,  N.  H. ) 

This  granite  quarry  is  operational  and  located  west  of  Concord. 
Permission  to  use  the  site  was  arranged  with  Mr.  Swenson.  The  quarry  was 
used  for  antenna  measurements  imbedded  in  slots  in  granite,  see  photograph 
F igure  III.  6. 
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Figure  HI.  4.  Bedford,  New  Hampshire  Site 
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Figure  III.  5.  Goffstown,  New  Hampshire  Site 


5.  Harwich  (Mass.)  Drill  Hole  Site 

The  location  of  three  drill  holes  on  Cape  Cod  is  shown  in  the 
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map  of  Figure  III.  2.  Seismic,  magnetic,  and  gravity  surveys  were  con¬ 
ducted  over  the  area  (see  Section  V).  All  holes  were  1000  feet  in  depth;  the 
first  two  being  larger  in  diameter  (7  1/2  inches)  and  drilled  at  Harwich  and 
Brewster  by  R.  E.  Chapman  and  Company,  Oakdale,  Massachusetts.  Various 
views  of  the  drilling  operation  at  the  Harwich  site  are  shown  in  the  photo¬ 
graphs  of  Figures  III.  7,  III.  8,  and  III.  9.  The  holes  penetrated  through  400 
to  450  feet  of  overburden,  thence  into  rock.  The  overburden  portions  were 
lined  with  iron  casings  extending  into  the  rock  about  25  to  30  feet  and  sealed 
off  to  prevent  overburden  soils  from  filling  the  rest  of  the  hole.  The  pipe 
also  served  as  a  "ground  return"  for  excitation  of  various  antennas. 

Views  of  the  completed  Harwich  site  are  shown  in  the  photo¬ 
graphs  of  Figures  III,  10,  III.  11,  III.  12,  and  III.  13.  The  site  was  used 
through  permission  of  the  Harwich  Board  of  Selectman.  A  prefabricated 
14'  x  18  1  building  (see  Figure  III.  10)  housed  a  standard  Ace  Engineering 
Company  screen  room  and  a  Gar  Wood/H-24  Beebe  cable  winch  located  out¬ 
side  the  screen  room  (see  Figure  III.  11).  The  coaxial  feedline  with  an 
antenna  at  the  bottom  was  raised  and  lowered  by  this  winch,  the  feedline 
being  passed  through  an  aluminum  shield  connected  physically  to  a  pulley 
■arrangement  over  the  casing  (Figure  III.  10).  Connection  from  the  cable  on 
the  winch  to  feed-through  cables  on  the  equipment  in  the  screen  room  was 
made  by  a  coaxial  rotary  joint  (Scientific- Atlanta  Company). 
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Figure  III.  8. 


Drilling  -  Harwich  Site 
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Figure  III.  9-  Drilling  -  Harwich  Site 


Figure  III.  10.  Harwich 
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Figure  III.  13.  Test  Area  -  Harwich 


Power  was  supplied  by  an  external  Onan  5  kw,  220/110  v. 


60  cycle,  single  phase,  gasoline  driven  generator  installed  in  a  prefabricated 
4'  x.  6'  shelter  (see. photograph  in  Figure  III.  12). 

The  site  was  used  extensively  for  antenna  testing,  signal  and 
noise  reception  and  for  transmission  and  propagation  measurements.  For 
the  latter  an  ART- 13  transmitter  permitted  measurements  at  frequencies 
200  to  500  kc  and  2  to  18  me.  A  view  inside  the  screen  room  is  shown  in 
the  photograph  in  Figure  III.  13,.  made  during  antenna  impedance  tests.  On 
the  top  shelf,  to  the  left,  is  a  bridge  oscillator  (General  Radio)  and  to  the 
right,  a  surplus  BC-221  Frequency  Meter.  On  the  middle  shelf,  to  the  left, 
is  a  receiver  (Hammarlund)  being  used  as  a  bridge  detector,  and  centrally 
located  is  an  impedance  bridge  (General  Radio).  To  the  right  are  components 
of  a  "substitution  box,  "  parts  of  which  were  constructed  by  the  Raytheon 
Company,  CADPO  Labs  and  others  by  the  USAF  CRL  Communication  Sciences 
Lab.  To  the  rear  is  the  ART- 13  transmitter.  On  the  floors  are  various 
power  supplies  for  the  ART- 13. 

6.  Brewster  (Mass.)  Drill  Hole  Site  at  Town  Dump 

A  view  of  the  second  site,  at  Brewster  near  the  town  dump,  is 
shown  in  the  photograph  of  Figure  III.  14.  A  prefabricated  14'  x  18'  building 
houses  a  somewhat  larger  screen  room  than  that  at  Harwich,  the  screen 
room  being  furnished  as  GFP.  Shielding  arrangements  were  improved  in 
that  the  cable  winch  v/as  installed  inside  the  screen  room  and, the  complete 
feeder  system  was  shielded  by  very  thick  copper  piping  and  boxing  around 
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Figure  III.  14.  Brewster 


the  pulley  over  the  casing  (not  shown  in  Figure  III.  14). 

The  site  was  used  extensively  for  signal  propagation,  depth 
attenuation  of  the  field,  reception  and  antenna  impedance  tests.  One  trans¬ 
mitter  is  shown  in  the  interior  view  in  the  photograph  of  Figure  III.  15.  This 
was  one  of  the  two  GRN-6  transmitters  on  loan  from' the  Signal  Corps  and 
moved  from  New  Hampshire.  Other  transmitters  used  were  a  self-excited, 
60  cps  modulated,  oscillator  and:  a  high  power  AF  amplifier  arrangement 
used  in  the  successful  propagation  tests  to  the  Tubman  Road  site  described 
below. 

The  work  was  phased  so  that  results  of  antenna  measurements 
being  conducted  at  Harwich  could  be  applied  to  experiments  at  other  sites 
which  required  a  knowledge  of  antenna  performance,  e.  g.  ,  attenuation  with 
depth  measurements  at  Brewster  and  transmission  tests  between  Brewster 
and  Tubman  Road.  Surface  measurements  of  the  azimuthal  field  patterns  of 
buried  antennas  and  variation  of  such  patterns  with  range  were  performed  at 
Brewster. 

The  site  was  used  under  permission  of  the  Brewster  Town 
authorities,  and  supplied  with  commercial  220/110  v.  60  cycle,  single 
phase  power,  plus  a  telephone.  Intercommunication  with  all  sites  and  field 
personnel  was  accomplished  here  and  at  other  sites  via  PRC-6  and  PRC- 10 
radio  sets  loaned  and  maintained  by  AFCRL  Communication  Sciences  Lab. 

7.  Tubman  (Brewster,  Mass.)  Drill  Hole  Site 

This  site  was  located  on  Tubman  Road  (formerly  Poverty  Lane) 
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Figure  III.  15.  Shielded  room  and  facilities  -  Brewster 


in  Brewster  and  its  use  was  arranged  under  a  lease  with  R.  Tubman,  Brewster. 
The  smaller  diameter  hole,  about  2  3/8  inches  in  the  rock,  and  again  1000  ft. 
deep  was  drilled  under  contract  with  E.  J.  Longyear  Company,  Minneapolis, 
Minn. 

This  last  site  is  equipped  with  a  large  aluminum  trailer  with 
added  arrangements  for  shielding.  Power  is  supplied  by  external  gasoline 
driven  generators.  The  trailer  and  other  site  facilities,  maintenance,  and 
operation  were  furnished  by  AFCRL  Communication  Sciences  Lab. 

This  site  was  used  principally  for  signal  reception  measure¬ 
ments  on  transmissions  from  the  previous  site,  conducted  principally  at 
lower  VLF  frequencies.  Some  depth  attenuation  measurements  were  also 
made.  Measurements  on  core  samples  from  the  drill  hole  were  made  by 
M.  I.  T.  (Professor  Cantwell)  as  well  as  ourselves.  Deep  resistivity  meas¬ 
urements  on  the  surface  between  Tubman  and  Town  Dump  sites  were  made 
by  Geoscience,  Inc.  ,  for  AFCRL. 

There  were  various  other  locations  used  for  very  brief  periods  for 
special  tests,  descriptions  of  which  are  not  given  here. 
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B.  Antennas 


1.  General  Description 

The  antennas  used  for  tests  in  vertical  drill  holes  have  been  of 
the  linear  type.  Designs  for  loop  antennas  have  been  made  but  tests  have 
.not  been  accomplished  with  this  type  of  antenna. 

Linear  antennas  made  of  bare  wires  or  aluminum  tubes  were 
used  initially  a  couple  of  years  ago  but  since  most  holes  contained  water  and 
the  surrounding  rock  media  were  conducting  dielectrics,  insulated  (or  coaxial) 
types  were  studied  more  extensively  (see  Appendices  D,  E,  and  F). 

Insulated  linear  monopoles  with  open-circuit  termination  at  the 
"output  end"  were  used  extensively  more  than  a  year  ago  in  the  New  Hampshire 
drill  holes.  The  effect  of  the  "ground"  plane  (overburden)  is  discussed  in 
the  next  subsection. 

As  better  information  developed  about  the  electrical  character¬ 
istics  of  the  rock,  principally  on  Cape  Cod,  it  became  theoretically  obvious 
(Section  IIF)  that  operation  at  frequencies  in  the  lower  VLF  range  would  be 
required  to  obtain  a  useful  signal.  For  limited  hole  depth  into  the  rock  (500 
feet)  and  frequencies  lower  than  Z0  kc,  coaxial  antennas  of  practical  types, 
such  as  that  made  by  stripping  RG-8/U  cable,  would  be  electrically  short. 

For  electrically- short, coaxial  antennas  with  open-circuit  termination,  the 
input  impedance  is  highly  capacitative  and  presents  a  large  mismatch  loss 
to  a  typical  coaxial  feeder  (Appendix  E).  Electrically-short, coaxial  antennas 
with  short-circuit  termination  were  then  studied  and  employed  since  their 
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input  impedance  presented  a  better  match  to  the  feeder  cable  over  a  wider 
range  of  frequencies.  The  short  circuit  usually  consisted  of  a  piece  of  bare 
wire,  #12  or  #14  AWG,  20  to  50  feet  long,  connected  electrically  to  the  inner 
conductor  of  the  coaxial  element  at  its  output  end.  A  rough  estimate  of  the 
terminating  impedance  would  be  that  of  the  bare  wire  in  the  dissipative 
medium  (Appendix  D)  and  was  generally  much  lower  than  the  "characteristic 
impedance"  of  the  coaxial  insulated  antenna  (Section  IV). 

The  theory  of  the  performance  of  bare  antennas  is  given  in 
Appendices  D  and  F,  and  measurements  are  discussed  in  Section  IV.  The 
theory  of  the  performance  of  insulated  antennas  is  given  in  Appendices  E 
and  F  and  measurements  are  discussed  in  Section  IV.  The  insulated  antennas 
used  were  mostly  of  the  RG-8/U  type,  with  the  outer  neoprene  jacket  and 
outer  braid  stripped  off  for  the  length  of  antenna  desired.  Some  measurements 
were  made  of  the  impedance  of  vinyl  covered  wires.  Teflon  covered  wires 
were  purchased  or  furnished  but  have  not  been  tested.  (Teflon  insulation  has 
the  advantage  in  that  it  has  less  water  absorption  than  the  polyethylene  of 
RG-8/U  cable. ) 

2.  The  Input  "Ground  Cage"  and  "Input  Electrodes" 

The  problem  of  the  "ground  plane"  arises  when  using  a  coaxial 
feeder  connected  to  a  vertical  linear  antai  na,  the  latter  being  immersed  in 
the  rock  medium  situated  below  a  more  highly  conducting  overburden.  For 
excitation  or  detection  of  waves  travelling  in  the  rock,  an  idealized  "ground 
plane"  would  be  a  large,  horizontal  sheet  of  metal  or  ground  screen  located 
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along  the  rock-overburden  interface  at  the  antenna.  This  idealized  arrange¬ 
ment  was  not  feasible  in  practice.  The  effect  of  the  overburden  can  be 
viewed  as  that  of  a  somewhat  lossy  ground  plane  for  antennas  immersed  in 
the  rock  if  there  is  an  appropriate  connection  to  the  feeder.  For  monopole 
antennas  connected  to  the  bottom  end  of  the  inner  conductor  of  the  coaxial 
feeder,  then  the  bottom  end  of  the  outer  conductor  of  the  feeder  should  be 
connected  to  the  overburden,  particularly  for  HF  measurements.  In  drill 
holes,  a  casing  pipe  penetrates  through  the  overburden  and  the  outer  braid 
of  the  feeder  may  be  connected  to  the  casing  pipe.  This  is  accomplished  by 
stripping  off  the  outer  neoprene  jacket  or  covering  of  the  feeder  cable  for  a 
convenient  length  from  the  bottom  end  and  relying  on  friction  contact  between 
the  exposed  braid  of  the  cable  and  the  casing  pipe. 

To  ensure  more  positive  contact  between  the  outer  braid  con¬ 
ductor  of  the  feeder  and  the  casing,  a  "ground  cage"  was  devised  which 
clamped  over  the  exposed  outer  braid  of  the  feeder  and  provided  several 
positive  sliding  contacts  with  the  inner  surface  of  the  casing.  The  "ground 
cage"  was  positioned  on  the  feeder  near  the  bottom  of  the  casing  when  using 
a  monopole  antenna  whose  input  feed  point  was  just  flush  with  the  bottom  of 
the  casing.  The  driving  voltage  from  the  coaxial  feeder  is  then  applied 
between  the  "base"  or  input  point  of  the  monopole  (connected  to  the  inner 
conductor)  and  the  overburden  via  the  casing  and  "ground  cage"  (connected 
to  the  outer  braid  conductor). 
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For  monopole  antennas  having  their  "base"  or  input  point  flush 
with  the  casing,  the  antenna  input  impedance  may  be  determined  from  a 
measurement  of  the  input  impedance  of  the  feeder  or  by  a  substitution  method. 
The  former  requires  an  accurate  knowledge  of  the  transmision  line  constants; 
the  latter  method  may  be  used  under  many  conditions,  as  discussed  in  the 
next  subsection.  If  the  overburden  were  perfectly  conducting,  the  measured 
monopole  impedance  would  be  half  of  that  of  a  dipole  in  an  unbounded  rock 
medium  (the  correction  for  coaxial  line  terminal  zone  effects  is  assumed 
negligibly  small  ).  For  an  overburden  of  finite  but  high  conductivity  compared 
with  the  rock,  the  input  impedance  of  the  monopole  would  include  terms 
attributable  to  losses  in  the  overburden  which  would  depend  presumably  upon 
antenna  type,  i.-e.  ,  bare  or  insulated  wires. 

If  the  antenna  is  lowered  into  the  drill  hole  to  greater  depths 
below  the  overburden,  i.  e.  ,  below  the  casing,  analytical  difficulty  is 
encountered  in  interpreting  measured  impedances  because  of  the  effect  of 
the  extended  coaxial  feeder.  For  studying  the  effects  of  variation  of  antenna 
depth  upon  antenna  impedance  and  radiated  field,  it  would  be  desirable  to 
carry  a  "ground  plane"  along  with  the  antenna.  This  was  not  feasible.  A 
compromise  may  be  achieved  by  stripping  off  the  outer  neoprene  jacket  of 
the  feeder  cable  and  having  the  exposed  braid  outer  conductor  in  contact  with 
the  medium  (via  the  conducting  water  in  the  drill  hole).  Antenna  currents 
flow  on  the  outside  of  this  exposed  braid  back  from  the  "monopole"  input 

*  See  Reference  6,  Chapter  V,  Section  22. 
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point  at  the  end  of  the  feeder.  At  HF,  but  where  the  loss  tangent  is  still 
large,  such  currents  attenuate  rapidly  with  the  distance  d  back  from  the  end 
of  the  feeder  because  the  skin-depth  is  small.  At  a  distance  d  slightly 
greater  than  2  skin-depths,  the  antenna  current  amplitude  has  fallen  to  0.  1 
of  the  value  at  the  end  of  the  feeder.  Considering  the  driving  voltage  to  be 
that  at  the  end  of  the  coaxial  feeder,  the  antenna  system  may  be  considered 
to  be  crudely  that  of  an  asymmetrically  driven  dipole;  the  driving-point 
impedance  is  then  the  sum  of  two  components,  one  the  impedance  looking 
down- of  the  antenna  proper  considered  as  a  monopole  and  the  other  that  of 
the  "input  electrode,  "  i.e.  ,  the  exposed  outer  braid  of  the  feeder,  looking 
up.  As  d  is  further  increased,  the  impedance  of  the  latter  should  not  change 
markedly  (Appendix  D  and  Section  IV).  The  situation  at  LF  and  VLF  needs 
further  examination  because  there  the  braid  input  electrode,  if  grounded  to 
the  casing,  would  be  more  nearly  at  the  same  potential  as  the  overburden  and 
questions  arise  as  to  what  type  of  antenna  is  a  proper  probe  at  such  fre¬ 
quencies  for  measurement  of  the  variation  of  field  intensities  and  properties 
of  the  medium  with  depth. 

Photographs  of  the  "ground  cage"  device  are  shown  in  the  dis¬ 
assembled  view  of  Figure  III.  16  and  the  assembled  view  of  Figure  III.  17.  In 
the  figures  an  insulated  monopole  antenna  is  shown  at  the  extreme  right, 
connected  to  the  inner  conductor  of  the  feeder  (RG-8/U  here)  which  has  the 
neoprene  cover  jacket  peeled  off  to  leave  the  braid  exposed.  The  cage  device 
was  fabricated  from  beryllium  copper  spring  stock  screwed  to  copper  collars 
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and  sleeves.  Rubbing  contactors  of  brass  were  soldered  to  the  spring  stock. 
The  whole  assembly  was  split  in  two  down  the  middle  to  afford  ease  of  assem¬ 
bly  and  disassembly.  The  assembled  view  is  shown  in  Figure  III.  17  for 
measurements  of  antennas  whose  input  was  flush  with  the  bottom  of  the  casing. 
Adjusting  the  tension  on  the  springs  by  spacing  the  collars  contacting  the 
feeder  braid  varied  the  amount  of  friction  contact  as  desired.  Adjustments 
were  necessary  in  each  hole  due  to  variations  in  casing  pipe  diameters  and 
were  required  after  every  assembly-disassembly  operation. 

All  antennas  were  weighted  with  counterweights  of  lead  or  iron 
principally  cylindrical  in  form,  such  as  window  sash  weights. 

3.  The  "Substitution  Box"  for  Impedance  Substitution  Method 

It  was  necessary  to  use  long  feedlines  to  the  antennas  when  the 
antennas  were  immersed  in  rock  deep  below  the  surface.  If  one  knows 
accurately  the  electrical  characteristics  of  the  feeder  (characteristic  imped¬ 
ance,  total  attenuation  and  total  phase  shift),  one  can  obtain  in  principle  the 
antenna  impedance  terminating  the  transmission  line  from  a  measurement  of 
the  input  impedance  of  the  line.  A  useful  device  for  such  purposes  is  the 
Smith  Chart  transmission  line  calculator.  When  making  a  series  of  measure¬ 
ments  over  a  wide  range  of  frequencies  on  various  antennas,  the  Smith  Chart 
can  reduce  the  time  required  to  obtain  antenna  impedances.  However,  from 
many  measurements  made  earlier  in  New  Hampshire  the  accuracy  of  the 
result  leaves  much  to  be  desired,  particularly  when  trying  to  locate  resonant 
and  anti-resonant  frequencies  and  the  impedances  at  such  frequencies.  This 
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is  because  the  antenna  impedances  very  often  were  very  large,  and  exact 
knowledge  of  line  parameters  was  not  available.,  ,The  points  on  the  calculator 
were  then  in  high  standing  wave  ratio,-  less  accurate,  areas. 

A  substitution  method  was  devised  for  measurements  in 
New  Hampshire  in  the  Spring  of  1961.  The  method  and  the  "substitution  box" 
are  described  here  rather  than  in  Section  IV  on.  antennas,  to  round  out  the 
description  of  equipment  employed.  The  "box"  was  simply  a  series  or  par¬ 
allel  arrangement  of  variable  R,  L,  and  C  components.  The  description  of 
the  method  employed  follows.  The  input  impedance  of  the  line  was  measured 
noting  carefully  bridge  dial  settings.  The  antenna  was  removed  and  the  "sub¬ 
stitution  box"  connected  in  its  place  at  the  end  of  the  transmission  line.  The 
components  of  the  "box"  were  varied  to  give  the  same  input  impedance  as 
obtained  with  the  antenna  was  affixed.  Then  the  impedance  of  the  sub  box 
was  measured  and  called  the  "antenna  impedance.  "  In  practice,  full  fre¬ 
quency  runs  would  be  made  with  the  antenna  in  the  hole,  measuring  line  input 
impedances  throughout  and  noting  carefully  all  pertinent  bridge  dial  settings. 
Then  the  antenna  and  line  would  be  removed  from  the  hole,  the  antenna  dis¬ 
connected  and  "substitution  box"  connected  in  its  place.  Then  all  data  for 
the  run  would  be  obtained  as  antenna  impedance  vs  frequency  for  example 
for  a  given  antenna  configuration. 

A  photograph,  showing  a  closer  view  of  the  equipment  at  Harwich 
mentioned  earlier,  is  shqwn  in  Figure  III.  18.  The  substitution  box  (not  con¬ 
nected  in  the  photo)  is  shown  on,  the  right  to  the  front  in  a  metal  box  with  its 
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Figure  III.  18.  Measurement  system  with  sub-box  components 


cover  removed.  Auxiliary,  step -variable  R  and  C  components  are  in  a  larger 
box  just  to  the  rear.  The  bridge  on  the  same  shelf  here  was  the.  General 
Radio  Company  Type  916-A,  with  General  Radio  Company  Bridge  Oscillator 
on  the  top  shelf.  The  BC-221  Frequency  Meter  was  used  to  set  initial  line 
impedance' measuring  frequency  and  to  reset  the  oscillator  for  substitution 
measurements.  The  detector  in  use  here  is  the  Hammarlund  SP-600  VLF 
shown  to  the  left  of  the  RF  Bridge. 

An  example  of  antenna  impedance  obtained  by  Smith  Chart 
calculator  and  substitution  box  methods  is  shown  in  Figure  III.  19.  Measure¬ 
ments  were  made  in  the  Spring  of  196 1  at  Goffstown,  N.  H.  ,  on  a  123 -foot, 
insulated  (RG-8/U  type),  open-circuited,  monopole.  Results  are  shown  on 
the  complex  plane  (X-R)  spiral  plot,  which  shows  up  rather  sensitively  the 
frequency  dependent  parameters.  The  plot  with  substitution  box  data  is 
smoother,  more  accurate  and  locates  resonances  reasonably  quickly  (of 
course,  plots  of  X  vs  f  are  the  better  for  the  determination  of  resonance  but 
a  smooth  X-R-  spiral  plot  indicates  useful  data  will  result). 

Another  example  of  the  comparison  of  more  recent  data,  is 
shown  in  Figure  III.  20  for  an  antenna  in  the  Harwich  drill  hole.  A  475-foot, 
open-circuited,  insulated  monopole  (RG-8/U)  terminated  a  759-foot  length 
of  coaxial  feeder  of  the  RG-9/U  type.  Better  knowledge  of  the  RG-9/U  feeder 
characteristics  was  obtained,  but  still  the  phase  shift  seems  to  be  off  a  bit 
(note  anti-resonance  at  f  slightly  greater  than  250  kc  by  sub  box  data  vs 
slightly  less  than  235  kc  via  Smith  dhart  data). 
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Figure  III.  19b.  Antenna  input  impedance  (R  vs  f}-  Goffstown 


Figure  III.  20b.  Antenna  impedance  (R  vs  f)  -  Harwich. 


Figure  III.  20c.  Antenna  impedance  (X  vs  f)  -  Harwich 


The  substitution  box  method  appears  lo  be  well  suited  for  deter¬ 
mining  the  impedance  characteristics  of  the  antennas  vs  frequency  at  MF  and 
HF.  However,  there  is  another  limitation  at  ELF  over  and  above  that  men¬ 
tioned  regarding  the  "input  electrode"  (Section  IIIB  2),  The  assumption  is 
that  the  electrical  characteristics  of  the  feedline  when  immersed  in  the  hole 
do  not  change  when  substitution  methods  are  being  used,  e.g.  ,  when  the 
feeder  is  wound  up  on  the  winch.  The  difficulty  has  shown  up  when  measuring 
high  antenna  impedances  at  frequencies  less  than  20  kc  when  using  RG-8/U 
feedlines.  This  is  attributed  in  part  to  the  fact  that  at  such  low  frequencies 
the  skin  depth  of  outer  conductor  of  the  feeder  is  comparable  with  or  may 
exceed  the  thickness  of  that  conductor.  Then  the  effective  characteristic 
impedance  for  the  line  down  in  the  hole  will  depend  upon  rock  characteristics 
and  will  differ  from  that  when  the  line  is  wound  up  on  the  winch  for  substi¬ 
tution  box  measurements.  This  effect  was  uncovered  most  recently  upon 
comparing  line  parameters  computed  from  "open"  and  "short"  circuit  imped¬ 
ance  measurements  with  the  coaxial  feeder  cable  wound  on  the  winch  with 
similar  computations  from  measurements  with  the  feeder  down  the  hole. 

Then  a  further  comparison  was  made  of  feeder  characteristics  computed  from 
measurements  using  known  resistance  terminations  of  10  and  1000  ohms. 

The  line  input  impedances  with  these  terminations  were  measured  with  the 
feeder  wound  up  on  the  winch  and  then  with  the  feeder  down  the  hole.  The 
resistors  were  heavily^ shielded  by  thick,  cylindrical  shield  containers, 
epoxied,  and  measured  alone  on  the  bridge.  Line  impedances  with  10-ohm 
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terminations  were  practically  the  same  under  all  conditions  at  frequencies 
from  1  kc  and  higher  indicating  the  series  impedance  of  the  cable  per  unit 
length  (1000  foot  length  of  RG-8/U)  remained  unchanged.  The  input  imped¬ 
ance  with  1000 -ohm  terminations  varied  markedly  from  that  obtained  with 
the  cable  on  the  winch  from  that  obtained  with  the  terminated  cable  at  various 
depths  in  the  hole  and  the  input  impedance  of  the  terminated  line  differed 
markedly  at  different  depths,  particularly  at  frequencies  lower  VLF  and 
ELF  ranges.  This  indicated  that  the  shunt  admittance  per  unit  length  varied 
with  surrounding  environment,  and  accordingly  both  Smith  Chart  and  sub  box 
methods  for  obtaining  antenna  impedances  for  the  greater  depths  were  limited 
in  utility. 

The  full  effect  has  not  been  analyzed  but  there  are  obvious 
remedies  such  as  employing  jackets  or  braids  of  magnetic  material  on  the 
cable,  or  using  triaxial  cables.  Some  lengths  of  the  latter  type  of  cables  are 
now  on  hand  but  have  not  been  tested  or  used.  Also,  from  the  standpoint  of 
probe  antennas  to  measure  depth  variations  of  fields  there  may  be  merit  in 
using  shielded  twin  conductor  cable  like  RG-22/U  with  each  conductor  con¬ 
nected  to  the  electrode  ends  of  the  probe  antenna.  A  reel  of  this  cable  is  on 
hand,  to  be  tested  first  for  any  variations  of  line  parameters  with  depth  with 
known  resistance  terminations  and  then  for  use  with  probe  antennas  (separated 
linear  electrodes  or  loops). 
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C.  Transmitters 


The  following  transmitting  units  have  been  used  for  various  phases 
of  the  project 

-  ART- 13  surplus  transmitter,  frequency  range 

200-500  kc  and  2-18  me,  nominal  100  \v  output, 

CW,  MCW  or  voice. 

-  GRN-6  beacon  transmitters  (2)  on  loan  from  Signal 

Corps  to  Raytheon  Company,  nominal  190-500  kc 
(operational  down  to  150  kc,  and  down  to  100  kc  with 
minor  modification),  power  300-400  watts,  CW,  MCW 
or  voice. 

-  Self-excited  oscillator,  Ultrasonic  Industries,  Inc.  , 

"Disontegrator  System"  320.  Half-sine  wave  60  cps 
pulses,  nominally  , at  75  kc  carrier  frequency. 

-  Audio  amplifier,  constructed  by  AFCRL  (Comm.  Lab), 

frequencies  up  to  30  kc  nominal  75  watts  maximum. 

— —  Audio  frequency  generator,  Comm.  Measurements 
Lab  1420B,  power  300  watts  up  to  30  kc„  reduced 
power  at  frequencies  30  to  50  kc. 

The  ART- 13  and  GRN-6  units  are  shown  and  identified  in  various 

photographs  of  Section  IIIA.  The  last  three  units  were  employed  in  the  latest 

phases  of  the  project,  particularly  for  rock  propagated  signals  on  Cape  Cod, 

whjch  were  not  detected  until  frequencies  lower  than  15  kc  were  used. 

D.  Receiver  and  Pre -amplifier 

1.  Noise  Figure  of  Hammarlund  SP-600-VLF  Receiver 

Preliminary  work  on  deep  strata  signal  reception  measurements 
was  done  entirely  with  the  Hammarlund  SP-600  VLF  receiver  covering  the 
range  of  10-530  kc.  Early  communication  attempts  were  done  in  the  range 
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of  200  kc  and  up,  200  kc  being  the  lower  limit  of  the  ART- 13  transmitter  used 

as  a  source  of  reasonable  power,  i.  e.  ,  100  watts.  Ordinarily  the  atmospheric 

! 

noise  at  these  frequencies  obviates  any  necessity  for  extremely  low  noise, 
figure  values  of  the  receiving  equipment.  However,  for  rock  propagated 
signals  and  vertical  antennas  immersed  below  the  earth's  surface,  and  with 
the  receiver  equipment  located  in  a  well  shielded  room  plus  other  additional 
shielding  safeguards,  internal  receiver  noise  may  be  the  limiting  factor  for 
detecting  the  signals.  Preliminary  tests  at  the  Cape  Cod  Brewster  site 
indicated  that  at  frequencies  less  than  50  kc  the  less  effective  overburden 
"shielding"  allowed  attenuated  atmospheric  noise  to  be  detected  on  the  antenna 
deep  in  the  hole.  (Any  reduction  in  effectiveness  of  the  screen  room  and 
other  shielding  safeguards  on  the  surface  at  the  lower  frequencies  is  disre¬ 
garded  at  this  point.  ) 

Later  work  was  done  with  a  GRN-6  beacon  transmitter  which 
allowed  operation  on  frequencies  as  low  as  150  kc  and  with  minor  modifica¬ 
tions  to  100  kc.  The  pre-amplifier  evolved  for  use  with  the  SP-600  VLF 
receiver  could  be  operated  over  the  range  of  200-500  kc,  a  later  modification 
reducing  its  lower  frequency  capability  to  100  kc. 

Preliminary  noise  measurements  were  made  on  the  SP-600 
VLF  receiver  over  its  frequency  range  and  at  several  bandwidths  to  determine 
its  capabilities.  Measurements  were  conducted  with  a  Rohde  and  Schwarz 
type  SUF  noise  generator  (see  t  igure  III.  21  for  block  diagram).  The  noise 
figure  of  the  receiver  under  test,  in  decibels,  was  derived  from  the  standard 
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Figure  III.  21  Noise  Figure  Measurement  Setup 


noise  level  KTB  of  -204  dbw/cps  minus  the  output  noise  voltage  of  the  noise 
2 

generator  (EQ )  x  receiver  bandwidth  x  SUF  calibrate  number  corresponding 
to  the  noise  bandwidth  output  of  the  unit.  A  noise  bandwidth  spectrum  of 
30  cps  to  600  kc  was  used  as  the  output  of  the  noise  generator,  requiring  a 

_9 

correction  multiplying  factor  of  22  x  10  w/cps.  Image  rejection  of  the 
receiver  in  question  was  sufficient  to  disregard  any  possible  increase  in 
apparent  noise  figure  due  to  this  factor.  The  results  of  measurements  are 
shown  in  Table  III.  1. 

TABLE  III.  1 

Noise  Measurements  on  VLF  Receiver  (SP-600  VLF) 


f 

Noise  figure 

at  SP-600 

kc 

VLF  IF  bandwidth  equal  to 
I.  3  kc  6.0  kc 

15 

6.9  db 

7.  0  db 

50 

11.0  * 

9.0  * 

100 

6.  5 

6.  2 

200 

6.  2 

6.0 

350 

8.9  * 

12.0  * 

500 

6.0 

6.5 

♦Differences  with  bandwidth  unresolved 
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These  noise  figure  measurements  were  taken  in  an  open  labora¬ 
tory  area.  The  same  measurements  conducted  in  a  shielded  room  gave  lower 
values  of  noise  figure  by -approximately  1  db.  The  shielding  of  the  input 
circuits  of  the  receiver  itself  was  considered  adequate  as  noise  measurements 
in  the  test  area  using  a  Stoddart  NM10-A  noise  and  field  intensity  meter  with 
a  short  vertical  whip  gave  noise  levels  of  20  db>  1  juv  at  500  kc  to  56  db 
>  1  y<v  at  the  lower  frequencies  of  150  to  200  kc. 

2.  Transistorized  and  Tube  Pre-amplifier 

Consideration  was  given  to  use  of  solid-state  circuitry,  its 
potential  small  size  and  the  feasibility  of  battery  operation  being  attractive 
for  contemplated  installation  at  antennas  in  drill  holes  as  well  as  on  the  sur¬ 
face.  None  of  the  configurations  tried  some  time  ago  improved  the  noise 
figure  of  the  overall  receiving  system.  The  problem  at  the  time  was  prima¬ 
rily  one  of  state  of  the  art  for  the  components.  Some  transistors  investi¬ 
gated  had  adequate  noise  figure  ratings  but  with  a  degradation  of  6  db /octave 
at  frequencies  higher  than  f  =  f^  1  -  where  f^  is  the  oC  cut-off  fre¬ 

quency  and  is  the  low-frequency  current  gain.  In  general,  there  was 
conflict  between  the  necessity  of  low  current  to  satisfy  the  low  noise  require¬ 
ment  and  the  high  frequency  requirement  where  the  oC  cut-off  frequency  is 
inver  sely  proportional  to  the  emitter  current,  in  general  being  lower  at  low 
emitter  currents  than  the  typical  data  sheets  would  indicate.  The  best  tran¬ 
sistor  tried  had  a  noise  figure  rating  of  3  db  with  adequate  high  frequency 
performance  but  results  were  not  satisfactory.  None  of  the  circuits  tried 
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resulted  in  any  improvement  in  the  overall  receiver  noise  figure. 

Tube  circuits  were  investigated  with  more  satisfactory  results. 
One  suitable  configuration  is  the  conventional  cascode  circuit  where  the  first 
stage  functions  as  a  conventional  grounded-cathode  amplifier  in  turn  feeding 
a  grounded-grid  amplifier.  This  circuit  allows  maximum  power  gain  from 
the  first  stage  with  resulting  maximum  reduction  of  second-stage  noise.  The 
grounded-grid  second  stage  presents  a  high  conductance  to  the  plate  of  the 
first  stage  and  this  heavy  loading  severely  reduces  any  tendency  toward  oscil¬ 
lation.  The  following  basic  approximations  indicate  the  approach  employed 
for  obtaining  the  circuit  parameters: 

Noise  figure  ~  1  +  R  .  G 
°  equiv  s 

where  Rer^uiv  is  the  equivalent  grid-noise  resistance  in  ohms  of  the  tube 

selected  and  G„  is  the  source  admittance  in  mhos.  This  formula  assumes 
& 

G.  >  >  G  where  G.  is  the  input  admittance  of  the  stage.  Also, 

1  S  i 

2.  5 

R  =  — —  (for  triode  amplifiers),  ohms 

equiv  gm 

where  g  is  the  transconductance  in  mhos. 

A  triode  with  a  high  value  of  g^  is  necessary  for  low  noise 

applications.  Accordingly,  a  417A  was  used  as  the  input  amplifier  of  the 

unit.  The  417A  has  a  g  =  30,000  micro-mhos,  whence  R  .  is  about 

°m  equiv 

75  ohms  which  would  indicate  that  noise  figures  below  2  db  could  be  achieved 
for  expected  values  of  G  .  The  low  impedance  of  some  of  the  antennas 

S 

employed  in  deep  strata  reception  would  require  coupling  circuitry  to  estab¬ 
lish  Gg  at  a  suitable  value. 
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Figure  III.  22  is  a  schematic  of  the  unit  evolved  which  performed 
satisfactorily. 

Noise  figure  measurements  were  made  on  this  unit  using  the 
same  technique  outlined  earlier  and  results  are  given  in  Table  III.  2. 


TABLE  III.  2 

Tube  Pre-amplifier  Noise  Figure  vs  Frequency 


kc 


Noise  figure  (db) 

SP-600  VLF  B.  W.  =  1.  3  kc 


500 

400 

300 

200 


2.56 

1.72 

1.58 

1.40 


The  pre-amplifier  input  impedance  Z.r  was  measured  using  a 


916AL  impedance  bridge  and  results  are  given  in  Table  III.  3. 


TABLE  III.  3 

Tube  Pre-amplifier  Input  Impedance  Z.^  vs  Frequency 


kc  Z.  (ohms) 

— -  in. 


500 

15. 5  +  j  65 

400 

20. 5  -  j  10 

300 

20  - j  35 

200 

18.4  -  j  12.  5 

(All  reactances  could  be  tuned 
out) 
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Figure  III.  22.  Low  noise  preamplifier 


Figure  III.  23.  Diode  noise  source 


Noise  figure  measurements  were  also  made  with  a  conventional 
noise  diode  generator;  its  primary  advantage  being  that  the  calculation  of  the 
noise  figure  does  not  require  knowledge  of  the  noise  bandwidth  of  the  noise 
source  and  that  of  the  receiver,  which  data  are  required  when  using  the 
Rohde  &.  Schwarz  noise  generator.  With  this  noise  diode 
N.F.  (db)  =  10  log  (20  IR) 

R  being  the  generator  resistance  in  ohms  and  I  the  diode  plate  current  in 
amperes.  The  circuit  diagram  of  the  diode  noise  generator  used  is  shown  as 
Figure  III.  23.  Results  of  noise  figure  measurements  of  the  tube  pre-amplifier 
with  the  diode  noise  generator  are  given  in  Table  III.  4. 

TABLE  III.  4 

Tube  Pre-amplifier  Noise  Figure  vs  Frequency  (Diode  Noise  Generator) 


fkc 

Noise  figure  (db) 

SP-600  VLF  B.  W.  =1.3  kc 

500 

2.  55 

400  ' 

1.76 

300 

1.76 

200 

1. 46 

100 

2.  55* 

*  After  modification  of  pre-amplifier  to  allow  operation 
on  100  kc . 

In  the  frequency  range  200-500  kc,  comparison  of  Tables  III.  2 
and  III.  4  shows  that  either  noise  generator  can  be  employed. 
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Figure  III.  24  shows  a  comparison  of  the  calibration  of  the 
receiver  alone  with  that  of  the  receiver  plus  pre-amplifier,  the  original  data 
being  obtained  by  engineers  at  AFCRL.  The  calibration  is  that  of  IF  output 
voltage  as  a  function  of  RF  signal  input  voltage. 

3.  HP-302A  Wave  Analyzer 

This  instrument  which  is  basically  a  highly  selective  tuned 
voltmeter,  bandwidth  f  3.5  cycles, was  used  as  a  VLF  receiver  from  20 
cycles  to  50  kc,  Sensitivity  is  in  the  order  of  0.5  microvolt.  The  unit  is 
transistorized  with  provision  for  AC  or  battery  operation.  The  input  imped¬ 
ance  is  very  high,  the  resistance  component  being  approximately  100,  000  ohms. 

The  wave  analyzer  was  the  only  device  used  for  signal  reception 
measurements  at  frequencies  below  10  kc. 

E.  Recorders 

Esterline- Angus,  Brush  recorders  -  Used  for  instrumentation  experi¬ 
ments  with  the  receiving  equipment,  preparatory  to  continuous  recording  of 
atmospheric  noise  field  intensity.  The  recorders  with  d.  c.  amplifiers  were 
not  used  extensively  up  to  present. 

F.  Bridges 

1.  G/R  91&A  -  Used  primarily  for  antenna  impedance  measurements 
above  400  kc  (range  of  bridge  400  kc  -  60  me).  Also  used  for  measurement 
of  impedance  of  test  cell  dielectric  sample  holders,  such  as  Balsbough 
2TN50  and  100T3  liquid  test  cells. 
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Figure  III.  24.  Calibration  of  SP-600  VLF  receiver  and 
preamplifier  f  =  200  kc 


2.  G/R  91&AL  -  Used  primarily  for  antenna  impedance  measure¬ 
ments  below  400  kc  (range  of  bridge  50  kc  -  5  me)  and  for  dielectric  sample 
measurements. 

3.  G/R  1650A  -  Used  for  antenna  impedance  measurements  below 
50  kc  and  measurements  on  solid  dielectric  samples. 

4.  G/R  716C  Capacitance  Bridge,  G/R  7  16P4  Guard  Circuit,  and 
G/R  1960A  Dielectric  Sample  Holder  -  These  three  units  were  used  as  one 
system  for  the  measurement  of  solid  and  liquid  dielectric  samples. 

5.  G/R  1603A  Z-Y  Bridge  -  Used  principally  for  feedline  and 
antenna  impedance  measurements  in  the  frequency  range  of  20  cps  to  30  kc. 

6.  Boonton  160A  Q-Meter  -  Used  to  obtain  electric  constants  of 
solid  dielectric  samples  such  as  rocks  by  a  Q  variation  technique. 

G.  Field  Intensity  Meters 

1.  Stoddart  ?  20B  (150  kc  -  25  me)  -  Used  for  field  strength 

measurements  and  surveys  within  its  frequency  spectrum. 

2.  Stoddart  NM-10A  (14  kc  -  250  kc)  -  Same  application  as  NM-20B. 

3.  Hewlett  Packard  30 2A  Wave  Analyzer  plus  loop  or  whips  -  Used 
in  combination  particularly  at  ELF  and  lower  VLF.  Required  calibration 
for  antenna  impedance  loading  mismatch  at  ELF  and  VLF. 
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Section  IV.  ANTENNAS 


A.  Introduction 

Because  of  the  physical  confines  of  vertical  drill  holes  used  for  access 
from  the  earth's  surface  into  the  rock  media  below,  the  antennas  studied  for 
the  research  conducted  to  date  were  single  linear  radiators,  bare  or  insulated. 

The  theory  used  for  obtaining  the  impedance  properties  of  bare  an¬ 
tennas  immersed  in  a  dissipative  medium  is  given  in  Appendix  D  and  that  for 
insulated  antennas  in  Appendix  E.  The  radiation  properties  of  these  types  of 
antennas  may  be  compared  by  comparing  their  "modified  power  gains  G,  " 
the  theory  for  which  is  given  in  Appendix  F.  The  comparison  of  theoretical 
values  of  G  was  given  in  Section  IIF. 

This  Section  considers  the  impedance  properties  of  bare  and  linear 
antennas  including  the  use  of  antennas  as  probes  to  obtain  the  electrical  con¬ 
stants  of  the  surrounding  dissipative  medium.  A  comparison  of  theory  with 
experiment  is  given  where  feasible. 

In  comparing  the  performance  of  bare  wire  with  insulated  wire  an¬ 
tennas,  we  use  the  three  coaxial  region  notation  applicable  to  the  latter.  Thus, 
region  1  is  the  inner  conductor;  region  2, the  insulation;  and  region  3,  the 
surrounding  dissipative  region.  The  region  is  indicated  by  a  subscript.  For 
bare  wires,  subscript  2  is  omitted. 

B.  Bare  Antennas 

1.  Review  of  Theory 
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a.  General 


The  first  assumption  in  the  theory  given  in  Appendix  D  is 

that  the  conductivity  of  the  metal  cylindrical  conductor  is  so  great  that  the 

complex  phase  constant  k  of  the  current  is  extremely  close  to  that  value 

for  the  dissipative  medium  for  media  of  interest. 

The  solution  for  input  impedance  is  based  upon  variational 

methods  used  for  antennas  in  free  space,  but  where  k^  is  substituted  for  the 

real  phase  constant  ^  for  space  and  the  complex  characteristic  impedance 

of  the  medium  is  substituted  for  the  real  value  =  120tt  ohms  for 
j  -/o 

space.  For  reasons  of  convenience  discussed  in  Appendix  D,  our  treatment 
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follows  the  development  of  Tai  rather  than  that  of  Storer. 

The  calculations  of  the  input  impedance  Zq  and  of  the  con¬ 
stant  A  which  appears  in  the  current  distribution  depend  upon  evaluation  of 

three  factors  ,  J/  ,  and  JS  each  of  which  are  long  expressions  in- 

11  12  22 

volving  sine  and  modified  cosine  integrals  of  complex  argument  z  =  kh  = 

y$h  -  joCh  where  h  is  the  half-length  of  the  center  driven  antenna.  Because 

we  lacked  tables  of  these  functions,  we  had  to  resort  to  series  expansions 

for  the  exponential  integral  of  complex  argument  to  obtain  approximate  values. 

Corrington^  has  shown  how  the  sine  integral  Si(z)  and  the  cosine  integral 

Gi(z)  may  be  obtained  from  tabular  values  of  the  exponential  integral  E^(z) 

19 

which  exist.  The  function  desired  in  evaluating  y  ,  ~J/  ,  and  J/  is 

XX  1 4  c*C» 


the  function  L(z)  given  by 

L(z)  =  Cin(z)  +  j  Si(z) 


(IV.  1) 
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where 


Cin(z)  =  In  Vz  -  Ci(z)  =  .  577  2  +  ln(z)  -  Ci(z)  (IV.  2) 

and  where  ln(z)  means  the  natural  logarithm  of  z. 

Writing  z  -  x- j  y  where  y  6  x,  the  values  of  L(z)  deduced  from  the  series 
expansion  for  small  z  give  good  agreement  with  values  of  L(z)  deduced  from 
tabular  values  when  the  series  use  but  two  terms  and  x  —  .6.  The  asymptotic 
expansion  for  large  z  may  be  used  when  z  5  3;  the  error  in  approximate 
values  of  L(z)  is  small,  being  the  larger  for  y  -  0  than  for  y  =  x  =  3,  and  re¬ 
duces  as  x  increases  further.  Since  the  factors  based  upon  Tai's  expressions 
involve  L(2z)  and  L(4z)  but  not  L(z),  the  impedance  for  the  interesting  case 
for  the  half-wave  antenna  where  ^h  =  TT/2  =  x  may  be  well  approximated  by 
using  the  asymptotic  series  for  complex  argument,  for  the  whole  range  of 
loss  tangent  such  that  »c  < jQ. 

b.  Input  Impedance  ZQ  and  Admittance  YQ 

Values  of  Z_  and  Y  derived  from  the  zero-order  variational 
o  o 

method,  or  the  so-called  EMF  solution,  are  denoted  by  ZQQ  and  YOQ.  They 
are  based  upon  an  assumed  sinusoidal  distribution  of  current 
,,  sin  k  (h  -  z'l) 

«*  >  =  I(0)  - ,'i'n  V'h  ~  ’  <IV-  5' 

where  z'  is  the  position  coordinate  for  an  antenna  centered  and  lying  along 
the  z-axis  and  1(0)  is  the  input  current. 

For  an  antenna  having  a  total  length  equal  to  a  half -wavelength 
in  a  loss-less  dielectric,  ^  h  =  7r/Z.  The  values  of  ZQj  and  Y^^  deduced  by 
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the  variational  method  for  p  -pC  =  0  agree  very  well  with  the  King -Middleton 

second  order  values  and  thus  agree  well  with  experiment.  Values  deduced 

52,51 

by  King  using  a  simplification  to  his  iterative. procedure  differ  but 

slightly  more.  The  values  Z  and  Y  differ  greatly  from  Z  and  Y  for 

oo  oo  e  ol  ol 

antennas  with  modest  thickness  (see  Table  D.  2  of  Appendix  D). 

For  the  half-wave  antenna  immersed  in  a  medium  of  small 
51  53 

loss  tangent  with  p  £■  .  4,  King  and  King  and  Harrison  have  obtained  values 
of  Zq  and  Yq  foi"_/L  =  10.  Values  of  Y  ^  using  the  approximate  relations 
aforementioned  may  be  seen  in  Figure  IV.  1  together  with  King-Harrison  values 
in  the  region  p  £■  .  4.  The  conductances  agree  very  well  and  there  are  small 
differences  in  susceptance. 

When  the  loss  tangent  is  so,  large  thatoC=  and  the  antenna 
length  is  still  a  half -wavelength  in  the  medium,  an  interesting  new  result 
occurs.  It  is  that  for  practical  purposes  the  input  impedance  may  be  calculated 
using  the  sinusoidal  current  distribution  (EMF  method).  The  values  of  Y 

o  1 

differ  but  little  from  Yqq  for. practical  purposes.  This  is  due  to  the  fact  that 
when  the  loss  tangent  is  very  large,  the  current  amplitude  }  I(z')|  decreases 
rapidly  with  distance  along  the-  antenna  so  that  contributions  near  the  ends 
become  less  significant.  This  also  results  from  the  sinusoidal  ^distribution, 
equation  (IV.  3),  used  to  obtain  the  values  of  Zqq  and  Yoq. 

When  the  antennas  are  electrically  short  so  that  ^3 h  —  .  3  and 
oC  -  /3 ,  a  parameter  V  used  by  King  is  convenient  to  use,  where 

y  =  -rt-  -  2  -2  In  2  =  SL-  3.  386  (IV.  4) 
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and  thus  equation  (IV.  6a)  and  equation  (IV.  ?b)  agree  well  with  King's  results 
for  thin  antennas,  the  agreement  being  the  better  the  thinner  the  antenna. 

The  significance  is  that,  for  practical  purposes,  the  input  impedance  and  ad¬ 
mittance  for  a  thin,  electrically  short,  bare  antenna  may  be  derived  from  the 
simpler  EMF  method,  for  any  loss  tangent  of  the  medium,  using  series  ex¬ 
pansions  of  the  exponential  integral  if  tabular  values  are  not  available. 

2.  Comparison  of  Theory  with  Experimental  Measurements 
of  Admittance  at  VHF  of  Iizuka  and  King 

There  are  experimental  data  for  the  input  admittance  of  an  an¬ 
tenna  immersed  in  a  lossy  dielectric  of  known  electrical  constants  which 

afford  a  comparison  of  theory  with  experiment.  The  experimental  data  are 

48 

those  obtained  at  VHF  (114  me)  by  Iizuka  and  King  for  a  monopole  driven 
over  a  large  ground  plane  in  contact  with  a  liquid  solution  housed  in  a  rec¬ 
tangular  container,  the  monopole  being  immersed  in  the  liquid.  The  relative 
dielectric  constant  and  conductivity  c  of  the  solution  were  varied  and 
measured,  from  which  the  loss  tangent  p  was  calculated.  The  monopole  had 
a  fixed  length  such  that  -/2-  =  10  and  electrical  length  ^ h  =  lT/2  when  p  was 
very  small  (p  =  .0356).  The  resulting  dipole  values  of  conductance  G  and 
susceptance  B  were  determined  as  p  varied  up  to  values  of  p  =  8.  8  in  several 

steps.  The  susceptance  was  negative  (inductive  reactance)  and  the  experi- 

,  48 

mental  dipole  values  of-  G  and  (-B),  read  from  the  curves,  are  shown  on 
the  curves  of  Figure  IV.  1  as  functions  of  loss  tangent  p.  The  values  were 
determined  from  coaxial  line  measuring  methods  and  included  any  terminal 
zone  reactive  effects,  the  effects  of  the  step  discontinuity  at  the  base  of  the 
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antenna  which  had  to  be  "clipped  on"  the  larger  diameter  inner  conductor  of 
the  measuring  coaxial  line,  and  possible  effects,  of  reflection  from  the  walls 
of  the  finite  sized  tank. 


The  experimental  values  of  £  read  from  the  curves  of  Iizuka 

r 
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and  King  are  also  shown  on  the  curve  labeled  "  £  (experimental)"  in 
Figure  IV.  1.  An  important  feature  is  the  variation  of  electrical  (half)  length 
^h  as  p  varies.  Knowing  and  p  of  the  medium  and  half-length  h  of  the 
antenna,  it  is  a  simple  matter  to  compute  if  one  has  tables  of  f(p),  as  in 
Appendix  A,  and  uses  the  relations  of  Section  II.  Thus 

/3h=  Ah  f(p)  (IV-9) 

The  known  fixed  value  of  h  may  be  used  in  equation  (IV.  9).  But  it  was  known 
that  h  was  such  that  ^5h  =  7T/2  when  p  was  so  small  that  f(p)  =  1,  and  that 
6^  =  78  for  such  low  values  of  p.  Hence  equation  (IV.  9)  may  be  rewritten 
for  this  case  as 


*  *4  £(p) 


(IV.  10) 

where  the  value  of  £■  to  be  used  is  that  corresponding  to  p  according  to  the 

r 

curve  "  £^'  in  Figure  IV.  1.  Using  equation  (IV  10),  we  calculated  j& h  as  a 
function  of  p  and  the  results  are  shown  in  the  curve  labeled  "^h"  in  Figure 
IV.  1.  Note  that  /3h  increases  from  7T /2  (half-wave  antenna)  to  values  ex¬ 
ceeding  tt  (full-wave  antenna)  as  p  increases  from  0  to  9.  It  is  important  to 
realize  then  that  G  and  (-B)  are  not  the  values  for  a  half-wave  antenna, 

P h  =  7T/2,  except  for  those  values  where  p  is  small.  Note  that,  for  the 
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experiments,  p  h  increases  with  p  slowly  at  first  and  then  almost  linearly 
with  p.  Note  also  that  ydh  differs  from  v  / 2  by  2%  or  less  for  0  5  p^  0.  5  for 
the  experiments.  These  observations  result  from  the  experimental  variation 
of  and  f (p)  with  p  in  equation  (IV.  10). 

Knowing  £,  and  as  functions  of  p,  the  theoretical  input  imped¬ 
ance  and  admittance  may  be  calculated  according  to  the  variational  methods 
given  in  Appendix  D.  Our  calculations  assumed  the  validity  of  asymptotic  ex¬ 
pansions  for  Ji  h  -  7T/2,  the  accuracy  of  which  is  discussed  above  and  illus  ¬ 
trated  in  Appendix  D.  The  resulting  approximate  zero-order  (EMF)  values 

G~„  and  (-B  )  and  first  order  values  G  ,  and  (-B  ,)  so  calculated  are  shown 

00  oo  ol  ol 

plotted  in  Figure  IV.  1. 

For  large  loss  tangents,  with  ^hnear  TT  ,  the  zero  and  first 

order  susceptance  differ  but  slightly  and  the  conductances  differ  by  about  10%. 

This  is  in  accordance  with  the  observation  above  and  in  Appendix  D,  for  large 

loss  tangent  p  where  ,  that  zero-order  (EMF)  methods  are  adequate 

for  practical  purposes  for  such  electrical  lengths. 

For  small  loss  tangents,  p  -  0.  4  say,  the  first  order  values  agree 
51,53 

with  the  King-Harrison  values  particularly  for  the  conductance.  When 

p  =  0.  5  the  susceptance  (-B)  for  the  zero-order  method  is  twice  the  first  order 
value. 

There  are  differences  between  the  theoretical  values  Y  and 

ol 

experimental  values  for  large  loss  tangents  near  p  =  8  and  small  loss  tangents 
near  p  =  0.  For  large  loss  tangents  the  experimental  values  of  G  are  quite 
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a  bit  lower  than  the  theoretical  values;  experimental  values  of  (-B)  are  but 
slightly  larger  than  the  theoretical  ones.  When  p  =  0,  it  is  known  that  the 
first-order  theoretical  values  agree  well  with  experimental  data  for  antennas 
in  air.  The  error  in  the  experimental  values  in  Figure  IV.  1  for  the  smallest 
loss  tangent  used  (p  =  .0356)  may  be  attributed  to  a  combination  of  effects  due 
to  reflection  from  the  walls  of  the  tank,  the  step  discontinuity  at  the  base  of 
the  antenna,  and  the  reactive  end  effect  on  the  transmission  line,  all  of  which 
are  included  in  the  experimental  values  plotted.  Reflection  effects  due  to 
walls  become  negligible,  for  the  tanks  used,  for  large  loss  tangents  due  to 
increased  exponential  damping  in  the  media.Some  difference  is  expected  for 

any  value  of  p  due  to  the  effect  of  the  step-discontinuity  discussed  by  Iizuka 

48 

and  King.  The  trends  of  theoretical  and  experimental  values  with  increas¬ 
ing  p  are  generally  in  good  agreement,  in  that  the  conductance  and  the  (nega¬ 
tive)  susceptance  decrease  with  p  quite  sharply  for  low  values  of  p,  reach 
minima,  and  then  increase.-" 

3.  VLF  and  LF  Measurements  in  Drill  Holes  Into  Rock 

Measurements  were  made  on  bare  wires  in  an  attempt  to  ascer¬ 
tain  the  electric  constants  of  the  surrounding  medium  when  using  the  wires 
as  probes  and  values  of  input  impedance  for  such  wires  when  used  on  insulated 

49 

*  We  have  just  received  a  copy  of  a  report  by  Iizuka  and  King  on  more  ex¬ 
tensive  measurements  following  their  previous  work.  Time  has  not  per¬ 
mitted  comparing  the  new  measurements  with  theory  under  the  present  con¬ 
tract,  but  will  be  reported  upon  at  some  future  date. 
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antennas  as  terminating,  short-circuiting,  electrodes. 

While  data  were  obtained  for  wires  immersed  in  the  Brewster 
hole,  the  more  consistent  set  of  data  was  that  for  the  measurements  at 
Harwich.  Various  lengths  of  #12  wire  were  connected  to  the  end  of  a  coaxial 
feeder  (RG-8/U)  about  564  feet  long;  about  150  feetof  the  neoprene  jacket  were 
removed  from  the  feeder  back  from  the  point  to  which  the  bare  wire  was  con¬ 
nected,  exposing  the  braid  outer  conductor  for  contact  with  the  casing  pipe. 

The  "ground  cage"  (Section  IIIB)  used  for  antenna  measurements  at  a  later 
date  was  not  yet  available.  The  substitution  method  described  in  Section  IIIB 
was  used  to  obtain  the  antenna  input  impedance.  The  wire  antenna  with 
counterweight  and  coaxial  feeder  was  lowered  into  the  drill  hole  so  that  the 
wire  was  exposed  to  the  rock  but  the  feeder  was  not  (antenna  input  flush  with 
the  bottom  of  the  casing).  The  feeder  was  connected  to  an  RF  bridge  and  the 
feeder  impedance  was  measured  as  a  function  of  frequency,  carefully  noting 
all  pertinent  bridge  dial  settings,  for  a  given  wire  length.  The  assembly  was 
withdrawn  from  the  hole,  the  wire  removed,  and  the  effective  antenna  input 
impedance  obtained  by  the  substitution  box  method.  The  process  was  repeated 
for  other  lengths  of  wire. 

The  resulting  values  of  input  resistance  R^n  and  reactance  X^n 
are  plotted  on  the  curves  of  Figure  IV.  2,  for  lengths  ranging  from  5  to  200 
feet  and  frequencies  50  to  500  kc.  It  is  seen  that  is  positive  indicating 
a  large  loss  tangent.  Values  of  R-n  at  first  decrease  with  length  to  a- minimum, 
then  increase  and  tend  to  taper  off  at  large  values  of  h.  To  date,  however, 
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Figure  IY. 2b. 


it  has  not  been  possible  to  analyze  these  data  to  determine  q~  and  &  of  the 
medium  surrounding  the  wire.  The  difficulty  lies  in  the  effect  of  the  "ground 
plane,  "  in  this  case  the  overburden  below  which  is  suspended  the  wire.  One 
might  crudely  estimate  the  input  impedance  Z^n  to  consist  of  the  sum  of  two 
components,  one  being  the  impedance  of  the  wire  considered  as  a  monopole 
over  a  perfect  ground  and  the  other  being  the  impedance  of  the  pipe  immersed 
in  the  overburden.  If  this  picture  were  approximately  true,  then  knowledge 
of  o~  for  the  overburden  might  help,  but  we  did  not  know  this  value. 

The  data  may  be  used  to  indicate  an  upper  bound  to  the  values 
of  the  impedance  when  the  wire  is  used  as  a  short-circuit  termination  for  an 
insulated  antenna.  Since  the  characteristic  impedances  of  insulated  antennas 
should  be  about  150  ohms  for  the  types  employed,  then  wire  lengths  50  feet 
or  less  should  provide  a  reasonably  good  (conductive)  short-circuit  for  con¬ 
ditions  similar  to  those  for  the  Harwich  drill  hole  (see  next  subsection  for 
results  of  measurements). 

Measurements  were  made  at  ELF  and  YLF  but  difficulties  with 
leakage  through  the  feeder  preclude  the  utility  of  such  data;  measurements 
with  a  better  shielded  coaxial  (triaxial)  feeder  or  with  a  balanced  feeder  plus 
dipole  should  be  performed. 

C.  Insulated  Antennas 

1.  Review  of  Theory 
a.  General 

The  theory  for  insulated  antennas  immersed  in  a  dissipative 
medium  is  given  in  Appendix  E.  Assuming  radial  dimensions  are  small 
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compared  with  the  wavelength  X^  of  the  dissipative  medium  surrounding  the 
insulation,  the  complex  phase  constant  k  differs  markedly  from  that  value  k^ 
for  the  dissipative  medium  for  practical  antennas,  and  simpler  relations 
result. 


In  this  Section,  the  input  impedance  properties  of  the  insula¬ 
ted  antenna  are  considered.  The  aspect  of  "modified  power  gain  G"  is  con¬ 
sidered  theoretically  in  Appendix  F  and  discussed  further  in  Section  IIF. 
Comparison  is  made  between  the  values  of  G  for  the  insulated  antenna,  open- 
and  short-circuited  terminations,  vs  the  bare  wire.  A  qualified  comparison 
of  G  from  path  transmission  measurements  is  discussed  in  Section  VI  where 
it  is  shown  that  G  for  the  bare  antenna  must  be  quite  low  compared  with  the 
short-circuited  coaxial  antenna  (by  the  order  of  30  db  or  so),  for  the  Cape 
Cod  path. 


b.  Complex  Phase  Constant  k  of  the  Current 

An  essential  result,  under  the  various  assumptions  which 
are  valid  for  the  antennas  employed,  is  that  the  phase  constant  k  has  a  small 
imaginary  component.  With  k  =  /9  -  j  (  \  -  j  o</^g),  one  has 
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and  where 


k3  =  A-i  A  =  lksl  e'J  83 


9  =  tan  ^  ^^3)  =  tan  *  _ 

«p3)  A 


Az =  A, 


(IV. 14a) 

(IV. 14b) 

(IV. 14c) 


c.  Quarter- Wave  Resonant  Lengths,  h  ,  and  Estimate  of  . 

C-3 

The  insulated  antenna  behaves  as  a  coaxial  line  insofar  as 
the  input  impedance  is  concerned,  the  "outer  conductor"  of  which  is  the  dissi¬ 
pative  medium.  If  the  termination  is  an  open  circuit,  the  antenna  will  be 
resonant  where  ( ^h)^  =  ir / 2.  Calculations  were  given  in  Appendix  E,  Section 
VII  showing  the  effect  of  varying  the  radius  a^  of  the  inner  conductor  upon  the 
resonant  frequency  f^  for  an  antenna  of  fixed  length  h  (600  feet),  air  insula¬ 
tion  of  fixed  radius  a^  (6  inches),  immersed  in  a  medium  of  constant  conduc- 

-  3 

tivity  <j~  (2  x  10  mhos/m)  and  relative  dielectric  constant  (=  40). 

3  r3 

If  the  loss  tangent  p^  is  large,  then  in  equation  (IV.  14a), 

|k3|  =  vJTTV^  where  is  the  skin  depth,  and  9^  =  ir/4..  The  expression 
for  becomes  dependent  on  Q"^  but  not  .  The  effect  of  q~  upon  the 

resonant  length  h^  as  a  function  of  frequency  for  which  ^  hr  =  7T/2  is  shown 
in  the  curves  of  Figure  IV.  3  for  an  RG-8/U  type  antenna  where  hr  is  plotted 
vs  frequency  on  a  log-log  plot  with  as  a  parameter.  For  comparison, 
curves  are  shown  dashed  for  the  resonant  lengths  for  a  wire  in  air  and  for  the 
normal  RG-8/U  cable;  the  difference  is  due  to  the  dielectric  constant  €  =  2. 
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Figure  IV.  3.  Required  quarter-wave  resonant  lengths  h^  for  insulated 
monopole  antenna  vs  frequency.  RG-8/U  type  insulated 
monopole  antenna,  open-circuit  termination  (2a.,  =  0.  285" 
2a  =  0.  0816",  e  =2.  25) 

1  r2 

cr  ,  =  conductivity  of  surrounding  medium,  e  =9 


for  the  polyethylene  insulation.  Throughout  the  range  of  frequency  for 
<3";  =  1,  0.1,  a.nd  0.01  mhos/m,  the  loss  tangent  is  large  if  £  is  assumed 

0  r3 

to  be  9.  For  =  0.001,  the  loss  tangent  is  large  up  to  300  kc  and  the  curve 
is  shown  dashed  at  higher  frequencies.  It  is  shown  in  Appendix  E,  Section  II 
that  for  a  typical  coaxial  antenna  (RG-8/U  type)  is  of  the  order  of  0.  2, 

whereas  for  the  usual  RG-8/U  cable,  X/  }  is  about  0.67.  This  is  attributed 

C) 

to  the  logarithmic  term  P  ^  discussed  below;  for  the  media  being  employed 
P31  varies  as  [ln(l//Q=)J  and  \/ varies  as  1/P^. 

The  curves  for  Figure  IV.  3  were  used  to  predict  resonant 
lengths  for  RG-8/U  type  insulated  antennas  in  known  media  and  were  used  for 
the  earlier  measurements  made  in  New  Hampshire.  The  results  for  input 
impedance  shown  in  Figure  III.  19  are  discussed  in  Sections  VG  and  IVC  be¬ 
low  with  reference  to  the  resonant  length  predicted.  (Curves  for  vinyl  covered 
#12  and  #14  wire  similar  to  those  in  Figure  IV.  3  were  prepared  for  purposes 
of  predicting  resonant  lengths  for  such  antennas  intended  for  use  in  New 
Hampshire  drill  holes;  they  are  not  reproduced  here  but  successful  results 
were  also  achieved.  ) 

The  curves  for  hr  vs  desired  resonant  frequency  in  the  range 
100  ^  i  ;=  1000  do  not  show  great  sensitivity  to  values  of  (j~.  It  was  desired 

■KC  j 

to  examine  this  effect  more  closely  for  lower  frequencies  being  contemplated 

for  use  in  Cape  Cod  drill  holes,  first  for  predicting  h  and  second,  having 

r 

measured  the  resonant  frequency,  for  determining  the  electrical  constants  of 
the  medium.  Contemplating  the  use  of  polyethylene  covered  wire  antenna 
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(made  from  RG-8/U  coaxial  cable),  the  curves  of  Figure  IV.  4  were  prepared 
for  the  range  100  —  f  £  170  kc.  The  curves  are  plots  of  vs  the  resonant 

KC  j 

frequency  f  with  the  length  h  as  a  parameter  on  the  curves.  The  curves  are 

based  on  the  simpler  relations  for in  equation  (IV.  11)  when  the  loss  tangent 

is  large.  The  lower  limit  for  determining  <3-  assuming  p  >  6,  £  =  9  is 

-  3  3  r  3 

shown.  Note  that  <3^  is  plotted  on  a  log  scale. 

Figure  IV.  4  was  used  first  for  predicting  h^  for  a  desired 

resonant  frequency,,  assuming  a  knowledge  of  CT  and  f  ,  and  results  are 
J  3  kc 

discussed  in  Sections  VG  and  IV.  C  below.  Conversely,  knowing  f  and  h  for 

kc 

resonance  the  value  of  <3~  can  be  determined.  For  an  estimate  of  <3“  of 

3  3 

modest  accuracy,  dccurate  measurements  of  f  and  h  are  required, 
d.  Characteristic  Impedance  Z 

The  insulated  antenna  is  considered  from  the  impedance  point 
of  view  to  behave  as  a  coaxial  line.  It  has  a  "characteristic  impedance"  Zq 
given  in  Appendix  E  as 


Z  =R  _/L  ( 1  -  j  ff.  )  =  R„  ( 1  -  j  zS) 

0  c°  /3  /3  c  A 


(IV.  15) 


where  A.  and  are  given  in  equations  (IV.  11)  and  (IV.  12).  and  R  is  the 

v2  V  c° 

characteristic  resistance  of  the  insulated  antenna  with  metallic  outer  conduc¬ 
tor,  e.  g.  ,  a  normal  coaxial  line.  For  a  high  quality  coaxial  line  of  the 

RG-8/U  type,  R^  is  about  52  ohms.  For  a  coaxial  antenna  made  from 
°o 

RG-8/U  cable  by  stripping  off  its  outer  conductor  braid  and  neoprene  jacket, 
Rc  is  typically  about  three  times  R^  ,  i.  e.  ,  of  the  order  of  150  ohms  (for 
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Figure  IV.  4.  RG-8/U  coaxial  anterma  -  effect  of  conductivity  (cr  ^ )  on 
quarter-wave  resonant  frequency  (f  }  for  various 
monopole  lengths  (h).  e  =9- 

r3 
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=10*  mhos/m,  €■  =  9.  £  ~  10  kc,  the  ratio  is  shown  in  Appendix  E, 

3  r3 

Section  II,  to  be  3.  2). 

e.  Input  Impedance  Z.^  for  Antennas  of  Finite  Length  h 

The  input  impedance  of  a  coaxial  antenna  depends  upon  its 
complex  phase  constant  k,  length  h,  and  the  output  terminating  impedance  Z^. 
It  also  depends  upon  the  nature  of  the  "input  electrode.  "  If  the  input  electrode 
is  the  ideal  perfectly  conducting  ground  plane  of  infinite  extent  and  in  intimate 
contact  with  the  dissipative  medium.the  input  impedance  Zjn  is  considered  to 
be  that  of.  a  monopole  driven  over  a  ground  plane.  The  input  impedance  of  a 
symmetrically  driven  dipole  would  be  twice  that  value  for  the  monopole  an¬ 
tenna.  The  values  of  Z-n  for  a  monopole  in  a  dissipative  medium  driven  over 
a  large  ground  plane  of  finite  conductivity  are  assumed  to  be  approximately 
those  with  a  perfect  ground  plane,  if  the  relative  refractive  index  (conductivity 
contrast  for  large  loss  tangents)  of  the  two  media  is  large,  the  difference 
being  principally  in  the  addition  of  a  "ground  resistance"  term. 

Expressions  for  the  input  impedance  of  a  monopole  antenna 
were  developed  in  Appendix  E.  Values  were  calculated  for  a  typical  case  with 
open-circuit  termination  in  Appendix  E,  Section  VII,  the  results  showing  be¬ 
havior  quite  similar  to  those  for  an  open-circuited  coaxial  transmission  line. 
At  quarter-wave  resonance  the  resistance  is  small  and  at  anti-resonance  the 
resistance  is  large.  At  frequencies  below  first  resonance,  Z^n  is  highly 
capacitative.  The  effects  of  varying  the  ratio  of  the  radii  a^/a^  for  a  fixed 


insulation  radius  a2  and  length  h  were  illustrated  and  discussed. 
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For  Z,j,  -  0,  the  input  impedance  i  s  like  that  of  a  short- 
circuited  coaxial  line,  denoted  by  Z.^SC)  and  given  by 

zin(sC)  =  j  zc  tan  kh  =  zc  tanh  (jkh)  (IV.  16) 

When  Zrp  -  oo  ,  the  input  impedance  is  like  that  of  a  coaxial  line  which  is 
terminated  in  an  open  circuit,  denoted  by  Z-n(OC),  and  given  by 

Z.  (OC)  =  -  j  z„  cot  kh  =  Z„  coth  (j  kh)  (IV.  17) 

111  Li  Li 

Here,  with  k  =  ^9  (1  -  j  cf  //$  ),  and  °C/ ' y3  are  given  by  equations  (IV.  11) 
and  (IV.  12),  respectively,  and  Z  is  given  by  equation  (IV.  15).  At  frequencies 

Li 

for  which  h  =  TT/2,  h  =  X./4,  the  short-circuited  antenna  is  anti- resonant 

and  has  a  high  input  resistance, the  value  of  which  depends  inversely  upon 
l  .  When  h  =  X/2,  the  short-circuited  antenna  is  resonant  with  a  small 
value  of  input  resistance  which  is  proportional  to  *=<  1/3 .  For  frequencies  be¬ 
low  first  anti-resonance,  Z.  (SC)  has  an  inductive  reactance  which  becomes 

in 

smaller  the  lower  the  frequency.  Resonant  and  anti-resonant  frequencies  for 
Zin(OC)  correspond  to  anti-resonant  and  resonant  frequencies,  respectively, 
for  zin(SC).  Resonant  and  anti-resonant  frequencies  are  not  harmonically 
related  for  the  insulated  antenna  in  a  dissipative  medium  due  to  the  logarithmic 
dependence  on  frequency  of  the  term  in  the  expression  for  ,  equation 

(IV.  11). 

In  practice,  for  "short-circuited"  antennas,  Zj,  is  not  zero 
but  Z^/Zf-l  «  1,  so  that  a  good  short  circuit  may  be  achieved.  The  prin¬ 
cipal  effect  of  a  finite  but  small  z_  on  Z.  (SC)  is  to  reduce  the  anti-resonant 
r  T  in 
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resistance;  for  electrically  short  antennas,  the  effect  is  to  add  the  value  of 

Zj,  to  the  value  of  Z-n(SC)  obtained  when  Zj,  =  0.  Similarly,  for  "open- 

circuited"  antennas,  in  practice  Zj,  is  not  infinite  but  is  so  high  that 

I  2 

IZ^/Z^  »  1.  The  principal  effect  is  to  reduce  the  conductance  G-n(OC) 
at  resonance;  for  electrically  s hort  antennas,  the  effect  is  to  add  the  value  of 
Yj  to  the  value  of  the  input  admittance  Y^n(OC)  obtained  when  Y^,  =  0, 

2.  VLF  and  LF  Measurements  in  Drill  Holes  into  Rock 
a.  Apparatus  and  Techniques 

The  antenna  systems  comprising  an  insulated  monopole  con¬ 
nected  to  a  coaxial  feeder  are  described  in  detail  in  Section  IIIB.  The  con¬ 
nection  at  the  feed  point  to  the  monopole  was  water -proofed.  The  open-circuit 
termination  was  provided  by  additional  polyethylene  insulation  beyond  the  end 
of  the  inner  conductor;  the  short-circuit  termination  was  usually  a  length  of 
#12  or  #14  wire  soldered  to  the  inner  conductor.  The  outer  neoprene  cover 
on  the  coaxial  feeder  was  stripped  back  from  the  antenna  feed  point  a  distance 
variously  150  to  450  feet  for  several  different  tests.  When  it  became  avail¬ 
able,  the  "grounding  cage"  described  in  Section  IIIB  was  affixed  to  the  ex¬ 
posed  braid  portion  of  the  coaxial  feeder,  assuring  more  positive  contact  be¬ 
tween  the  outer  conductor  of  the  feeder  to  the  casing  pipe  in  the  overburden. 
The  grounding  cage  was  not  available  for  the  measurements  on  antennas  in 
New  Hampshire  holes  and  friction  contact  between  the  exposed  braid  and  the 
pipe  was  relied  upon  to  provide  a  "ground"  connection.  For  the  impedance 
measurements  to  be  described,  the  monopole  input  point  was  at  a  depth  below 
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and  within  a  foot  of  the  bottom  of  the  casing  (depth  referred  to  as  "flush  with 
the  casing"). 

The  substitution  method  described  in  Section  IIIB  was  used 
to  obtain  the  impedance  observed  at  the  monopole  input  point. 

b.  Insulated  Antenna,  Open-Circuit  Termination, 

Goffstown,  N.  H. 

The  earlier  measurements  were  made  in  New  Hampshire 
at  frequencies  in  the  LF  to  HF  spectrum.  On  one  series  of  tests  it  was  de¬ 
sired  to  have  an  antenna  resonant  at  500  kc.  Highly  conducting  water  in  the 
holes  (see  Section  VD)  which  was  expected  to  be  present  in  the  surrounding 
rock  precluded  the  use  of  bare  antennas.  Practical  antennas  made  from 
RG-8/U  cable  and  vinyl  covered  wires  were  suggested.  Using  the  curves  of 
Figure  IV,  3,  a  length  of  RG-8/U  type  insulated  antenna  123  ft.  long  was 
estimated  to  obtain  first  input  resonance  for  an  open-circuited  antenna.  The 
resulting  impedances  are  shown  plotted  in  Figui’e  III.  19,  including  spiral 
plots  in  the  complex  X-R  plane  and  rectangular  plots  of  R  and  X  vs  frequency. 
Input  resonance  occurred  near  480  kc,  which  result  is  discussed  in  Section  VG. 

c.  Insulated  Antennas,  Open-Circuited  Termination, 
in  Two  Holes  on  Cape  Cod 

It  was  desired  to  compare  input  impedances  of  the  same 
antenna  inserted  into  the  rock  in  two  different  drill  holes  on  Cape  Cod.  The 
sites  used  were  at  the  Brewster  Town  Dump  and  at  Harwich  which  are  des¬ 
cribed  in  Section  IIIA.  The  antennas  were  RG-8/U  type,  472.75  feet  long, 
with  open-circuit  termination.  The  ground  cage  was  employed  and  the 
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monopole  input  was  flush  with  the  casing.  Frequencies  of  observation  were 
varied  from  30  to  500  kc..  The  input  impedances  are  plotted  on  the  curves  of 
Figure  IV.  5  and  Figure  IV.  6.  The  curves,  although  differing  in  detail,  show 
the  impedance  variation  to  be  smooth  and  the  values  to  pass  through  two 
resonances  and  two  anti -resonances  as  frequency  varies.  Resonances  and 
anti- resonances  are  not  harmonically  related.  Maximum'  resistances  near 
anti -resonances  are  larger  and  minimum  resistances  near  resonances  are 
smaller  for  the  Harwich  antenna.  Impedances  below  first  resonance  becomes 
the  more  capacitative  the  lower  the  frequency.  These  observations  are  in 
qualitative  agreement  with  theory.  Frequencies  at  resonance  are  slightly 
lower  for  the  Brewster  antenna. 

d.  Insulated  Antenna,  Open-vs  Short- Termination,  Harwich 
The  input  impedances  Z-n(SC)  and  Zin(OC)  for  an  RG-8/U 
type  (polyethylene  covered  #12  wire)  insulated  monopole  475  feet  long  were 
measured  in  the  Harwich  drill  hole.  The  input  depth  was  flush  with  the  casing. 
The  open  circuit  was  provided  as  aforementioned.  The  short  circuit  was  a 
50-foot  piece  of  #12  buss  wire.  The  results  maybe  compared  by  reference 
to  the  curves  in  Figures  IV.  7  and  IV.  8.  At  frequencies  below  first  anti¬ 
resonance,  Z^n(SC)  remains  inductive;  this  is  as  opposed  to  the  capacitative 
reactance  behavior  for  Z^n(OC)  at  similar  frequencies.  The  maximum  resist¬ 
ance  near  first  anti -resonance  (approximately  120  kc)  for  Z^(SC)  is  but 
slightly  higher  than  the  maximum  .resistance  near  anti-resonance  (approxi¬ 
mately  250  kc)  for  Z-n(OC),  attributed  in  part  to  the  frequency  dependence  in 
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INSULATED  OPEN-CIRCUIT  MONOPOLE  INPUT  IMPEDANCE 
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Figure  IV.  6.  Input  resistance  (R)  and  reactance  (X)  of  insulated,  open- 
circuited  monopole  vs  frequency.  Conditions  are  those 
of  Figure  IV.  5.  Solid  curves  (Harwich),  dashed 
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SHORT  CIRCUIT  ANTENNA. 
ELEMENT  475'  POLYETHYLENE 
COVERED  NO.  12  WIRE.  SHORT 
CIRCUIT  50'  BARE  NO.  12  BUSS 
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Figure  IV.  8.  Input  resistance  (R)  and  reactance  (X)  of  an  insulated  monopole 
vs  frequency,  "open  circuit"  (dashed  curves),  and  "short- 
circuit"  (solid  curves)  terminations.  Conditions  as  for 
Figure  IV.  7. 


o< / /3  in  equation  (IV.  12).  Similar  remarks  apply  to  maximum  values  of 
jx^n|  .  The  various  resonant  and  anti-resonant  frequencies  for  Z-n(OC)  agree 
quite  well  with  the  corresponding  anti-resonant  and  resonant  frequencies  for 
Z^n(SC).  The  input  impedance  of  the  short-circuit  termination  Z^->  0  is  like 
that  for  a  travelling  wave  along  the  short-circuiting  wire.  A  crude  approxi¬ 
mation  of  the  value  of  the  value  of  Z^,  would  be  half  that  of  a  center-driven 
bare  dipole.  If  we  assume  the  values  for  Figure  IV.  2  apply,  then 
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2 


« 


SC 


and  Z-n(SC)  should  have  an  anti-resonance  occurring  at  a 


quency  for  resonance  for  Zin(OC)  being  close  to  this  indicates 


Zm 

2 

» 

T 

oc 

c 

We  had  no  means  at  the  time  to  measure  the  impedance  Z^  for  the  "open- 
circuit"  as  used.  (A  technique  was  being  investigated,  with  preliminary  data, 
for  obtaining  Z^  (open  circuit)  by  use  of  the  input  admittances  of  two  electri¬ 
cally  short  antennas,  one  having  exactly  twice  the  length  of  the  other  and  each 
having  the  same  physical  shape  of  the  desired  finite  open  circuit.  ) 

For  practical  application  note  that  the  values  of  Z-n(SC)  for 
an  electrically  short  antenna,  i.  e.  ,  for  frequencies  much  lower  than  those 
for  anti-resonance,  provide  a  better  impedance  match  to  a  50-ohm  coaxial 
feeder  than  those  for  an  open-circuit  antenna  (RG-8/U  type  antenna). 

3.  Comparison  of  Theory  with  Experimental  Data 

It  would  be  desirable  to  have  input  impedance  data  for  insulated 

4{ 

antennas  similar  to  those  for  bare  wire  antennas  obtained  by  Iizuka  and  King 
at  VHF  for  antennas  immersed  in  dissipative  media  of  known  electrical 


constants.  It  was  suggested  to  Professor  King  that  this  might  be  a  useful 
research  using  their  experimental  set-up.  The  results  are  being  made  the 
subject  of  a  report.  * 

With  regard  to  our  full-scale  VLF-LF  measurements  for  an¬ 
tennas  immersed  in  the  rock  below  an  overburden  as  in  Cape  Cod  holes, 


several  comments  made  above  indicate  agreement  in  the  gross  features  of 

the  theory  with  experimental  measurements: 

-  The  trend  of  measured  input  impedance  Z^n(OC) 

and  Z-n(SC)  with  frequency  is  in  accord  with 
theory; 


-  The  measured  resonant  and  anti-resonant  frequencies 

for  Zin(OC)  are  in  good  agreement  with  corresponding 

anti-resonant  and  resonant  frequencies  for  Z-  (SC) 

A  in 


2 


2 


2 


2 


with 


and 


OC 


and 


in  accordance  with  theory; 


-  Predicted  resonant  frequencies  for  the  quarter-wave 

antenna  of  fixed  length  are  in  good  agreement  with 

theory  for  reasonable  assumed  values  of  constants 

of  the  medium.  Values  of  f  are,  however,  not  too 

r 

critically  dependent  upon  a  knowledge  of  CT^  for 
large  loss  tangents  in  the  range  of  constants 
encountered. 


Finally,  a  curve  of  Z-n(OC)  vs  frequency  was  computed  for  an 
open-circuited  coaxial  antenna  of  the  RG-8/U  type,  475  feet  long.  The  theore- 
ical  curve,  assuming  Z^  =  00  ,  is  shown  in  Figure  IV.  9  in  which  the  experi¬ 
mental  curve  for  the  Harwich  antenna  from  Figure  IV.  8  is  shown  for  compari¬ 
son,  for  frequency  50  to  300  kc.  The  frequency  range  covers  first  resonant 


*  Dr.  K.  Iizuka,  private  communication. 
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and  anti-resonant  impedances.  Further  assumptions  regarding  the  antenna 


are  that  the  inner  wire  was  perfectly  conducting  and  of  radius  a^  =  0. 


0408’ 


=  1.036  mm,  that  In  —  =  1.  250,  and  that  the  insulation  was  a  perfect  di- 

al 

electric  with  =  2.  25.  The  medium  was  assumed  to  have  the  electrical 

r2 

constants  shown  on  Figure  IV.  9.  The  theoretical  and  experimental  curves 
agree  well  in  the  trends  and  resonant  and  anti-resonant  frequencies.  The 
theoretical  maximum  resistance  is  larger  than  that  measured  and  is  attri¬ 


buted  to  the  simplying  assumptions  in  the  theory,  namely,  a  perfectly  con¬ 
ducting  inner  conductor,  a  loss-less  dielectric,  Z^,  =  °°  ,  and  a  very  large, 
perfectly  conducting  "ground  plane.  "  In  practice,  these  assumptions  are  not 
all  fulfilled.  The  finite  conductivity  of  the  inner  conductor  and  losses  in  the 
water -absorbing  polyethylene  insulation  would  affect  <=<1/3  ,  to  some  extent 
expected  to  be  small.  The  finite  though  expected  large  value  of  Z^,  would  also 
reduce  maximum  values  of  input  resistance  and  reactance.  It  is  expected 
that  the  finite  conductivity  of  the  overburden  ground  plane  would  also  affect 
these  components  of  the  impedance  (maximum  values)  without  affecting  seri¬ 
ously  the  resonant  frequency.  The  measured  value  also  includes  the  end 
effect  of  the  coaxial  line  but  this  correction  (negative  capacitance)  is  expected 
to  be  small. 
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Section  V.  TECHNIQUES  FOR  MEASURING  ELECTRICAL  CONSTANTS 
OF  ROCK  STRATA 

A.  Introduction 

For  ultimate  application  to  radio  transmission  through  rock  strata, 
it  is  desirable  to  make  measurements  of  the  radio  properties  of  such  media 
in  situ.  This  is  because  small  amounts  of  pore  water  can  markedly  influence 
the  value  of  conductivity  deduced  from  laboratory  measurements  on  "dry" 
samples  of  the  rock.  The  values  of  conductivity  for  "dry"  granite  appear  to 
be  more  influenced  by  temperature  than  pressure,  as  is  the  relative  dielectric 
constant.  Both  q-  and  for  dry  granite  appear  to  increase  with  high  tem¬ 
perature  and  are  somewhat  frequency  sensitive  in  that  q-  increases  markedly 

with  increased  frequency  and  £.  decreases  slightly  with  increased  frequency. 

o 

Temperature  ranges  discussed  exceed  200  C.  and  frequency  ranges  include 
the  ELF  and  VLF  spectra.  * 

Even  if  the  porosity  of  the  rock  is  small,  say  less  than  1%  of  the 
pore  space  by  volume,  the  conductivity  of  the  "wet"  granite  is  changed 

-6 

markedly  by  pore  water.  If  the  "dry"  granite  has  a  conductivity,  say  10 
mhos/m,  a  "wet"  granite  infiltrated  by  much  higher  conductivity  water  will 
tend  to  have  a  conductivity  more  nearly  that  of  the  pore  water.  If  the  rock 
depths  are  of  the  order  of  3  to  10  miles  ("shallow"  to  the  geologist)  and  tem¬ 
peratures  are  of  the  order  of  200°  C,  free  water  does  not  form  and  very  low 
values  of  cr  are  anticipated.  Our  measurements  have  been  at  depths  into 

♦  A.  Orange,  AFCRL,  private  communication. 
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drill  holes  only  1000  feet  deep  and  the  rock  encountered  is  well  fractured; 
correlative  surface  resistivity  measurements  of  deep  resistivity  indicate 
granite  conductivity  of  the  order  of  10”  mhos/m  may  be  encountered  at 
these  and  slightly  greater  depths.  Such  a  value  is  much  larger  than  typical 
values  for  "dry"  granite  ("dry"  in  the  sense  that  all  free  water  has  been 
removed). 

In  addition  to  the  water  content  problem,  necessitating  measurements 
in  situ  (or  a  reasonable  facsimile  thereof  in  the  laboratory),  there  is  a  second 
major  characteristic  of  nature  requiring  such  measurements.  This  is  that 
rock  electrical  characteristics  are  anisotropic  both  with  depth  and  with  hori¬ 
zontal  extent,  at  practical  depths.  Suppose  one  had  drilled  two  holes  A  and 
B  deep  into  the  rock,  and  it  was  desired  to  transmit  signals  between  antennas 
immersed  in  the  rock  portion  of  those  two  holes,  assumed  separated  many 
miles.  Assuming  the  most  careful  measurements  of  rock  constants  of  sam¬ 
ples  from  each  hole  under  closely  simulated  in  situ  conditions,  the  values 
deduced  represent  those  for  the  area  immediately  around  each  hole  and  do 
not  necessarily  apply  to  the  rock  region  in  between  the  holes.  Values  of  the 
constants  for  each  hole  deduced  by  any  of  several  techniques  to  be  discussed, 
may  be  assumed  to  approximate  those  important  to  the  performance  of  antennas 
immersed  in  each  hole  (say  radially  outward  from  A  or  B  to  a  distance  of  a 
few  skin-depths).  As  to  what  the  rock  properties  are  between  the  hole,  other 
techniques  must  be  employed.  Drilling  costs  would  prohibit  the  use  of  an 

adequate  number  of  holes  to  deduce  the  anisotropic  effects,  and  results  would 
be  difficult  to  analyze  except  in  a  gross  statistical  sense. 
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From  a  theoretical  point  of  view  for  the  radio  scientist,  Wait  and 


Conda  have  treated  the  distinction  in  the  anisotropic  case  between  hori¬ 
zontal,  vertical,  geometric  mean,  and  apparent  conductivity  for  interpreting 
measurements  of  ground  conductivity,  and  developed  the  theory  applicable  to 
a  two-layer  model  of  the  earth  (say,  overburden  layer  of  finite  thickness  above 
a  semi-infinite  rock  medium  below). 

In  Section  VB  there  is  a  general  discussion  of  techniques  which  may 
be  used  to  deduce  electrical  properties  of  rock  under  two  categories:  the 
first  where  drill  holes  do  not  exist  and  the  second  where  drill  holes  do  exist. 
The  measurements  in  which  we  have  participated  and/or  actually  performed 
are  described  in  the  ensuing  Subs  ections  VC  through  VH.  In  the  last  Sub¬ 
section  some  proposed  measurements  employing  loops  are  discussed. 

B.  General  Discussion  of  Measurement  Techniques 

It  is  desired  to  measure  the  electrical  properties  of  rock  strata  in 
situ,  into  which  antennas  ai’e  to  be  immersed  and  through  which  radio  waves 
are  to  be  propagated  for  purposes  of  communication.  The  techniques  which 
may  be  employed  may  be  divided  into  two  categories,  (1)  those  which  do  not 
require  direct  access  into  the  rock  by  virtue  of  vertical  drill  holes  or  mines, 
and  (2)  those  which  may  be  employed  when  such  holes  or  mines  exist.  Of 
course,  if  the  drill  holes  or  mines  are  "clean"  electrically  ("clean"  in  the 
sense  that  no  electrically  disturbing  structures  are  present  and  that  the 
drilling  has  not  affected  the  rock  electrically),  then  techniques  in  category  (1) 
to  be  discussed  can  be  employed  whether  or  not  the  drill  holes  exist. 
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1.  Those  Not  Requiring  Direct  Access  (Drill  Holes)  Into 
the  Rock 

a.  Surface  Resistivity  Methods 

Measurements  are  made  of  the  mutual  impedance  between 
dipoles  on  the  surface  of  the  earth  as  a  function  of  dipole  spacing.  The  re¬ 
sults  yield  values  of  apparent  resistivity  of  the  earth  below  and  interpretation 
of  conductivity  of  layers  depends  upon  the  model  assumed.  The  technique  is 
discussed  further  in  Subsection  VC  with  reference  to  measurements  made  on 
Cape  Cod  by  others. 

b.  Magneto- Telluric  Methods 

In  magneto-telluric  methods  the  source  of  the  fields  to  be 
observed  are  those  such  as  natural  telluric  currents.  The  horizontal  electric 
intensity  and  magnetic  intensity  are  observed.  At  the  earth's  surface 
the  apparent  complex  impedance  of  the  earth  looking  downward  is 

■£,  =  VHh  (v- 11 

assuming  plane  waves.  The  observations  are  made  at  fractional  cps  fre¬ 
quencies  at  which  the  loss  tangentsof  the  media  are  large.  Then 


i  }  “Vo  o; 


(V.2) 


for  non-magnetic  media,  where  q—  is  the  apparent  conductivity  of  the  earth. 

a  - 

If  the  earth  is  assumed  to  be  horizontally  stratified,  values  of  in  equation 

'“'a 

(V.  2)  may  be  used  to  determine  the  characteristics  of  those  horizontal  layers, 
depending  upon  the  model  assumed.  Thus,  for  two-layer  models  (e.  g.  ,  an 
overburden  of  finite  thickness  above  a  semi-infinite  rock  medium)  the  equations 
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and  curves  of  Cagniard, 


79  o  c 

Wait  and  Wait  and  Conda  may  be  used  for 

27 

interpretation.  For  three-layer  models,  the  relations  of  Cagniard  and  the 
93 

curves  of  Yungul  may  be  employed. 

While  we  have  made  no  magneton-telluric  (M-T)  measurements 

in  our  program,  the  results  of  others  serve  to  indicate  the  great  depths  which 

57  28 

can  be  obtained.  Lahiri  and  Price  and  more  recently  Cantwell  and  Madden, 

using  M-T  methods,  found  that  at  depths  of  the  order  of  100  km,  the  conduc¬ 
tivity  increased  to  values  between  0.03  and  1  mho/m,  presumably  associated 
with  the  Moho.  Geophysicists  prefer  to  use  active  surface  measuring  methods 
rather  than  M-T  methods. 

4 

c.  Role  of  Seismic,  Magnetic  Field  and  Gravity  Surveys 

Seismic,  magnetic  field  and  gravity  surveys  are  used  to 

locate  and  classify  various  types  of  rock  media  and  discontinuities.  Examples 

were  those  surveys  performed  on  Cape  Cod.  The  results  of  seismic  and 

magnetic  field  measurements  and  analysis  are  contained  in  a  report  of  work 

97 

performed  by  Weston  Geophysical  Engineers  under  a  subcontract.  Gravity 
surveys  were  made  by  the  Geophysical  Research  Directorate,  AFCRL,  under 
Mr.  Gerry  Cabaniss.  The  surveys  covered  several  areas  on  Cape  Cod  and 
were  concentrated  on  regions  near  Harwich  (where  the  first  hole  was  drilled) 
and  Brewster  (where  the  second  hole  at  the  Town  Dump  and  the  third  hole  off 
Tubman  Road  were  drilled).  Seismic  soundings  were  carried  out  at  several 
points  along  lines  on  the  surface.  Seismic  refraction  data  were  used  to  locate, 
a  drill  hole  near  Sand  Pond  in  Harwich.  Rock  media  appeared  to  commence 
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at  depths  below  400  to  500  feet  from  the  surface.  In  the  area  in  Brewster, 
seismic  velocities  were  about  1700  ft/sec  at  sea  level,  about  5000  ft/sec  in 
the  overburden,  and  14,500  to  18,000  ft/sec  in  the  rock  strata  below,  the 
higher  value  probably  corresponding  to  denser  and  more  massive  bedrock. 

Contours  of  the  earth's  magnetic  field  showed  probable 
anomalous  areas  in  the  shape  of  "fingers.  "  Most  probable  areas  for  a  good 
rock  propagation  path  are  those  where  seismic  velocities  are  high  and  mag¬ 
netic  and  gravity  contours  are  relatively  free  of  anomalies.  Such  surveys 
do  not  give  directly  the  electrical  properties  of  the  rock  strata,  but  give 
probable  rock  formations  and  extent  and  areas  to  be  avoided. 

These  surveys  may  be  used  to  help  interpret  measurements 
of  deep  resistivity  from  measurements  on  the  surface  (surface  resistivity 
and  M-T  methods).  The  rock  conductivity  data  deduced  from  the  latter 
methods  are  strictly  applicable  to  the  extremely  low  frequencies  employed, 
usually  in  the  fractional  to  a  few  cps  range. 

There  may  be  phenomena  peculiar  to  a  certain  area  being 
surveyed  which  are  not  typical  of  areas  being  explored  generally  for  finding 
rock  strata  suitable  for  radio  wave  propagation.  Thus,  for  Cape  Cod  there 
was  concern  that  the  surrounding  sea  water  might  infiltrate  the  area  and 
affect  some  of  the  conclusions  of  survey  measurements.  A  study  was  made 
by  Rev.  J.  W.  Skeehan,  S.  J.  (Boston  College)  as  a  consultant  of  the  possible 
effect  of  sea  water  infiltration.  A  previous  study  had  been  made  of  the  be¬ 
havior  of  fresh  and  salt  water  mixing  on  Long  Island.  After  the  Harwich  hole 
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had  been  drilled,  Fr.  Skeehan  noted  the  salinity  was  340  ppm  and,  using  this 
with  the  previous  correlative  behavior  on  Long  Island,  concluded  that  the 
limited  development  of  clay  strata  was  insufficient  to  render  the  underlying 
deposits  impervious  to  saline  contamination.  Rock  conductivity  would  then 
be  higher  than  that  were  such  contamination  not  present.  Saline  contamina¬ 
tion  would  not  be  expected  for  general  inland  areas. 

2.  Techniques  Where  Drill  Holes  Exist 

A  number  of  techniques  have  been  used  for  measurements  of 

electrical  properties  of  rock  when  suitable  drill  holes  exist.  Our  experience 

has  been  with  drill  holes  which  are  filled  with  water  and  the  surrounding  rock 

is  well  fractured  and  porous.  The  conductivity  of  such  rock  is  governed  more 

by  that  of  the  water.  Techniques  which  may  be  used  to  measure  the  constants 

of  liquid  media  or  of  sample  rock  extracted  in  the  drilling  are  described  in 
14 

von  Hippel's  text. 

a.  Transmission-line  type  methods 

b.  Impedance  measurements  of  samples  with  RF  bridges 
and  Q-meter 

These  methods,  with  results,  are  described  in  Subsections 
VD  and  VE,  respectively. 

When  a  single  hole  exists  having  an  adequate  depth  of  pene¬ 
tration  into  the  rock,  a  new  method  was  devised  which  permits  one  to  deduce 
surrounding  rock  electrical  constants  from  a  measurement  of 
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c.  Attenuation  vs  depth  into  rock  media 


This  method,  known  as  the  "depth  attenuation  method"  is 
described  in  Section  VF  and  includes  some  results  of  measurements  on  Cape 
Cod. 


The  input  impedance  of  a  linear  antenna  immersed  in  a 
dissipative  medium  depends  upon  the  constants  of  that  medium  and  type  of 
antenna  being  employed.  One  then  has  the  method  which  is  that  of  obtaining 

d.  Estimates  from  antenna  impedance  measurements 

The  method  and  some  results  using  bare  and  insulated  line 
or  antennas  are  described  in  Subsection  VG. 

When  two  drill  holes  exist  between  which  a  radio  signal  has 
been  transmitted,  it  is  possible  to  obtain  an  estimate  of  the  intervening  rock 
conductivity.  The  method  and  results  are  discussed  in  Subsection  VH.  entitled 

e.  Estimates  from  path  transmission  loss  data  (1  mile  - 

Cape  Cod) 

Finally  we  have  made  some  studies  of  methods  using  loops 
which  might  be  employed.  Measurements  have  not  been  made  with  these 
methods  and  their  proposed  use  is  described  in  the  last  Subsection  entitled 

f.  Proposed  methods  using  loops. 

C.  Surface  Resistivity  Measurements  -  Discussion  of  Cape  Cod 
Data  (Geoscience,  Inc.  ) 

While  we  have  not  made  measurements  ourselves  using  surface 
resistivity  methods,  we  have  participated  in  measurements  made  by  others  on 
Cape  Cod  and  described  below.  Because  of  the  relation  of  the  subject  to  our 
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program  and  because  of  some  proposed  methods  which  are  also  discussed 

below,  the  topic  is  treated  further  here. 

1.  Four  Electrode  Arrangements 

The  usual  four  electrode  schemes  with  a  variation  suggested  by 
85 

Wait  and  Conda  are  shown  from  the  top  schematically  in  Figure  V.  1. 
Current  is  introduced  into  the  earth  through  the  "current"  electrodes  P  and 
Q.  The  potential  difference  resulting  elsewhere  is  measured  between  "poten¬ 
tial"  electrodes  p  and  q.  In  the  Wenner  array  in  A  of  Figure  V.  1,  P  and  Q 
are  the  outer  electrodes,  p  and  q  the  inner  ones.  In  the  Eltran  arrangement, 
B  of  Figure  V.  1,  the  electrodes  are  also  arranged  on  a  line,  but  P  and  Q 

are  at  one  end  and  p  and  q  are  at  the  other  end.  In  C  of  Figure  V.  1  is  shown 

85 

the  modification  to  the  Eltran  arrangement  introduced  by  Wait  and  Conda 
and  called  the  "right-angle"  array.  An  advantage  to  the  last  is  the  absence 
of  mutual  inductance  term  in  the  mutual  impedance  between  "primary"  PQ 
and  "secondary"  pq.  The  usual  arrangements  have  all  inter -electrode  con¬ 
secutive  spacings  equal,  shown  as  a  in  the  figure. 

8.5 

As  discussed  by  Wait  and  Conda,  one  measures  the  mutual 
resistance  from  the  measured  "primary"  current  (1^)  and  induced  open- 
circuit  voltage  in  the  "secondary"  (V^).  From  a  knowledge  of  "electrode 
circuit"  length  and  spacing  between  primary  and  secondary  electrode  circuits, 
one  computes  the  apparent  conductivity  <5 —  for  the  scheme  used.  The  final 

cl 

geometric  mean  conductivity  CT  is  obtained  by  curve  matching  to  sets  of 
master  curves  from  data  obtained  as  spacing  a  is  varied.  The  curves  depend 
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(A)  WENNER  ARRAY 


a 


(B) ELTRAN  ARRAY 


Q- 


X  i 

\  I 


^  p 
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l  a 
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(C)  RIGHT  ANGLE  ARRAY 

Figure  V.  1.  Four  electrode,  equ^spaced,  arrays  for  surface  resistivity 
measurements  (A)  Wenner  array,  (B)  Eltran  array,  (C) 
Right  angle  array. 
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upon  the  model  assumed  and  the  type  of  electrode  array  employed.  The  curves 

are  plots  of  o~  /<5”  vs  a/d  with  reflection  coefficient  K  as  a  parameter, 

where  d  ££  is  the  effective  thickness  ^^d  (of  the  upper  layer  of  thickness  d) 

and  cxr  is  the  anisotropy  ratio  J  /  <y^  (see  Figure  V.  2).  Curves  for  the 

two-layer  model,  Wenner  array,  were  developed  some  time  ago  and  recently 

8  5 

were  given  for  all  three  arrays  in  the  above  notation  by  Wait  and  Conda. 

They  show  that  the  Eltran  array  is  more  sensitive  at  smaller  spacings  than 
the  Wenner  array  but  the  latter  is  better  at  larger  spacings.  The  right -angle 
array  is  somewhat  in  between  the  others  for  showing  up  sensitively  departures 

■4 

of  G~  jc5~  with  a/d  .  Master  curves  have  been  computed  for  a  three-layer 
a  eft 

93 

model  by  Yungul.  For  the  two-layer  case,  one  computes  CT~  from  a  knowl- 

Si 

edge  of  measured  mutual  resistance  R  and  array  spacing.  When  a  is  small, 

the  measured  R^  is  due  principally  to  the  upper  layer  if  its  conductivity  is 

larger  than  the  lower  region.  If  homogeneous  regions  are  assumed  and  the 

upper  layer  thickness  d  is  known,  the  curve  of  "measured"  0~^/<3~  vs  a/d 

gives  the  value  of  K  whence  the  value  of  CT^  of  the  lower  region. 

Some  preliminary  measurements  were  made  by  Geoscience, 

94 

Inc.  ,  for  AFCRL  along  a  single  line  through  the  drill  holes  at  the  Brewster 

Dump  site  and  on  Tubman  Road  on  Cape  Cod.  The  technique  employed  the 

59 

improvedphase  detector  scheme  of  Madden,  Cantwell  et  al.  Insulated 
dipoles  with  special  low  resistance  grounds  were  employed  as  the  transmit¬ 
ting  (current)  and  receiving  (voltage)  electrodes.  The  dipole  lengths  were 

mostly  1000  feet.  Dipole  centers  were  spaced  from  2000  to  8000  feet  in 
1000  ft.  intervals. 

V-ll 
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Schematic  representation  for  two-layer  ground, 
each  layer  anisotropic.  (Sketch  shows- Wenner 
type  4-electrode  arrangement.  ) 
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Because  of  the  anisotropic  behavior  alluded  to  earlier,  certain 
care  is  needed  in  the  analysis  of  the  data.  Strictly,  for  the  survey  of  an  area 
including  the  desired  propagation  path,  one  should  make  measurements  over 
lines  in  several  directions  to  ascertain  horizontal  anisotropy.  The  results 
are  considered  tentative  because  they  are  based  on  measurements  along  one 
direction.  Even  in  such  case,  it  is  necessary  to  select  data  for  analysis. 

By  a  simple  techniuqe  of  "contouring"  the  values  of  apparent  conductivity. 
Geoscience,  Inc.  ,  was  able  to  deduce  the  appropriate  values  for  further 
analysis. 

For  the  spacings  so  selected,  the  resistivity  of  the  upper  layer 
was  estimated  from  values  for  small  spacings  as  100  to  150  meter-ohms, 
i.  e.  ,  conductivity  crj  of  7  to  10  millimhos /meter  for  the  overburden.  Com¬ 
paring  the  graph  of  apparent  resistivity  vs  electrode  separation  with  master 
curves  for  a  two-layer  model,  the  graph  agreed  fairly  well  with  master 

0~2 

curves;  with  q-  the  conductivity  of  the  rock,  the  conductivity  contrast  - 

2  CTj 

1  -2 

=  —  .  If  cy  is  assumed  to  be  10  mhos/m,  then  d  works  out  to  be  500  ft. 

-4 

and  is  about  2.  6  x  10  mhos/m.  On  the  other  hand,  if  is  assumed 
2  1 

as  6.7  x  10  then  d  works  out  to  be  700  ft.  and  is  then  1.7  x  10"^  mhos/m. 

2 

From  seismic  soundings  the  upper  layer  thickness  is  more  nearly  the  former 

-  2  -4 

value  and  one  deduces  <3-  to  be  10  and  <3-  to  be  2.6  x  10  mhos/m. 

1  2 

The  marked  distortion  of  the  apparent  conductivity  "contours" 
noted  near  the  Brewster  Dump  drill  hole  corroborates  qualitatively  the  vari¬ 
ability  in  earth-rock  structure  as  a  possible  cause  for  distortion  in  surface 
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field  pattern  measurements  at  various  ranges  from  the  hole  when  being  used 

as  the  location  of  a  transmitting  antenna  (see  Section  VI).  The  overburden 

was  sand,  clay,  and  gravel.  Small  scale  measurements  to  obtain  a  good 

estimate  of  overburden  conductivity  are  apt  to  be  quite  variable.  Some  of  the 

variability  noted  near  the  drill  holes  may  be  due  to  the  casing  pipe  itself. 

85 

Following  the  ideas  of  Wait  and  Conda  regarding  anisotropy, 
the  values  ofcr  deduced  above  are  those  for  an  assumed  homogeneous  over¬ 
burden  and  rock  layers,  i.  e.  ,  e>c  was  assumed  unity.  The  resulting  value  of 
<S~  should  be  corrected  to  its  geometric  mean  value  CF  ifc^were  known. 

Measurements  should  be  made  along  other  directions  and  better 
estimates  of  upper  layer  (overburden)  conductivity  are  needed  to  obtain  more 
final  values  of  soil  and  rock  constants. 

In  place  of  the  long  electric  dipoles,  loops  placed  parallel  to 
and  on  the  ground  may  be  used,  as  discussed  in  the  last  Subsection. 

D.  Transmission-Line  Type  Measurements 

Sections  of  parallel  wire  or  coaxial  transmission  lines  may  be  used 
for  certain  types  of  measurements  of  the  electrical  properties  of  dissipative 
media.  When  such  lines  are  electrically  short,  they  may  be  considered  as 
parallel  wire  or  coaxial  "condensers." 

An  example  of  the  use  of  parallel  wire  lines  is  that  reported  by 
55 

Kirkscether  for  measuring  the  electrically  properties  of  the  ground.  Iizuka 

49 

and  King  used  a  coaxial  line  filled  with  a  dissipative  liquid  and  measured 
the  properties  of  that  liquid  by  slotted  line  and  impedance  techniques  at  VHF. 
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A  coaxial  condenser  was  also  used.  (Measurements  of  the  properties  of 

linear  radiators  immersed  in  such  liquids  were  being  studied  and  a  knowledge 

14 

of  the  constants  of  the  liquid  was  required. )  Von  Hippel  has  described 

such  techniques.  Concentric  cylinder  cells  are  available  commercially  for 

measurements  on  liquids  such  as  the  various  two-  and  three -terminal  cells 

of  Balsbaugh  Company  (Braintree,  Mass.). 

The  measurements  using  short  transmission  lines  are  principally 

affected  by  the  constants  of  the  medium  between  the  wires  or  cylinders  when 

55 

the  spacing  is  close.  Thus,  Kirkscether  inserted  parallel  rods  into  the 
ground  to  measure  the  properties  of  the  ground.  In  principle,  insertion  of 
lines  into  a  rock  sample  could  be  employed  but  the  sample  would  have  to  be 
large  for  measurements  at  LF.  The  method  is  suitable  for  measurement  of 
drill  hole  or  well  water  and  is  described. 

As  an  example  of  transmission-line  methods,  a  short  section  of  a 
nominal  300-ohm  parallel- wire  line  was  immersed  in  water  in  a  hole  used  at 
Goffstown,  N.  H.  The  line  was  connected  through  a  section  of  RG-22/U  two 
conductor  shielded  line  to  impedance  measuring  apparatus..  The  feedline  and 
parallel  wire  test  line  characteristics  in  air  were  first  measured  by  open- 
ancHshort^ circuit  impedance  measurements  on  each  line.  Because  the  lines 
are  "balanced"  to  ground  and  the  bridge  employed  (91f>A  and  916AL)  was  not, 
three-terminal  measurements  were  employed  throughout.  The  parallel-wire 
line  was  70  feet  long  and  the  RG-22/U  feeder  was  40  feet  long.  Well  water 


characteristics  were  measured  from  100  kc  to  10  me. 


The  method  and  analysis  is  based  on  extension  of  relations  given 
in  several  texts  and  we  used  those  given  in  King^  (Chapter  II).  The  charac¬ 
teristic  impedance  Z^,  for  a  uniform  line  is  given  by 

zc  =  =  |zc|  ^  (V.  D 

where 

z  =  series  impedance  per  unit  length  of  line 
=  r  +  j  x  =  •  r  +  j  CvJZ 

y  =  shunt  admittance  per  unit  length  of  line 
=  g  +  jb  =  g  +  j 

with 

(V.  2) 

r  =  series  resistance  per  unit  length  of  line 
=  series  inductance  per  unit  length  of  line 
g  =  shunt  conductance  per  unit  length  of  line 
c  =  shunt  capacitance  per  unit  length  of  line 
If  the  input  impedance  ZSC  be  measured  when  the  output  of  the  line  is  short- 
circuited,  and  the  input  impedance  Z0  be  that  when  the  output  is  open- 
circuited,  then 

ZC  -  \fzsc  ZOC  <V-3) 

Let  us  form  the  ratios 

V  =  CT 


p 


_s_ 

Cv  c 


(V.  4) 


The  quantity  Ip  is  the  reciprocal  of  the  series  Q  of  the  line  and  p  is  the  loss 
tangent  of  the  medium  surrounding  and  in  between  the  conductors,  assumed 
homogeneous.  From  the  definitions  of  g  and  c  for  conductors  in  a  medium, 
for  the  parallel-wire  line 


p  =  — = 

r  cue 


_  60  <r  X 


Cu  £  £ 

o  r 
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where  cT"  and  £  are  the  conductivity  (mhos/m)  and  relative  dielectric  con- 
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stant  (dimensionless)  of  the  medium.  The  quantity  £  =  10  / 36tT  farads/m 

o 

and  is  the  free  space  wavelength  (meters),  in  equation  (V.  5).  We  desire 
to  obtain  p  and  £_,  from  which  cr  can  be  determined  by  use  of  equation  (V.  5). 

Forming  the  square  of  equation  (V.  1)  and  using  equations  (V.  2)  and 
(V.  4),  one  obtains , 


=  \Z. 


j  2  0, 


CU 


2/2  2 
uc  +  r 


,2  2 
c 


j  J^tan”  1  p  -  tan  1 


=  J 


1  +  y 


j  tan 


-1 
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N)  l  +  p 


i+yP) 


and  the  square  of  equation  (V.  3)  gives  value  of  Z  from  measured  values  of 
ZSC  and  ZOC' 

The  parallel  line  is  measured  in  air.  Let  this  value  be  Z  ;  it  is 

o 

found  for  a  well  constructed  line  with  very  low  loss  "spreaders"  that  0C  is 
negative.  In  air,  this  means  that  ■>?>  p;  for  simplicity  we  assume  for  the 
line  in  air  p  S'  0.  Hence,  denoting  by  ">?  the  value  of  Ip  so  determined  in  air, 
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-  tan 


( V.  7) 


7o '  ■ tan  [2<«c>0] 


For  example,  one  measurement  of  the  line  in  air,  at  8  me,  gave 

Zc  =  334  Z-0,65°  =|zq|  eJ0Co 

y  =  tan  1.3°  =  .023 

It  is  assumed  that  the  medium  does  not  change  the  value  of  r  and 
from  its  value  in  air  (a  major  effect  would  be  to  changed  if  the  relative  mag¬ 
netic  permeability  greatly  exceeded  unity).  The  value  of  7^  for  the  line 

2 

in  the  medium  is  therefore  assumed  to  be  its  value  in  air,  whence  •£<  1. 

The  line  is  inserted  into  the  well  water,  connected  to  the  RG-22/U 
feeder  whose  values  of  Z^  and  propagation  constant  were  previously  measured. 
The  input  impedance  of  the  RG-22/U  so  connected  was  measured  when  the 
parallel  wire  line  was  open  circuited  and  then  short  circuited.  These  imped¬ 
ances,  when  inserted  into  a  Smith  Chart  calculator  with  known  feedline  charac¬ 
teristics,  gave  values  of  the  open-  and  short-circuited  impedances  Z^^  and 
Zsc  t^ie  immersed  test  line. 

The  values  of  ZgQ  and  Zq^.,  inserted  into  equation  (V.  3), gave  values 
of  Zq  for  which  0c>  0.  This  means  that  p  >  >7  .  It  turned  out  that  approxi¬ 
mate  values  of  p  were  so  large  that  the  assumptions  p=»->  >?  and  p7?  <<  1 

2 

appeared  justified.  With  these  assumptions,  plus  y  «  1,  equation  (V.  6) 


becomes 


ZC 


j  2  0 


C  ? 
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j  tan  p 


NJ  1  +  p2 
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whence 


p  ~  tan  2  0C 
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z  2 

ZC 
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cos  (2  0c) 
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and  thus 

£.  -  — ~  cos  (2  0c) 

lzcl 

Thus,  from  measured  values  of  Z  ,  Z 

o’  c 

obtained  from  equations  (V.9)  and  (V.  10), 


(V. 10) 


and  0  ,  values  of  p  and  <£.  are 
c  r 

and  accordingly,  <3~  from  equation 


(V.5). 

Measured  values  of  J  Z^J  and  0c  were  plotted  as  a  function  of  fre¬ 
quency  and  smoothed  curves  drawn  through  the  points.  From  "smoothed" 
values  of  Z„  and  0  so  obtained,  £  ,  p,  and  0~  were  computed  and  are 
shown  plotted  on  the  curves  of  Figure  V.  3. 

The  results  and  trends  agree  reasonably  well  with  some  water  sam¬ 
ple  measurements  made  in  the  laboratory  using  a  short  coaxial  condenser 
and  a  parallel  plate  capacitor.  Measurements  with  the  latter  showed  slightly 
lower  values  at  lower  frequencies.  Polarization  at  the  electrodes  at  low  fre¬ 
quencies  affects  the  apparent  values  measured  and  depends  upon  electrode  size 
and  shape. 

The  conductivity  of  the  well  water  would  approximate  that  of  well 
fractured  granite  around  the  hole.  This  assumes  that  a  "dried"  sample  of 

_5 

the  rock  would  show  a  conductivity  10  mhos/m  or  less  and  that  the  well 
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water  is  characteristic  of  the  water  in  the  pores  and  cracks  of  the  well 
fractured  granitic  rock. 

E.  Impedance  Measurements  of  Samples  by  RF  Bridges  and  Q-Meter 

1.  Water  Samples 

Bridge  measurements  of  the  impedance  of  the  well  water  from 
holes  in  New  Hampshire  were  made  using  cells  that  were  either  a  coaxial 
condenser  or  of  the  parallel  plate  variety.  Results  agreed  with  values  using 
a  section  of  parallel  wire  line  (Subsection  VD)  except  at  the  lowest  frequencies, 
presumably  due  to  differing  "polarization  film"  effects. 

However,  we  have  had  less  success  in  such  sample  measure¬ 
ments  on  water  from  drill  holes  at  Harwich  and  Brewster  on  Cape  Cod.  Chemi¬ 
cal  analysis  reveals  salinity  of  35  ppm  for  one  sample  of  Harwich  drill  hole 
water.  The  water  is  quite  murky  in  appearance  and  gives  evidence  of  some 
magnetic  material,  perhaps  rust  or  ion  chips  from  casings.  Samples  passed 
through  filters  showed  reasonable  values  of  ^  and  o~  at  high  frequencies. 

A  new  coaxial  condenser  was  built  but  not  in  time  for  tests. 

2.  Rock  Samples  -  Frequency  Dependence 

Measurements  of  rock  samples  were  made  using  a  Boonton  Type 
160A  Q-meter  for  frequencies  exceeding  50  kc  and  a  General  Radio  Type  1650A 
bridge  for  lower  frequencies. 

To  approximate  in  situ  conditions,  some  of  the  samples  were 
soaked  in  tap  water  for  a  week  prior  to  measurements.  (It  is  appreciated 
that  such  "soaking"  does  not  always  force  water  into  the  pore  spaces. )  The 


¥ 


V-21 


resulting  data  from  Q-meter  measurements  are  not  considered  reliable  be¬ 
cause  of  the  low  value  of  Q.  The  data  are  presented  nevertheless,  giving  £  , 
OT  and  loss  tangent  p  as  a  function  of  frequency. 

The  measurements  were  an  attempt  to  ascertain  the  possible 
frequency  dependence  of  the  electrical  properties  of  water-soaked  samples. 

The  results  are  shown  plotted  on  the  composite  curves  of  Figure  V.  4  for  rela¬ 
tive  dielectric  constant  {  £_),  loss  tangent  (p)  and  conductivity  (or)  for  the 
following  four  examples 

-  Harwich  rock  sample  (slate)  -  solid  curve 

-  Brewster  rock  sample  (granite)  -  long  dashes 

-  Concord  rock  sample  (granite)  -  short  dashes 

-  Weston  rock  sample  (granite)  -  dash  dots 

The  frequency  dependence  of  <3-  may  be  ascertained  from  log- 
log  plots  of  the  data  on  the  curves  of  Figure  V.  5.  It  appears  for  these  sam¬ 
ples  so  treated  that  when  frequency  is  low,  where  loss  tangent  is  high,  that 
is  relatively  independent  of  frequency.  At  higher  frequencies,  where  the 
loss  tangent  is  low,  it  appears  that  may  vary  proportional  to  frequency  with 
an  exponent  between  0.  5  and  1.0,  approximately. 

The  remarks  are  apropos  values  of  O'-  deduced  for  rock  samples 
from  surface  resistivity  .measurements  at  d.  c.  or  fractional  cps  frequencies. 

One  should  not  draw  the  conclusion  from  the  data  that  o~  in  the 
whole  Harwich  drill  hole  area  is  less  than  that  for  the  whole  Brewster  drill 
hole  areas.  The  data  are  for  random  samples  only.  An  example  of  variability 
of  O"  with  depth  is  discussed  below. 
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Figure  V.  4.  Frequency 


* 


dependence  of  electrical  properties  of  rock 


FREQUENCY  (KC/S) 


Figure  V.  5..  Frequency  dependence  of  conductivity  (o- ) 
for  water-soaked  rock  samples 


3.  Drill  Hole  Core  Samples  -  Conductivity  vs  Depth 

An  example  of  the  variability  with  depth  is  that  obtained  from 

core  samples  of  the  Tubman  Road  (Cape  Cod)  drill  hole.  The  cores  were 

measured  within  a  few  hours  after  extraction  and  care  was  taken  in  the  handling 

and  treatment  of  the  cores.  Because  depths  were  modest,  the  measurements 

are  believed  to  represent  in  situ  values  at  extremely  low  frequencies  (1  to 

10  cps).  The  measurements  were  made  by  Cantwell  and  tabulated  by  Geo- 
94 

science,  Inc.  The  results  are  shown  plotted  in  the  semi-log  plot  of  Figure 

V.  6  with  identifications  of  the  rock  being  those  tabulated  in  the  report  of 

Geoscience,  Inc.  An  "unweighted  average"  conductivity  of  the  core  samples 
_4 

is  about  1.  5  x  10  mhos/m.  This  is  in  fair  agreement  with  the  surface 

-4 

resistivity  value  of  2.  6  x  10  mhos/m  based  on  the  useful  data  at  points  a 

few  thousand  feet  to  the  west  towards  the  Brewster  Dump  drill  hole  site. 

Noted  on  Figure  V.  6  are  the  overburden  depths  of  310  feet  based 

97 

on  seismic  sounding  data  of  the  Weston  Geophysical  Engineers,  Inc.  in  an 
easterly  direction  from  the  Tubman  site  and  from  contour  values  1000  ft.  to  the 
ea.st  of  that  site.  Also  noted  is  the  estimate  of  lower  boundary  of  overburden 
(395  ft.  )  and  casing  depth  (410  ft. )  from  drill  log  information. 

F.  Attenuation  vs  Depth  into  Rock  Media 
1.  Method  and  Variation 

The  depth  attenuation  method  is  that  of  measuring  the  decay  of 
the  field  in  the  rock  media  of  interest  between  a  separated  transmitter  and 
receiver  as  a  function  of  the  vertical  distance  of  travel  within  the  rock.  One 
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variant  of  the  method  for  use  in  vertical  drill  holes  is  shown  in  some  detail 
in  Figure  V.7.  In  this  case  both  transmitting  and  receiving  antennas  are 
located  within  the  rock  medium  below  a  highly  conducting  overburden.  The 
decay  of  the  axial  electric  field  between  an  electric  dipole  source  at  A  and  a 
receiving  probe  at  B  is  a  function  of  the  axial  antenna  separation  distance  R. 
The  distance  R  is  varied  by  changing  the  relative  depths  of  antennas  at  A  and 
B. 


Variations  of  the  method  from  that  shown  in  Figure  V.  7  can  be 
employed.  These  include: 

-  interchanging  the  positions  of  the  source  at  A  and 

receiving  probe  at  B; 

-  locating  a  high-power  source  at  A  and,  at  the  surface  in 

air,  measuring  the  field  which  penetrates  the  overburden 
as  the  depth  of  the  source  is  varied.  (In  practice  the 
transmitting  dipole  is  fed  from  a  high-power  transmitter 
on  the  surface;  the  effect  of  the  feeder  must  be  taken 
into  account.  ); 

-  locating  a  variable  depth  receiving  probe  at  A  and  meas¬ 
uring  the  field  at  A  due  to  attenuation  of  known  source 
fields  on  the  surface.  (The  fields  on  the  surface  may 
be  ground  wave  fields  due  to  remote  transmitters  or 
atmosphere  noise  sources.  For  ready  analysis,  it  must 
be  known  that  the  field  arriving  at  A  is  due  to  such  ground 
wave  fields  as  attenuated  only  by  the  overburden  nearby.  ); 

-  using  dipoles  other  than  vertical  electric  types.  (Horizontal 

electric  dipoles  are  impractical  here  principally  because 
of  the  small  diameters  of  drill  holes ,  usually  3  to  7  inches. 
Small  loops  might  be  used  but  we  do  not  have  correspond¬ 
ing  experimental  data  to  cite  at  this  writing. ). 
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Figure  V.  7.  A  depth  attenuation  method  for  obtaining  electrical  constants 
rock  media.  Transmitter  at  A  separated  a  distance  R  frorr 
a  receiving  dipole  at  B,  with  R  varied.  The  receiver  is  at 
on  surface. 
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2.  Theory- 


Development.  of  appropriate  field  expressions  for  the  depth  atten¬ 
uation  method  depends  upon  the  arrangement  of  antennas  being  used.  For  the 
particular  arrangement  in  Figure  V.  7  wherein  a  thin  vertical  electric  dipole 
source  is  used  (shown  at  A),  it  is  desired  to  calculate  the  electric  field  as  a 
function  of  distance  along  the  axis  of  the  dipole.  Consider  first  that  the  di¬ 
pole  source  is  located  at  the  origin  of  a  rectangular  coordinate  (x,  y,  z)  system 
and  is  situated  in  a  homogeneous,  dissipative,  non-magnetic  medium  of  in¬ 
finite  extent.  The  center -driven  dipole  lies  along  the  vertical  z-axis  and 
carries  a  current  which  is  constant  along  its  length  at  the  input  value  1^(0). 

The  finite  dipole  length  is  2h^,  and  is  assumed  physically  and  electrically 
/  hT\2  |  1 2 

short,  i.e.  ,  ( _ t  )  <.<  1  and  j  kh^j  «  1.  Along  the  z-axis  (x  =  y  =  0),  the 

electric  field  has  only  a  z -component.  At  a  point  where  z  =  R,  the  complex 


amplitude  of  this  field  may  be  written  as 


Ez(0,0,R)  = 


2  7T 


[2hTIx(0)l  - 


,-j  kR 
(k’R)2 


1  -  j 


kR 


(V.  11) 


jfty't 

and  the  usual  time  dependence  e  is  assumed.  In  the  above  k  is  the  com¬ 


plex  phase  constant  of  the  medium  given 


k  =  /?-j~r=  “'sfiZs  =  vjnrji-i  p  (v.  i2) 

in  which  and  e<  are  the  real  phase  and  attenuation  constants,  respectively, 
and  p  is  the  loss  tangent  (p  =  leu  €.  ).  The  constants  are  discussed  in 
Section  II. 
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To  measure  the  field  given  by  equation  (V.  11)  an  electric  re¬ 
ceiving  dipole  may  be  introduced  at  the  point  P(0,0,R)  lying  along  the  z-axis. 


Its  half-length  h^  is  assumed  such  that 


(*r) 

\  R/ 


-<<  1  and  kh^  •«  1.  The 


open-circuit  voltage  V™  induced  in  receiving  dipole  will  depend  upon  the 

i'-O 

integrated  value  of  equation  (V.  11)  along  its  length.  It  is  also  assumed  that 
the  receiver  antenna  current  is  the  same  at  all  points  along  that  antenna. 

With  the  aforementioned  assumptions  regarding  the  receiver  antenna  and  for 

II2 

distances  R  such  that  kR|  »  1,  the  voltage  VR  will  be  proportional  to  the 

i  iv0 

receiving  dipole  length  (2h^)  and  to  the  field  Ez  (0,0,R)  given  by  equation 
(V.  11).  We  are  principally  interested  in  the  distance  dependence  of  V^. 

Squaring  the  magnitude  of  equation  (V.  11)  one  obtains 

-2  OCR 


'R, 


2  e 

=  M  — 


R 


where  L,  is  the  magnitude  1  -  j  J_ 

I  k  R 


(V.  13) 


which  is  then  close  to  unity.  The  real 


quantity  Mis  a  constant  for  given  dipole  lengths,  frequency,  electrical  con¬ 
stants  of  the  dissipative  medium,  and  current  1^,(0).  M  does  not  depend  upon 
distance  if  1^,(0)  remains  constant  with  R.  For  a  homogeneous  dissipative 
medium  and  for  a  given  transmitter  power,  Irp(O)  is  not  seriously  affected 
by  the  presence  (mutual  impedance)  of  the  receiver  antenna  probe  when 


kR  »  1. 


Referring  again  to  Figure  V.  7,  insulated  dipoles  are  located  in 
the  semi-infinite  dissipative  medium  being  measured  (rock)  below  a  highly 
conducting  overburden.  The  effect  of  the  latter  on  the  impedance  of  the  finite  - 
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short  dipole  source  has  not  been  solved  precisely  for  the  model  shown.  It 
is  expected  that  the  effect  will  be  negligible  when)  kR.|  »  1.  This  is  be¬ 

cause  the  amplitude  of  the  axial  fields  will  vary  at  least  by  8.  7  db  per  skin 
depth,  or  55  db  per  wavelength  in  large  loss  tangent  media  (rock).  For  a 
receiver  antenna  located  in  the  rock  just  below  the  rock-overburden  boundary, 
variation  in  receiver  voltage  VR  with  separation  distance  R  should  then  fol¬ 
low  that  indicated  in  equation  (V.  13),  The  method  so  far,  then,  involves  a 
measurement  of  the  magnitude  of  the  mutual  impedance  between  transmitting 
and  receiving  dipoles,  and  in  particular  the  measured  variation  of  such  imped- 
a  nee  with  distance  R.  . -,V 

The  values  of  V  across  the  load  impedance  of  the  receiver 

XV 

antenna  will  be  proportional  to  VR  .  For  a  given  configuration,  VR  is  read 
as  R  varies  and  a  relative  field  decay  curve  is  obtained.  Using  decibel  nota- 
tion.we  may  rearrange  the  relation  of  VR  and  R  and  write 

C  =  VR(dbuv)  +  40  log  j0  R(ft)  (V.  14a) 

=  M'  -  8.69  R  +  log1()  L2  (V.  14b) 

In  equation  (V.  14),  VR(dbuv)  is  the  receiver  load  voltage  expressed  in  db 
relative  to  1  microvolt,  R(ft)  is  the  separation  distance  R  in  feet  and  M'  is  a 
new  constant  which  includes  the  change  in  units.  Observed  values  of  C  are 
plotted  vs  R  on  a  linear  scale;  the  linear  portion  of  the  curve  observed  at 
larger  values  of  R  has  a  slope  which  yields  the  attenuation  constant  c<(as 
written  in  equation  (V.  14b)  the  quantity  R  is  in  nepers). 
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3.  Example  of  Measurements  and  Results 

a.  Location 

Depth  attenuation  measurements  have  been  made  in  various 
drill  holes  in  New  Hampshire  and  Cape  Cod  using  several  antenna  arrange¬ 
ments.  A  typical  measurement  was  that  made  in  a  1000 -foot  drill  hole  at 
the  Town  Dump  site  in  Brewster,  Massachusetts,  using  the  antenna  configura¬ 
tion  of  Figure  V.7.  The  cast  iron  casing  pipe,  about  7  5/8"  in  diameter,  ex¬ 
tends  downwards  464  feet  through  the  overburden  and  into  the  rock  where  it 
was  sealed.  The  drill  hole  diameter  in  the  rock  was  about  6".  Overburden 
thickness  was  433  feet  deduced  from  well  log  data.  The  rock  below  was 
fractured  granite  and  water  filled  the  hole  to  within  20  feet  of  the  surface. 

b.  Equipment 

The  antennas  employed  were  linear  insulated  wire  types. 

The  transmitting  dipole  was  made  of  #12  vinyl  insulated  wire  25  feet  long  for 
each  half-length.  The  output  ends  of  the  dipole  were  "short-circuited"  by 
axially  arranged  pieces  of  #12  bare  wire,  each  about  25  feet  long.  The  phase 
constant  of  the  current  distribution  for  the  insulated  antenna  is  small  com¬ 
pared  with  that  of  the  surrounding  medium  and  it  turns  out  that  the  condition 

|k  hj  <<  1  is  well  satisfied.  The  data  analysis  indicates  that  useful  separa- 

2 

tion  distances  R  should  exceed  250  feet  so  that  the  condition  (h^,/R)  «  1  is 
then  well  satisfied.  The  current  distribution  for  the  electrically  short,  short- 
circuited,  insulated  dipole  is  constant  along  its  length  (resembling  a  top- 
loaded  vertical  whip  antenna  in  air).  The  actual  impedance  of  the  dipole  used 
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was  not  measured  in  situ  but  measurements  on  similar  antennas  indicated  a 


low  inductive  impedance  of  about  30  to  35  ohms  at  150  kc. 

The  receiving  antenna  probe  was  a  short-circuited,  insulated 
monopole  25  feet  long  and  made  of  #12  wire  covered  with  polyethylene.  (RG- 
8/U  cable  stripped  of  outer  conductor  and  neoprene  jacket)  The  short-circuited 
output  electrode  was  again  25  feet  of  #12  bare  wire.  A  coaxial  cable,  about 
700  feet  of  RG-58/U,  was  used  to  connect  the  probe  to  the  receiver  on  the 
surface.  The  desired  large  metallic  ground  plane  was  not  practical.  As  a 
compromise  the  input  electrode  was  the  casing  pipe;  this  was  accomplished 
via  the  grounding  cage  near  the  monopole  input  point.  The  overburden  then 
acted  as  the  ground  plane  for  the  probe  antenna  immersed  in  the  rock. 

Two  views  of  an  experimental  encapsulated  transmitter'1'  are 
shown  in  the  photographs  of  Figure  V.  8..  The  assembled  device  is  about  4 
feet  long  and  the  tube  is  about  1  1/2"  in  diameter  in  order  to  be  accommodated 
in  the  smaller  diameter  drill  holes.  It  was  designed,  constructed  and  tested 
at  AFCRL  Communication  Sciences  Lab,  Transmission  Branch.  Watertight 
end  seals  were  attached  with  insulated  feed-through  connections  for  the  an¬ 
tennas.  An  insulating  oil  was  poured  into  the  tube  just  prior  to  use.  After 
an  initial  warm-up  period  of  about  half  an  hour,  antenna  current  drift  was 
negligible.  Battery  life  of  half  a  day  was  typical.  Output  constancy  was 
checked  by  remeasuring  received  signal  levels  at  the  same  transmitter  depths 
during  a  variable  depth  run. 

*  Earlier  versions  suitable  for  larger  diameter  drill  holes  were  designed  and 
used  by  G.  J.  Harmon. 
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The  encapsulated  transmitter  and  insulated  dipole  antenna 
were  supported  by  a  nylon  rope  which  was  calibrated  £or  measuring  trans¬ 
mitter  depth  from  the  surface.  The  receiver  coaxial  cable  was  similarly 
calibrated  so  that  the  separation  distance  R  could  be  determined. 

The  receiver  used  was  a  Stoddard  Field  Intensity  Meter, 
battery  operated,  and  calibrated  several  times  during  a  depth  run. 

The  transmitter  shown  in  the  photograph  of  Figure  V.  8  opera¬ 
ted  at  a  fundamental  frequency  of  about  150  kc.  Useful  signals  were  detected 
at  the  second  harmonic  over  the  full  depth  range  and  at  the  third  and  fourth 
harmonic  frequencies  for  smaller  values  of  R. 

c.  Data,  Analysis  and  Results 

The  first  measurements  cited  were  those  made  at  155  kc  in 
the  Brewster  hole.  The  receiver  probe  input  point  was  maintained  at  a  con¬ 
stant  depth  a  few  feet  below  the  bottom  of  the  casing.  The  depth  of  the  encap¬ 
sulated  transmitter  was -varied  and  values  of  receiver  voltage  observed  as 
a  function  of  transmitter  depth.  Constancy  of  transmitter  power  output  was 
checked  by  remeasuring  V-^  at  several  depths  during  a  run. 

r__ 


Values  of  the  quantity  (dbuv)  +  40  log  R(ft), 


in  equation 

(V.  14a)  were  determined  and  are  indicated  by  the  circled  points  plotted  in 
Figure  V.9.  The  curve  labeled  C,  the  sum  of  a  linear  and  an  exponential 
distance  dependence,  was  fitted  to  all  the  data.  Interest  is  confined  to  the 
linear  portion  where  the  slope  (-6.67  db/100  ft)  gives  the  observed  attenua¬ 
tion  constant 
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given  by 


where 


Using  the  relations  of  Section  II,  the  attenuation  constant  is 


°<”  =  ^3  g(p)  (nepers/meter) 


g(p)  = 


2  V? 

(1+  PZ)  2  -  1 


V, 


(V.  15) 


(V.  16) 


Let  °C  be  the  observed  attenuation  constant  in  db/ 100  ft.  Using  equation 


(V.  15) 


=  5.544  x  10"  f  ,/F”  g(p),  (db/ 100  ft)  (V.  17) 
1  kc  V  r 


where  f^c  is  the  frequency  of  observation  in  kc.  Rather  than  calculate  and 

plot  families  of  curves  of,  say,  vs  o~  with  6  as  a  parameter  for  a 

1  r 

given  f ,  it  is  useful  to  plot  implied  or  interconnected  values  of  cr  vs  £ ^ 
for  a  given  f^c  and  observed  &(.  .  Using  equation  (V.  16)  in  equation  (V.  17), 
the  interconnecting  relationship  between  O'  and  €,  which  must  combine  to 
give  the  observed  becomes 

=  B  x/S,  +  A2  (mhos/m)  (V.  18) 

where 


A 


. -  1.  804  x  10' 

V®T  =  —z 


o< 


kc 


(V.  19) 


B  =  A  =  2.  004  x  10 

o 
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1 
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and  where  is  in  db/  100  ft. 


The  value  of  <=»<^  is  6.  67  db/100  feet  in  Figure  V.  9  at  155  kc. 


The  interconnecting  values  of  o~  and  are  shown  plotted  in  Figure  V.  10 
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a  (I0~°  mho/m)  AND  LOSS  TANGENT  p 


on  the  curve  labeled  "cr  The  consequent  values  of  loss  tangent  calculated 

from  the  paired  values  of  cr  and  £  are  also  shown  plotted  on  the  curve  labeled 

r 

p  in  Figure  V.  10.  Note  that  the  o-  curve  is  not  to  be  interpreted  as  a  depend¬ 
ence  of  a-  on  for  the  rock;  the  curve  is  that  of  paired  values  of  cr-  and 
which  give  the  observed  value  of 

Referring  to  Figure  V.  10,  the  curve  of  o~  is  relatively  flat 

over  a  wide  range  of  values  of  £  .  From  other  measurements  typical  values 

r 

of  €,  may  vary  from  7  to  15;  over  this  range,  CT  increases  from  1.  10  to 

1.  16  millimhos/m  and  p  is  large  and  decreasing  from  18.2  to  9,  respectively. 

Thus,  CT  is  well  determined  from  . 

1 

Returning  to  Figure  V.  9,  the  curve  labeled  C  is  a  calculated 
•first  approximation  from  the  data  obtained  from  equation  (V.  14b).  For 
=  6.  67  db/100  ft  and  a  typical  value  of  €  -  9,  then  o~  =  1.  11  x  10  mhos/m 
and  p  =  14.  4.  To  evaluate  k  needed  in  the  evaluation  of  L  ,  the  quantity 
\j  1  -  i  p  =  2.  773  -  j  2.  587  as  determined  from  tabular  values  of  f(p)  and  g(p) 
mentioned  in  Appendix  A.  The  effect  of  the  constant  M'  in  equation  (V.  14)  is 
included  by  normalizing  the  calculated  values  to  the  value  at  R  =  400  feet  on 
the  smoothed  data  curve  C.  The  agreement  between  observed  (C)  and  calcu¬ 
lated  (C  j)  values  is  very  good  for  values  of  R  exceeding  300  feet.  For  " 

R  =  300  ft,  |  kR*|  =  11.4. 

A  second  set  of  data  to  be  cited  is  that  taken  from  measure¬ 
ments  in  the  drill  hole  on  Tubman  Road  in  Brewster,  at  314  kc.  The  dimen¬ 
sions  of  this  hole  are  given  in  Section  III.  The  resulting  data,  similar  to  the 
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plots  in  Figure  V.9,  are  shown  plotted  as  circled  points  in  Figure  V.  11.  The 
first  approximate  value  of  oC  was  estimated  in  this  case  by  drawing  a  straight 
line  through  the  points,  giving  =  4.03  db/ 100  feet.  The  interconnected 
values  of  CT  and  £.  for  this  value  are  shown  in  the  curve  of  Figure  V.  12 


labeled  "<7-"  for  the  value  the  corresponding  value  of  loss  tangent  is  shown 

in  the  curve  labeled  "p"  for  the  value  of  o(.  Note  that  here  the  values  of  p 

are  smaller  than  those  in  Figure  V.  10  so  that  ^  is  not  completely  dependent 

upon  or  .  For  assumed  typical  values  of  C  such  that  7  —  £L  -  16,  the  values 

r  r 

-4  -4 

of  o~  must  lie  in  the  range  2.  6  x  10  i  CS~  &  3.  5  x  10  and  2.  14  -  p  2T  1.  24. 

-4 

Taking  €  =  9  as  a  typical  value,  <3“  =  2.  82  x  10  and  p  =  1.  795  for  the  ob¬ 
served  first  approximate  value  oC  =  4.03  db/100  feet.  Then  the  curve  in 
Figure  V.  1 1  was  calculated,  normalized  to  the  observed  curve  at  R  =  500  feet. 
The  curve  departs  from  the  first  approximation  curve  through  the  data. 
Noting  the  departure  at  R  =  300  feet  was  0.75  db,  i.  e.  ,  the  slope  of  C ^  from 
R  =  300  to  500  was  too  great  by  0.7  5/2  =  .  38  db/' 100  ft,  the  second  approxi¬ 
mate  value  <5^  was  determined  to  be  -  0.38  =  3.67  db/100  ft.  The 

2  2  1 

process  was  repeated  in  Figure  V.  12  with  the  curves  labeled  ;  with  £ 

2  r 

_  4 

=  9,  <3~  =  2.  69  x  10  ,  p  =  1.713  for  the  estimated  e’C.  These  data  yielded 

the  curve  labeled  C  in  Figure  V.  11,  normalized  to  the  observed  value  at 

R  =  500  feet.  The  curve  is  a  much  better  fit  to  the  data  points,  particularly 

for  R  larger  than  250  feet.  Accordingly,  for  the  Tubman  hole  at  314  kc,  one 

has  for  an  assumed  range  of  £.  such  that  7  i  £  —  16 

r  r 
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Figure  Y.  11.  Typical  plot  of  C  vs  R.  C  =  40  log  R(ft)  +  V 
(dbuv).  Tubman  Road  site,  314  kc. 


2.  5  x  10"4<.<j-  ±  3.  3  x  10"4 
2.032  p  —  1 .  19 


4.  Discussion  of  Results 

The  depth  attenuation  method  yields  values  of  the  attenuation 
constant  (oC)  by  a  measurement  of  the  decay  of  received  signal  as  the  receiver- 
transmitter  antenna  separation  (R)  is  increased.  Analysis  is  simplified  if 
JkR|>-  1  for  the  scheme  illustrated  in  which  both  antennas  were  colinear  in¬ 
sulated  elements  (physically  and  electrically  short)  and  both  immersed  with¬ 
in  the  rock  being  measured.  In  such  case  the  axial  electric  field  amplitude 

-OCR 

varies  inversely  with  the  square  of  the  distance  R  and  exponentially  as  e 
When  the  loss  tangent  (p)  is  large  compared  with  unity,  the 
observed  value  of  <xr  yields  a  reasonably  well-defined  value  of  0~  .  When  p 
is  small,  c>C  depends  on  the  ratio  o~  /  sj€^ T  It  is  suggested  that  may  be 
obtained  from  a  knowledge  of  o C  if  <y  and  £  are  independent  of  frequency. 


r 

Thus,  one  obtains  an  estimate  of  0~  from  observed  at  a  low  frequency  where 

p  is  large.  A  new  value  of  is  observed  from  measurements  repeated  at  a 

much  higher  frequency  where  p  is  small.  The  higher  frequency  value  of  £5<’ 

would  then  yield  £.  upon  substituting  the  value  of  ©~  deduced  at  the  lower 
r 

frequency.  Homogeneous  media  are  assumed  in  the  analysis. 

For  the  scheme  illustrated  the  simplifying  assumption)  kR|>  1 
limits  the  lowest  frequency  for  useful  observations  in  holes  having  limited 
penetration  depths  into  the  rock.  For  rock  media  similar  to  that  for  Cape  Cod 
at  the  depths  investigated,  frequencies  higher  than  50  kc  should  be  employed. 
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A  complete  depth  run,  using  the  scheme  of  Figure  V.  ?  can  be 
made  Within  one  hour,  including  observations  at  20  ft  increments  in  depth  and 
frequent  calibration  rechecks. 

Measurements  have  been  made  using  other  variations  of  the 
scheme,  such  as  the  measurement  of  the  attenuation  with  depth  of  the  signals 
received  in  the  drill  hole  due  to  nearby  and  remote  sources.  The  use  of 
insulated  loop  source  antennas  and  receiving  probes  is  under  investigation. 

G.  Estimates  from  Antenna  Impedance  Measurements 

In  principle  it  was  thought  feasible  to  obtain  the  characteristics  of 
the  surrounding  medium  from  a  measurement  of  the  input  impedance  of  an¬ 
tennas  immersed  therein.  For  bare  antennas  the  agreement  of  theory  with 
experimental  data  using  media  of  known  electrical  constants  is  good,  as  dis¬ 
cussed  in  Section  IV  for  model  measurements  made  at  VHF;  However,  the 
data  we  have  obtained  with  bare  monopoles  on  full  scale  measurements  at 
VLF  have  not  been  completely  analyzed.  The  difficulty  is  that  the  input  imped¬ 
ance  of  the  monopole  antennas  has  a  comparable  component  due  to  the  loss  in 
the  ground  plane,  i.  e.  ,  the  overburden,  as  discussed  in  Section  IV. 

In  the  case  of  insulated  antennas,  the  input  quarter-wave  resonant 
frequency  may  be  used  to  estimate  the  propagation  constant  k^  of  the  dissi¬ 
pative  medium.  This  is  based  upon  the  theory  and  the  curves  in  Section  IV 
used  for  predicting  the  resonant  length  (h^)  and  showing  the  effect  of  conduc¬ 
tivity  <3^  on  the  values  of  that  length.  However,  those  curves  were  based 

upon  the  assumption  that  the  loss  tangent  was  large.  The  modification  when 
this  is  not  the  case  is  used  below. 
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Reviewing  the  theory  for  the  moment,  the  complex  phase  constant  k 

of  the  current  was  developed  in  Appendix  F  in  terms  of  the  radial  dimensions 

aj  (inner  conductor)  and  a^  (insulation)  and  the  complex  phase  constants  of 

the  insulation  and  k^  of  the  dissipative  medium.  Important  assumptions  are 

that  a^  and  a^  are  small  compared  with  the  wavelength  X  of  the  medium  and 

,,2.2 

that  J  k|  ■<<  tk^  .  With  k  =  ^3  ( 1  -  j  ),  it  was  shown  for  practical 

2  2 

antennas  that  oC  « .  Assuming  a  loss-less  insulation,  then  we  may  write 


k  In  {a2/aj)  .  /A 


A 


1  n 


X  2 

^  2  2 

In  —  =  P  ( V.  21) 

X  31 


in  which 


P31  "  ln  ~V  a, 


Ik3| 


(V.  22) 


where  ln'V  =  C  =  0.577  2  - =  Euler's  constant  and  ~Y  =  1.7810.  Using  the 

definitions  in  Section  IID  and  the  f(p^)  and  g(p^)  functions  of  Section  ,IIB  and 
Appendix  A,  then  one  has 

k3=  A- J  -3=  A,  -  A  X/CS3 


=  A  ■]%  [«p3> -•>  e(p3) 


and 


(V.  23) 


Ik3|  -  /o  s/^K|  =  A  <1+  P 32»1/4  <V'24> 

in  which  S^  =  \J^~-T~Py 

Input  quarter-wave  resonance  occurs  where 
(/gh)r=  TT/2  ,  Xr  =  4 h  (V.  25) 
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2  2 

and  when  ^  « ^6  this  condition  occurs  at  a  frequency  very  close  to  that 

for  which  the  input  reactance  is  zero.  Using  the  latter  to  determine  ^  in 

r 

equation  (V.  25),  one  may  write  equation  (V.  21)  as 


(SU=  Ci/ 


kc 


(V.  26) 


2 

where  (F^j)  is  the  value  of  equation  (V.  22)  at  the  observed  resonant  fre¬ 
quency  f^c  (in  kc)  and  C  ^  is  an  antenna  constant  given  by 


Cl  = 


^3  x  105 


4h 


£  In  a2 
r2 


(V.  27) 


in  which  £  is  the  relative  dielectric  constant  of  the  insulation  and  h  is  the 
r  2 

monopole  length  (in  meters). 

Finally,  after  substituting  equation  (V.  24)  in  equation  (V.  26)  and 
rearranging  terms,  one  has  the  relation 

1  2 


In  e 
r- 


(V.  28) 


—  —I 

where  is  a  constant  for  a  given  observed  resonant  frequency  f^c  and  dimen¬ 
sions  and  given  by 


-a, --9 


(V.  29) 


In  equation  (V.  29), 


C2=  ln 


3  x  10' 


iry  a 


(V.  30). 


1 


with  a^  measured  in  meters. 
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Rewriting  equation  (V.  28) 

*r,<l+P  bl‘2  =  C. 


one  has 


=  C 


(V.  31) 


(V.  32) 


where  is  the  conductivity  of  the  medium  (in  mhos/meter)  and  where 


C4  =  (In)"  (C3) 


(V.  33). 


Now  is  the  constant  calculated  from  the  measurements  and  we 

desire  to  know  and  <3Z  of  the  medium.  It  is  possible  to  determine  C5~ 

r3  3  3 

if  it  is  known  that  the  loss  tangent  p  is  large;  or  it  is  possible  to  determine 

3 

^  2 

6  if  the  loss  tangent  is  sufficiently  small  so  that  p  -<<  1.  The  analysis  is 
r3  3 

similar  to  that  encountered  in  the  depth  attenuation  method  discussed  in  Sub¬ 
section  VF.  However,  we  have  found  from  measurements'  yielding  resonant 

2  2 

frequencies  ffcc  in  the  VLF  range  that  the  constant  is  such  that  >>  £ 

for  all  reasonable  values  of  £■  whence  values  of  c3~  result  directly  from 

r3  3 

2 

equation  (V.  32);  the  relatively  large  value  of  is  another  way  of  indicating 
that  p^  is  large. 

The  results  of  two  sets  of  data  are  used  for  illustration.  The  first 
data  were  the  measurements  made  in  1961  in  Goffstown,  N.  H.  ,  the  site  de-. 
scribed  in  Section  IIIA.  The  antenna  was  an  insulated  monopole  of  the  RG-8/U 
type  so  that  =  2.  25,  a^  =  0.0408  in.  =  1.  036  mm,  and  In  a^/aj  =  1.  25. 
The  earlier  measurements  were  concerned  with  measurements  in  the  MF 
range  and  it  was  desired  to  have  an  antenna  quarter-wave  resonant  at  500  kc. 
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Using  the  prediction  curves  of  Figure  IV.  3  for  large  loss  tangent,  it  was 


estimated  that  a  resonant  length  of  123  ft.  would  be  required  based  upon  an 

•2 

estimated  =  5  x  10”  mhos/m.  The  impedance  data  are  plotted  in  Figure 
III.  19  and  reference  to  Figure  III.  19(a)  or  Figure  III.  19(c)  indicates  the  reso¬ 
nant  frequency  to  be  480  kc.  Using  these  data  and  calculating  the  various  con¬ 
stants  Cj,  C2>  and  C^,  the  value  of  worked  out  to  be  48.6.  The  question 

arises  as  to  the  value  of  €■  to  be  used.  Measurements  were  not  performed 

r  3 

on  rock  samples  at  Goffstown,  but  measurements  on  random  samples  of  rocks 

typical  of  the  area  and  which  were  water -soaked  (Section  VE)  gave  of  the 

order  of  9  to  15  for  which  (j~ ■ ,  using  equation  (V.  32),  works  out  to  be  1.  3  x 
-3  -3 

10  and  1.  2  x  10  mhos/m,  respectively.  These  values  are  much  larger 
than  the  conductivities  for  those  "random"  samples  shown  in  Figure  V.  4  but 
comparable  with  the  conductivity  measured  for  the  water  in  the  drill  hole.  The 
resulting  value  of  <3-^  will  vary  markedly  from  those  quoted  if  exceeds 

40. 


A  second  series  of  measurements  were  those  made  early  this  year 
at  Harwich,  Massachusetts,  the  site  being  described  in  Section  IIIA.  Again 
an  insulated  antenna  of  the  RG-8/U  type  was  desired.  It  was  desired  to  obtain 
quarter-wave  resonance  at  120  kc.  Using  the  prediction  curves  of  Figure  IV.  4 
for  large  loss  tangents,  it  was  estimated  that  a  length  of  475  feet  would  be 
required  assuming  of  approximately  10”  mhos/m.  The  resulting  imped¬ 
ance  data  are  plotted  on  the  curves  of  Figure  IV.  7  and  IV.  8.  Reference  to 
the  curves  for  the  open-circuit  termination  indicates  quarter-wave  resonance 
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occurred  very  close  to  120  kc.  The  value  of  C  works  out  to  be  189.0  which 

4 

z 

is  very  high  compared  with  plausible  values  of  £.  ,  i.  e.  ,  C.  >>  in 

r3  4  r3 

equation  (V.  32),  whence  =  1.  2  x  10  mhos/m  independent  of  £  .  Thus, 

3  3 

the  loss  tangent  must  be  large  and  Figure  IV.  4  applies.  Such  curves  imply 

that  accurate  knowledge  of  antenna  constants  and  f,  must  be  had  for  a  modest 

kc 

accuracy  in  the  estimate  of  a~  to  obtain.  An  error  of  +  0.  1  kc  in  the  value 

3 

of  resonant  frequency  near  120  kc  and  an  error  of  +  0.  5  feet  in  the  length  of 
the  antenna  near  475  feet  means  that  =  1.16+  0.  13  mhos/m,  approximately. 

H.  Estimates  from  Path  Transmission  Loss  Data  -  (1-Mile  Path, 

Cape  Cod) 

The  total  system  loss  equation  was  developed  in  Section  II  for  the 
total  power  loss  between  parallel  linear  radiators  having  the  same  equatorial 
plane.  Estimates  were  given  on  the  power  transferred  between  electrically 
short,  insulated  antenna  with  short-circuit  termination  with  a  known  input 
resistance,  based  on  theory  of  Appendices  E  and  F.  The  estimated  losses 
can  be  applied  to  propagation  in  a  rock  stratum  below  a  much  more  conduc¬ 
tive  overburden,  ideally  of  infinite  conductivity. 

The  curves  of  Section  II  for  the  case  of  the  6000-foot  transmission 
path  were  compared  with  the  measurements  made  on  a  similar  path  length 
between  the  drill  hole  at  the  Brewster  Dump  and  that  at  Tubman  Road,  de¬ 
scribed  in  Section  VI. 

The  measured  total  system  loss,  allowing  for  mismatch  losses,  is 
slightly  larger  than  the  theoretical  curve  for  CJ""="  10  mhos/m,  but  the 
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shape  of  the  curve,  i.  e,  ,  measured  loss  vs  frequency  agrees  very  well  with 
the  theoretical  curve  for  that  value.  This  value  is  only  about  3  to  4  times 
larger  than  that  deduced  from  surface  resistivity  measurements  for  the  mid¬ 
portion  of  the  path  for  analysis  (see  Section  VC).  In  view  of  the  distortion  in 
the  profiles  of  apparent  conductivity  discussed  in  Section  VC,  one  concludes 
such  distortion  is  due  to  local  irregularities,  and  these  were  noted  near  both 
drill  holes.  The  effect  of  large  but  finite  values  on  conductivity  of  overburden 
have  not  yet  been  taken  into  account  in  our  analysis,  but  will  be  done  when 
better  estimates  of  overburden  conductivity  are  available.  The  lower  the 
overburden  conductivity  value  the  more  the  effect  on  resulting  transmission 
loss  and  hence  on  the  estimate  of  C  of  the  rock  medium.  The  resulting  value 
is  interpreted  as  a  gross  average  conductivity  of  the  rock  for  the  transmission 
path  for  vertical  polarization,  and  for  a  conductivity  contrast  which  is  very 
large. 

I.  Proposed.  Methods  Using  Loops 

1.  Loops  for  Surface  Resistivity  Measurements 

74 

About  ten  years  ago,  Wait  developed  expressions  for  the 
electromagnetic  fields  from  an  insulated  loop  located  on  the  boundary  (plane) 
of  two  semi-infinite  homogeneous  dissipative  media.  In  cylindrical  coordi¬ 
nates  ( p  ,  0,  z)  at  points  along  the  boundary  (z  =  0)  the  magnetic  field  has  no 
0-component  and  the  electric  field  has  only  a  0-component.  We  extend  the 
results  where  the  upper  medium  (medium  1)  is  air  and  the  lower  medium 
(medium  2)  is  the  ground.  At  a  radial  distance  p  along  the  ground  a  second 
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loop  is  located,  at  which  the  magnetic  field  z-component  is  H  given  by 

z 


Hz  = 


I„  N  A 
T  T  T 


i___ - -  [a  C V  p )  -  B  {  V 

2ir(vi  -  y2  y  *-  y  h  t 


(V.  34) 


where  the  transmitting  loop  (electrically  small)  has  turns  and  area  A^, 

and  carries  a  current  I  ,  and  A  and  B  are  functions  to  be  described.  In 

I  ri  n 

equation  (  V.  34) 


2  2 

v  =  -  co 

n 


M  £  +  j  Cu)  U  k~  =  -  CJ  U  6  (1- j  P  ).  (n=  1,  2) 

/  n  ''n  /n  yn  rn  ^n  n 

(V.  35) 


where  n  =  1  designates  the  air  and  n  =  2  the  ground.  In  equation  (V.  35)  we 
have  and  being  the  permeability  and  dielectric  constant  and  the 
conductivity  of  medium  n.  The  loss  tangent  p^  is 


<Tn  _  60  (T^t  A{ 


Pn= 


(V.  36) 


n 


where  £  =  C.  £  and  &  is  the  relative  dielectric  constant  of  medium 


Ln 


Ln 


n,  and  is  the  free-space  wavelength.  In  what  follows,  we  assume  non- 

-7 

magnetic  media  ( ^  =  1)  so  that  JU.  -  -  j[/t  =  4  it  x  10  h/m  and 

£■  ~  10  ^/367r  f/m. 
o 


We 


assume  (air)  =  0  =  p^,  and  that  the  ground  has  constants  at 


the  frequency  of  measurements  that  lead  to  a  large  loss  tangent  p^.  Then 


vi2  ■  -  “  A  «0  *  -  X  * ' (2 

y2  -  i  cr > 


(V.  37) 
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7  7 

In  equation  (V.  34)  the  quantity  y  -  y  becomes  -j  <US Lc  <5—  approximately 

1  2  /o  2 

where  60  A.  >■>  1  which  is  usually  the  case  of  interest.  Then  equation 
(V.  34)  can  be  written 


IT  N_  A 
.  T  t  T 


Hz  =  j 


2  irco> 


%  CTz  f 


ah(V  -Bh(V 


(V.  38) 


Under  the  same  assumptions,  the  electric  field  is  in  the  plane  of  separation 


(z  =  0)  and  given  by 

itn^a 


E*~ 


T  T 


27r 


be<v2.^-ae(Vi^) 


(V.  39) 


isf 

The  Ait  and  BTT  functions  for  the  magnetic  field  and  the  A_  and  functions 
H  H  “  E  E 

for  the  electric  field  are  of  the  form 

<*H  <V  =  (9  +  9xn+4  yxn3)e  Xn 


«E  tV  =  <3  +  3  xn  +  xn  >  6  ^ 


(V.  40) 


where 


Xn  ** 


Vn  n=  1,  2  (V.  41) 

At  a  distance  ^3  along  the  boundary  we  may  place  a  second  loop 
whose  plane  is  parallel  to  the  boundary  and  responsive  only  to  Hz  for  inducing 
an  open-circuit  voltage  V^.  Or  we  may  place  an  electrically  short  horizontal 

i 


i 

wire  perpendicular  to  the  direction  of  propagation  and 


responsive  to  E^. 


For  a  secondary  consisting  of  a  small  loop  of  area  A^  and  turns  N^, 


he  open-circuit  voltage  is  V^,  and 
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A.„  H 


(V.  42) 


VR=-ja//oNR"R--Z 

with  Hz  given  by  equation  (V.  38),  The  mutual  impedance  between  the  loops 
is  Zm  given  by 


R 


m 


N2  A2 
217  <5 


f 


-  Bh(Vo/7) 
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assuming  identical  loops  with  N  =  N  =  N  and  A  =  A  =  A. 

T  R  T  R 


In  what  follows  it  is  assumed  that 


A, 


/&  p< It  i •  e .  ,  /)  <  — ~  say 
4  ° '  .  (  2  TT 

/0  _£  =  10  /'f  where  f  is  the  frequency  in  kc  and  is  the  distance 

(  km  —  30  kc  kc  (  km 

in  kilometers.  The  evaluation  of  )  depends  upon  the  ratio  ^>1 \  = 

^S>/2TT  ^  and  s implications  result  when  this  ratio  is  small  and  when  it  is 
large.  Otherwise,  it  must  be  calculated  using  equation  (V.  40), 


a. 


£>  «2ir  7r 

At  very  short  distances  compared  with  the  skin  depth  t 


where 


15.  92 


L//t 

f  o 


4 


meters 
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£kc  °~2 


and  expanding  the  square  brackets  out  to  terms  including  ,  it  can  be  shown 
that  the  mutual  impedance  is 


Z  =  0  +  j  X  =0  +  javM 
m  J  m 


M 


-A  n2a2 


(V.  45) 
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i.e.  ,  the  impedance  is  purely  inductive  where  the  mutual  inductance  M  does 

-3 

not  depend  on  and  varies  as  ^ 
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b. 

At  these  larger  distances,  the  term  becomes 

negligible  compared  with  A  (  V.  p)  because  of  the  (exponential  damping  in 


Hl 'in¬ 
equation  (V.  40).  Under  these  conditions,  it  can  be  shown  that  the  mutual  imped 


ance  is  purely  resistive  and  the  mutual  resistance  R  is  given  by 

m 


R  = 
m 


2  2 
9  IT  A 


2^  <r; 
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and  the  conductivity  is  given  by 


_  (3  N  A) 

2  '  1  -rr ■  r,  '“i  5 
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Let  Irj,  =  1.0  amp.  We  assume  a  detector  capable  of  determining  the  open- 
circuit  voltage  VR  and  for  illustration  assume  that  the  minimum  detectable 
signal  voltage  is  1  microvolt.  Then  Rmt6.  10^  ohms.  As  an  illustration, 
consider  two  identical  500  turn  loops  each  having  a  diameter  of  3  m  (^v  10  ft). 
With  the  assumed  limitation  on  maximum  value  of  Rm  =  1  megohm,  then  the 


detectable  conductivity  is  limited  by 


Cn,  —  1.8  x  10  ^  mhos/m 


(V.  48) 


and  the  upper  bound  on  measuring  varies  inversely  as  the  fifth  power  of 


distance. 


For  these  assumptions  we  may  bracket  the  detectable  range 


of  C~2  as 


6.8 


<W 


(millimhos/m)  = 

Vkm* 


(V.  49) 
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or  the  restriction  on  the  distance  may  be  stated  as 


0.  10 


(V.  40) 


These  expressions  are  the  limits  resulting  from  the  assumptions 
of  identical  loops  and  distances  small  compared  with  the  free-space  wave¬ 
length  but  large  compared  with  the  skin-depth  of  the  ground. 

The  method  can  be  used  for  measuring  the  apparent  conductivity 

{ y  of  a  horizontally  stratified  ground  where  cr  above  becomes  q—  .  Tech- 
a  Z  a. 

niques  for  obtaining  overburden  and  rock  conductivities  for  a  two-layer  or 
three-layer  model  were  discussed  in  Section  VB. 

Loops  have  the  advantage  over  horizontal  dipoles  in  portability 
and  freedom  from  struggles  with  stringing  out  horizontal  wires  through 
brambles,  brush,  ponds  and  the  like.  Loop  impedances  are  relatively  less 
affected  by  ground  electrode  resistance  compared  with  horizontal  dipoles. 

Both  loops  in  the  horizontal  plane  and  horizontal  electric  dipoles  will  be  less 
affected  by  atmospheric  noise  than  loops  in  the  vertical  plane  or  vertical 
electric  dipoles  because  atmospheric  noise  is  predominantly  vertically  polar¬ 
ized.  Distance  limits  imposed  by  signal-to-noise  ratios  require  further 
study.  Actual  sizes  of  loops  and  number  of  turns  will  also  be  dictated  by 
circuit  considerations  of  impedance  as  a  load  on  a  transmitter  and  the  receiver 
antenna  impedance  vs  its  detector  impedance. 

2.  Impedance  of  a  Single  Loop  in  a  Dissipative  Medium 

The  impedance  of  a  loop  inside  an  insulating  cavity  immersed  in 
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a  dissipative  medium  will  depend  upon  the  constants  of  the  medium  under 

certain  conditions.  The  problem  is  similar  to  that  encountered  in  shielded 

coils  in  calculating  the  effect  of  the  metallic  shield  can  upon  the  impedance 

of  the  coil  in  air  insulation  inside  the  can.  If  the  coil  dimensions  are  small 

compared  with  those  of  the  shield  can,  the  coil  impedance  will  not  be  affected 

greatly  by  the  presence  of  the  can  and  will  be  approximately  its  value  in  air. 

If  the  coil  dimensions  are  near  those  of  the  shield,  the  coil  impedance  will 

be  influenced  markedly  the  presence  of  the  can  and  its  electrical  properties. 

78 

Recently,  Wait  has  analyzed  the  impedance  of  loop  of  radius  b 

inside  an  insulating  spherical  cavity  of  radius  a  immersed  in  a  homogeneous, 

isotropic  dissipative  medium  with  electrical  constants  0~ ,  ,  and^22  .  Let 

A-Z  represent  the  change  in  the  impedance  of  the  coil  so  immersed  from  the 

impedance  Zq  in  air.  Since  b—  a,  then  Wait's  expressions  for  a  non-magnetic 

-7 

medium  (  ^  =  jLL  -  4tt  x  10'  h/m)  may  be  written 

2 

Az=  Ar  +  j  Ax  =  (^ANS)  (cs-+  e  )  ohms  (v.4i) 

67T  a  °  r 

2 

where  S  =  TT  b  is  the  area  of  the  loop,  N  the  number  of  turns,  and  a  and  b 

are  given  in  meters.  All  other  quantities  being  the  same,  then  Az  varies 

4 

as  b  /a.  Setting  b  =  a,  then  equation  (V.  41)  can  be  expressed  as 


AR  =  5.  349  x  10'4  (b.  )3  f  2  N2  CT  ,  ohms 

m  me 


(V.  42a) 


Ax  =  ~  ,  ohms 


(V.  42b) 
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in  which  b'n  is  the  loop  radius  in  inches,  is  the  frequency  in  me,  cr  1S 


the  conductivity  in  mhos/m,  and  p  is  the  loss  tangent  p 


18  x  10 3  Q~ 
fmc  €r 


If  we  desire  to  use  Az  to  determine  the  constants  n~  and  £ 

r 

according  to  equations  (V.41)  or  (V.42),  the  question  arises  as  to  the  sensi¬ 
tivity  of  the  method,  i.  e.  ,  as  to  the  magnitude  of  the  ratios  AR/Rq  and  Ax/Xq 
where  Rq  +  j  XQ  =  ZQ  is  the  loop  impedance  in  air.  In  particular,  it  is  desired 
to  determine  Az  for  an  insulated  loop  immersed  in  a  drill  hole  into  the  rock 
basement.  In  such  a  case,  the  cavity  diameter  must  be  less  than  the  drill 
hole  diameter,  and  a  typical  cavity  (or  maximum  loop)  diameter  might  be  5". 
For  expected  values  of  CT",  inspection  of  equation  (V.  42a)  indicates  that  the 
measurement  must  be  accomplished  at  frequencies  in  the  HF  region  to  give 
detectable  values  of  A&  for  nominal  values  of  c  .  This  is  illustrated  in  the 
sample  calculations  below  using  somewhat  idealized  assumptions.  Limits  are 
imposed  on  the  minimum  or  detectable  change  Az  by  the  measuring  technique. 
Let  us  assume  that  the  change  Af^  or  0.  1  ohm  is  detectable  if  Rq  is  20  ohms 

or  less,  but  that  if  RQ  exceeds  20  ohms  then  the  detectable  change  Arm  = 

-3 

5  x  10  Rq.  An  estimate  of  RQ  may  be  obtained  from  the  coil-  reactance 
XQ  =  &/L  and  the  Q  of  the  coil.  For  simplicity  let  us  assume  that  Q  is  inde¬ 
pendent  of  coil  constants  and  frequency  and  that  the  coil  inductance  L  is  the 
low  frequency  value  Lq.  Further,  the  coil  (spherical)  is  assumed  to  occupy 
such  a  small  segment  of  the  sphere  that  its  inductance  is  close  to  that  for  a 
thin,  single-layer  solenoid.  In  such  case  LQ  =  FN  (2  b^n)  x  10"  henry  where 
F  is  a  function  of  the  ratio  of  coil  diameter  to  coil  length  (Nagaoka  formula). 
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For  diameter -to-length  ratios  of  20  to  100,  F  approaches  0.  1  and  Lq  =  2  N 

_7 

b^n  x  10  henry.  Then 


Ro  = 


oj-l 


6s  Liq  »  1.  25  fmc  N 


in 


(V.  43) 


Q 


Q 


To  further  typify  the  calculations  for  a  loop  in  a  drill  hole,  let 

2b  =  5"  and  Q  =  250.  Then  if  RQ  =  20  ohms, 

f  N2  =  1600  (V.  44) 

me 

The  conditions  on  AR  may  then  be  written 

R„<20  ohms,  f  N2  ^  1600,  A  R'  =  8.  36  x  10'3  f  ‘ 2  N2  =0.1 
o  me  me  u  m 

(V.  45a) 

‘ml  NVm=12-0  <V-45b» 

R„2  20  ohms,  £  N2*  1600,  4^— =  0.67  £  g-  =  5  x  10”3 

°  me  R  mo  w  m 

(V.  46a) 

f  r  a-  =  7.5xl0‘ 3  (V.  46b) 

me  m 

where  is  the  minimum  observable  value  of  the  conductivity  G~. 

’“’m 

If  the  observing  frequency  is  16  me,  then  a  10-turn  coil  will  have  Rq=  20  ohms 
according  to  equations  (V.  43)  and  (V.  44).  The  minimum  value  oftf-which 
could  then  be  measured  is  4.7  x  10*"^  mhos/meter,  according  to  equations 
(V.  45b)  or  (V.46b).  At  this  frequency,  increasing  N  does  not  help  in  detect¬ 
ing  lower  values  of  <y~  because  equation  (V.  46b)  is  independent  of  N.  The  only 
way  to  detect  a  lower  value  of  O-  would  be  to  use  higher  frequencies.  Under 
the  assumed  limiting  conditions  for  AR'  and  AR"  *n  equations  (V.  45)  and  (V.  46), 


respectively,  it  appears  that  equation  (V,  46b)  represents  the  best  that  can  be 

done  for  detecting  as  low  a  value  of  CP  as  possible. 

Imposing  limiting  conditions  on  A  X  similar  to  those  for  Ar 

yields  expressions  for  minimum  detectable  values  of  £,  ,  called  £  .  Then 

r  r 

m 


=  s,  10‘3=  4*1  ro  = 

W  R  x~~ 


p"  0 


Ar' 


(  V.  47a) 


p”  = 


1  _  18xlOJ  <P 


m 


Q 


(V.  47b) 


•  m 


where  p"  is  the  maximum  allowable  loss  tangent.  With  equation  (V.  46b)  and 


Q~  250,  then 
2 


f  e  =  135  Q  =  3.  375  x  10 

me  rm 


(V.  47c) 


To  detect  £  =9,  then  f  -2T  6l.  2. 
r  me 


To  summarize  sample  calculations,  let  us  assume  the  measuring 

frequency  to  be  64  me,  a  5-inch  diameter  coil  with  5  turns  and  Q=  250.  Then 

Rq.  =  20  ohms  and  XQ  =  5000  ohms.  Suppose  the  change  AR  was  such  that 

CT  =  10  mhos/m,  i.  e.  ,  A R  =  0.  86  ohm  which  should  be  detectable  since 

Ar"  =  o.  i  ohm.  The  loss  tangent  would  then  be  0.  028/  £  .  If  the  measured 

r 

change  A^  were  such  that  €_  =  9,  i.  e.  ,  if  A^  =  27.  4  ohms,  such  a  value  is 

_  3 

detectable  because  AX"  =  5  x  10  x  5000  =  25  ohms. 

In  practice,  our  idealized  assumptions  would  be  changed  if  the 
measuring  apparatus  required  different  detection  sensitivities  for  Ar  and 
Ax  from  those  assumed  a.nd  if  the  coil  Q  differed  from  250  at  the  measuring 
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frequency.  It  appears  that  use  of  the  scheme  in  drill  holes  is  limited  to  meas¬ 
urements  at  HF  to  obtain  values  of  Q”  and  to  the  lower  VHF  frequencies  to 
obtain  both  o-  and  £■  .  In  mine  shafts  or  tunnels  where  much  larger  diameter 
coils  may  be  employed,  then  the  measurements  may  be  made  at  much  lower 
frequencies;  this  is  because  the  change  A Z  is  proportional  to  the  cube  of 
coil  radius,  in  accordance  with  equation  (V.42). 

Somewhat  parenthetically,  when  using  coils  in  drill  holes  for 
other  purposes  at  VLF,  the  change  should  be  negligible  compared  with 
the  impedance  ZQ  in  air  provided,  of  course,  that  the  insulated  coil  is  im¬ 
mersed  in  a  homogeneous  medium.  If  we  let  k  and  k  be  the  complex  phase 
constants  of  the  insulating  region  within  the  cavity  and  of  the  dissipative  region 
exterior  to  the  cavity,  respectively,  then  the  equivalent  dipole  moment  of  the 
coil  in  the  cavity  is  approximately  the  same  as  the  dipole  moment  in  air, 
when  the  cavity  radius  is  so  small  that  |k^aj<<l  and  |k-,a|«  1.  The  cavity 
then  has  little  or  no  effect  on  external  fields.  Such  conditions  are  readily 
achievable  in  practice.  The  power  then  radiated  by  the  loop,  i.e.  ,  the  power 
transferred  across  the  surface  of  the  cavity  to  be  dissipated  in  the  surrounding 
medium^  is 

P  =  I2  AR  ( V.  48) 

where  I  is  the  rms  current  flowing  in  the  (small)  loop  and  AR  is  given  by 
equation  (V.  41)  or  by  equation  (V.  42a)  when  b  =  a.  Such  relations  would  be 
useful  when  employing  loops  instead  of  linear  dipoles  for  transmission  experi¬ 
ments  in  deep  strata. 
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3.  Loops  for  Depth  Attenuation  Methods 

For  the  depth  attenuation  method  described  in  Section  VF,  the 
linear  antennas  would  be  replaced  by  small  insulated  loops.  Consider  the 
transmitting  loop  (near  or  around  the  encapsulated  transmitter)  to  be  arranged 
to  lie  in  a  horizontal  plane  at  a  distance  R  below  a  coaxial  receiving  loop  which 
is  located  just  below  the  overburden  and  connected  to  the  receiver  on  the  sur¬ 
face  by  a  balanced,  shielded-pair ,  transmission  line.  The  receiving  loop 
voltage,  i.  e.  ,  the  magnitude  of  the  mutual  impedance  between  the  loops,  will 
be  proportional  to  the  axial  component  of  the  magnetic  field  of  the  transmitting 
loop.  If  |kR|  is  sufficiently  large,  the  variation  of  the  received  voltage  with  * 

distance  will  yield  the  attenuation  constant  oC of  the  medium  just  like  that 
when  end-fire  electric  dipoles  were  used.  The  loops  would  afford  more  accu¬ 
rate  measurement  of  the  separation  distance  R,  and  conceivably  could  give 
greater  sensitivity  when  the  induced  voltages  in  the  receiving  loop  due  to  ex¬ 
ternal  noise  (atmospheric  noise  attenuated  by  the  overburden)  are  smaller. 
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Section  VI.  TRANSMISSION  PATH  TESTS 


A.  Introduction 

Some  earlier  transmission  tests  were  performed  between  antennas 
immersed  in  drill  holes  at  Goffstown,  New  Hampshire,  and  Bedford,  New 
Hampshire.  The  overburden  was  so  thin  (5  to  30  feet)  that  questions  arose 
as  to  whether  signals  received  at  LF  were  transmitted  via  the  direct  path  in 
the  rock  or  via  the  up -over -and -down  mode  (Section  IB).  The  preliminary 
tests  included  a  phase  comparison  technique.  Initial  conclusions  were  that 
a  significant  component  was  transmitted  through  the  air.  Further  tests  were 
most  desirable  but  efforts  were  transferred  to  the  Cape  Cod  test  sites  which 
were  then  becoming  available. 

Attempts  were  made  to  transmit  signals  between  antennas  immersed 
deep  in  the  three  drill  holes  on  Cape  Cod,  located  on  the  map  of  Figure  III.  2. 

The  first  two  holes  were  drilled  at  Harwich  and  at  the  Brewster  Town 
Dump  (referred  hereafter  as  the  Brewster  site).  Transmission  tests  between 
antennas  deep  in  the  two  holes  (3.8  miles  apart)  were  unsuccessful  in  that 
signals  were  not  detected  at  Harwich  from  100  to  300  watt  transmitters 
located  at  Brewster,  at  any  frequency  from  1  to  150  kc.  Antennas  employed 
were  475  feet  insulated  types  of  the  RG-8/U  variety  with  open-  or  short-circuit 
terminations.  For  frequencies  below  10  kc,  a  Hewlett-Packard  30 2 A  wave 
analyzer  was  employed  as  a  receiver,  and  at  higher  frequencies  a  Hammar- 
lund  SP-600  VLF  receiver  was  used.  The  tests  were  attempted  when  pre¬ 
liminary  values  of  rock  conductivity  (from  samples  for  each  hole)  seemed  to 
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be  lower  than  10"^  mhos/m.  Subsequent  tests  indicated  higher  values  of  con¬ 
ductivity  (Section  V).  Theoretically  the  average  rock  conductivity  over  the 
whole  path  must  be  lower  than  10'^  mhos/m  in  order  to  detect  a  signal  readily, 
for  the  transmitter  power  and  antennas  and  distances  employed  (see  Section  II, 
Figures  II,  19  and  II.  20). 

When  the  third  drill  hole  at  the  Tubman  Road  Site  became  available,  it 
was  possible  to  attempt  tests  on  other  path  lengths.  Time  did  not  permit  tests 
between  Tubman  and  Harwich  drill  holes.  Some  preliminary  tests  were  con¬ 
ducted  with  successful  transmissions  between  antennas  in  the  Brewster  and 
Tubman  drill  holes  with  signals  being  readily  detected  at  frequencies  up  to 
10  kc.  These  tests  are  described  below,  in  Subsection  VID. 

B.  Azimuthal  Patterns  on  the  Surface  Due  to  Transmissions  from 
Antenna  in  Drill  Hole  -  Surface  Field  Intensities 

1,  150  kc  Azimuthal  Patterns  at  Several  Ranges 

Some  abnormal  behavior  with  range  and  azimuth  was  observed 
in  the  field  intensity  measurements  of  the  field  in  air  at  the  surface  due  to 
signals  being  transmitted  from  an  antenna  immersed  in  the  Brewster  drill 
hole.  It  was  decided  to  investigate  the  phenomena  further  to  ascertain  the 
extent  of  anisotropic  effects  radially  and  azimuthally  in  the  surface  field 
intensity. 

Measurements  were  made  at  150  kc  using  the  output  of  the  GRN-6 
beacon  transmitter  fed  through  1000  feet  of  IG-8/U  coaxial  line  to  an  insula¬ 
ted  monopole  475  feet  long  (RG-8/U  type)  which  was  terminated  in  a  "short 
circuit"  consisting  of  50  feet  of  #12  wire.  The  ground  cage  was  used  and  the 
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monopole  input  point  was  just  below  and  within  one  foot  of  the  end  of  the  casing 
pipe  464  feet  down.  The  field  intensity  meter  was  a  Stoddard  NM-10A,  bat¬ 
tery  operated.  Antennas  in  air  consisted  of  the  6"  loop  or  1  meter  whip. 

Data  was  obtained  for  field  intensity  receiver  voltage  as  a  func¬ 
tion  of  azimuthal  bearing  about  the  casing,  for  each  of  three  radii  R  =  50,  100, 
and  200  feet  measured  from  the  pipe.  Since  relative  data  were  desired,  re¬ 
ceiver  voltages  were  read  in  db  above  1  microvolt,  but  were  not  converted  to 
field  intensities.  Receiver  voltages  were  noted  when  using  the  loop  and  also 
when  using  the  whip  antenna  in  three  positions.  The  plane  of  the  loop  was 

* 

vertical  and  oriented  for  maximum  voltage;  the  voltage  was  recorded  as  was 
the  orientation  of  the  plane  of  the  loop  relative  to  the  vertical  plane  containing 
the  hole  and  observing  point.  For  the  1  meter  whip  antenna,  voltages  were 
noted  when  the  whip  was  vertical  and  when  it  was  horizontal  and  about  1  foot 
above  the  ground  for  two  orientations,  one  aimed  at  the  hole  (axial  or  end- 
fire  component)  and  the  other  when  the  whip  was  transverse  to  the  direction 
to  the  hole  (normal  or  broadside  component). 

The  observations  are  plotted  on  polar  coordinate  paper  in 
Figures  VI.  1  through  VI.  5.  The  magnetic  bearings  were  converted  to  approxi¬ 
mate  true  bearings  by  assuming  the  16°  W  declination  indicated  on  1940  CGS 
maps,  plus  a  compass  error.  The  relative  bearing  plotted  is  the  approximate 
true  bearing,  with  the  Tubman  Road  site  indicated  at  a  true  bearing  of  76.  5° 
from  the  Brewster  drill  hole. 
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Figure  VI.  2.  Orientation  of  plane  of  vertical  loop  for  maximum  surface  sig¬ 
nal  vs  azimuth  due  to  field  from  vertical  radiator  deep  in 
drill  hole.  Brewster,  150  kc. 
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The  first  two  plots  refer  to  the  measurements  with  the  loop  an¬ 
tenna.  In  Figure  VI.  1,  the  maximum  loop  voltages  are  plotted  as  a  function 
of  azimuth  for  each  of  the  three  radial  distances.  Note  that  the  voltages  are 
plotted  on  a  decibel  scale  0  to  40  db  >  1  microvolt.  The  patterns  show  skew¬ 
ness  and  some  anomalies.  There  appears  to  be  a  certain  "bulging"  to  the 
south,  and  a  "notching"  in  the  general  direction  of  Tubman.  Further  at  some 
azimuths,  loop  voltages  are  greater  for  the  larger  ranges.  The  anomalies 
are  further  compounded  by  reference  to  the  loop  orientation  plots  of  Figure 
VI.  2  which  attempts  to  depict  by  arrows,  on  circles  of  radii  proportional  to 
R,  the  orientation  of  the  plane  of  the  loop  for  the  maximum  voltages  observed 
and  plotted  in  the  previous  figure.  Note  that  the  plane  of  the  loop  for  maximum 
voltage  is  often  at  large  angles  with  respect  to  the  vertical  plane  through  the 
pipe  and  hole  containing  the  antenna.  The  "depolarization"  is  most  severe 
in  the  easterly  quadrants  but  begins  to  disappear  at  the  larger  ranges. 

Some  but  not  all  of  the  anomalous  pattern  and  range  behavior  of 
the  loop  is  clarified  by  reference  to  the  patterns  taken  with  the  whip  antenna. 
Thus  Figure  VI.  3  depicts  the  azimuthal  patterns  for  the  vertical  electric  field 
voltage  as  read  when  the  whip  antenna  was  vertical.  (Note  that  the  voltage 
plotted  radially  on  a  db  scale  runs  from  10  to  50  db  >  1  microvolt  only  be¬ 
cause  the  induced  voltage  was  larger  for  the  whip  than  for  the  loop.)  The 
vertical  electric  field  patterns  "bulge"  to  the  south  and  the  "notching"  towards 
the  general  direction  of  Tubman  appears  at  the  larger  ranges.  The  anomalous 
range  behavior  noted  for  the  loop  voltages  is  not  as  severe  for  the  vertical 
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whip  voltages,  although  some  appears  to  the  northeast  and  northwest. 

Reference  is  now  made  to  the  next  two  figures  which  depict  the 
relative  horizontal  electric  field  patterns.  The  voltages  are  plotted  on  the 
same  decibel  scale  as  for  the  relative  electric  field  in  the  previous  figure; 
however,  the  "effective  length"  of  the  horizontal  whip  was  not  known  so  inter¬ 
comparison  of  horizontal  and  electric  field  intensities  cannot  be  made.  The 
patterns  for  the  axial  component  of  the  relative  horizontal  field  are  shown  in 
Figure  VI.  4  and  those  for  the  broadside  component  are  shown  in  Figure  VI.  5. 
The  relative  fields  in  these  two  cases  may  be  intercompared  since  the  effective 
length,  although  unknown,  remained  the  same.  The  axial  component  is  se¬ 
verely  scalloped  in  the  southeast  where  there  is  also  a  severe  range  reversal. 
Notching  occurs  in  the  general  direction  of  Tubman.  The  normal  component 
pattern  bulges  to  the  southwest  and  there  is  severe  notching  in  the  pattern  at 
the  lar  est  range. 

The  relative  values  of  axial  and  broadside  components  of  the 
horizontal  field  (voltages)  can  be  used  to  explain  some  of  the  loop  orientation 
observations,  but  only  when  one  is  much  larger  than  the  other.  For  most 
azimuths,  at  R=  200  ft,  the  broadside  horizontal  component  is  much  weaker 
than  the  axial  component;  for  example,  at  a  SE  bearing,  it  is  about  25  db 
weaker  than  the  horizontal  axial  component.  Hence,  the  electric  field  in  air 
must  lie  in  the  vertical  plane,  through  the  observer  and  the  casing,  and  the 
plane  of  the  loop  should  be  directed  towards  the  hole,  as  is  seen  in  Figure 
VI.  2.  More  generally,  however,  one  must  know  the  relative  phases  as  well 
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as  amplitudes  of  all  three  electric  field  components  to  make  closei  correla¬ 
tion  with  loop  bearings.  The  phenomena  is  like  that  encountered  for  loop 
bearing  errors  at  HF  due  to  ionospheric  reflections  and  rotation  of  the  plane 
of  polarization, the  so-called  "night  effect.  " 

2.  Measurements  of  Vertical  Electric  Field  on  the  Surface 
at  ELF  and  VLF  Close  to  Brewster  Hole 

When  it  was  realized  that  path  propagation  tests  must  be  con¬ 
ducted  at  frequencies  in  the  ELF  rather  than  in  the  VLF  spectrum,  further 
measurements  of  surface  field  intensities  at  VLF  ceased  and  efforts  were 
concentrated  on  obtaining  ELF  data.  On  the  day  (6/20/62)  and  just  prior  to 
the  first  successful  path  transmissions  to  be  described,  surface  field  inten¬ 
sities  were  measured  at  various  ranges  from  the  Brewster  drill  hole,  at 
0.  5  to  50  kc. 

For  such  frequencies,  the  only  receiver  available  was  a  Hewlett 
Packard  302A  wave  analyzer  (see  Section  HID).  The  device  has  an  input 
impedance  of  about  100,000  ohms,  and  the  most  sensitive  scale  is  30  micro¬ 
volts  full-scale  on  which  we  could  detect  a  reading  of  1/4  microvolt  on  the 
meter.  The  bandwidth  was  about  6  cps. 

A  6-foot  whip  (used  with  the  Stoddard  NM-10A)  was  used  as  a 
vertical  antenna,  and  a  short  coaxial  cable  was  used  to  connect  the  antenna 
with  its  coaxial  fitting  to  the  terminals  of  the  analyzer.  The  ground  terminal 
was  connected  to  a  3'  ground  stake  for  all  readings. 

Realizing  some  of  the  azimuthal  and  range  anomalies  observed 
in  the  vertical  field  at  150  kc  might  occur  at  lower  frequencies,  a  radial  run 
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along  the  same  bearing  was  made,  the  voltages  vs  frequency  at  each  of  several 
ranges  being  observed.  The  radial  chosen  was  roughly  NE  of  the  drill  hole, 
and  several  ranges  27'  to  7  50'  were  chosen  across  the  rather  rat-inhabited 
dump.  At  the  extreme  range  of  750'  the  azimuth  was  changed  to  ENE,  approxi¬ 
mately  the  direction  of  the  Tubman  site,  in  order  to  observe  any  azimuthal 
anomaly  at  such  range. 

The  resulting  wave  analyzer  voltages  are  shown  plotted  in 
Figure  VI.  6.  The  solid  curves  pertain  to  the  NE  radial  and  the  dashed  one 
the  ENE  radial  towards  Tubman.  The  transmitting  antenna  was  the  475'  in¬ 
sulated  monopole  with  short-circuit  termination  used  before,  but  the  trans¬ 
mitter  was  the  high  power  audio  amplifier.  The  line  current  was  maintained 
as  close  to  1  ampere  a£  possible,  and  observed  voltages  were  normalized  fo 
this  value.  Except  for  possibly  small  feeder  attenuation  at  these  frequencies, 
the  line  current  is  close  to  the  monopole  input  current. 

The  values  of  receiver  voltage  denoted  by  V  and  plotted  in 

R 

Figure  VI.  6  show  two  important  effects  which  were  evaluated  more  closely 
later.  First,  there  was  a  distinct  range  anomaly  in  that  values  of  V  at  100' 

XV. 

were  lower  than  those  at  210’  and  300'.  Second,  values  of  V  showed  an 

R 

optimum  at  about  15  kc.  By  repeated  measurements,  the  range  anomaly  at 
100'  could  not  be  reproduced  in  measurements  at  a  later  date,  and  discussed 
below.  We  must  attribute  these  first  observations  to  an  experimental  error 
or  in  poor  "grounding"  of  the  ground  stake  at  the  time.  The  "optimum  values" 
of.  VR  were  not  observed  in  the  hole-to-hole  measurements  to  be  described. 
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Figure  VI.  6.  Surface  vertical  field  intensity  in  air  due  to  transmissions 

from  hole  antenna.  Wave  analyzer  voltage  VR  at  ELF  and 
LF  vs  frequency  at  several  ranges  R  and  bearings.  Brewster 
Town  Dump  site  (6/20/62).  HP  302A  wave  analyzer  with  6' 
vertical  whip  and  grounded  with  3'  ground  stake. 


In  spite  of  the  high  impedance  of  the  wave  analyzer,  it  was  then  realized  that 
the  antenna  capacitative  reactance  might  be  much  larger.  In  the  hole-to-hole 
tests  using  the  wave  analyzer  as  the  receiver,  the  receiver  antenna  imped¬ 
ance  is  very  much  smaller  than  the  wave  analyzer  impedance,  and  in  such 
case  V„  ,  read  on  the  wave  analyzer,  is  a  better  approximation  to  the  open- 
circuit  antenna  voltage  V(OC)  than  it  is  for  the  6-foot  whip.  A  correction 

factor  for  the  whip  antenna  C  =  V(OC)/V  was  derived  by  measuring  the 

V  R 

antenna  capacitance  C^,  the  antenna  connecting  cable  capacitance  and 

the  input  admittance  of  the  wave  analyzer,  Y  was  about  30  ^yif,  the 

cable  C^_,  was  about  10  jijif,  and  the  wave  analyzer  conductance  and  shunt 
capacitance  were  about  9  micromhos  and  65  yy if,  respectively.  The  resistance- 
capacitance  divider  "network"  then  yielded  values  of  C^.  which  were  quite  fre¬ 
quency  sensitive  at  the  lower  frequencies.  The  desired  open-circuit  antenna 
voltage  is  then  V(OC)  =  Cv  V  . 

Measurements  were  repeated,  in  which  the  100'  range  anomaly 
aforementioned  disappeared,  and  the  corrected  values  of  V(OC)  are  shown  in 
Figure  VI.  7  for  three  ranges  R  =  50,  100,  and  210  feet,  along  the  NE  radial, 
shown  as  solid  lines.  Also  included  are  the  values  of  V(OC)  obtained  from 

in  the  previous  figure  for  the  range  R  =  750'  in  a  direction  towards  Tubma 
Assuming  we  have  properly  corrected  V_  to  obtain  V(OC)  and  that  the  effec- 
tive  length  of  the  6 -foot  whip  is  about  1  meter,  the  values  of  V(OC)  in  db  above 
1  microvolt  will  be  the  same  as  the  field  intensities  in  db  above  1  microvolt/ 


meter. 


VI- 14 


Note  the  slow  frequency  dependence  of  V(OC)  and  the  small  in¬ 
crease  in  the  slope  of  the  curves  at  the  greater  ranges.  This  is  contrast 
with  the  very  much  greater  slope  of  V(OC)  vs  frequency  observed  in  the  hole- 
to-hole  tests  to  be  described. 

During  the  later  observations  recorded  in  Figure  VI.  7,  the 
noise  voltages  were  observed.  The  average  values  of  V^  for  noise  decreased 
from  about  0.  5  microvolts  at  0.  5  kc  to  about  0.  25  microvolts  at  7  kc,  in¬ 
creasing  slightly  at  10  kc  and  then  felloff  to  about  0.  1  microvolt  at  50  kc; 
peaks  of  noise  to  2  to  3  microvolts  occurred  at  various  frequencies  through¬ 
out.  Some  of  the  very  low  frequency  values  may  be  attributed  to  internal 
noise  of  the  wave  analyzer. 

The  observed  values  of  were  not  affected  by  changing  shield¬ 
ing  arrangements  at  the  transmitter  (opening  the  screen  room  door,  removing 
shield  can  around  feeder  at  casing  pipe,  interchanging  leads  on  the  screen 
room  filter,  etc.  ).  This  must  mean  that  leakage  fields  of  the  transmitter 
proper  are  small.  Measured  screen  room  attenuations  exceeded  40  db  at  1  kc 
and  76  db  at  50  kc,  respectively. 

3.  Effect  of  Transmitter  .Antenna  Depth  on  Surface  Field 
Intensity 

The  transmitting  antenna  was  changed  to  be  very  short  electri¬ 
cally  and  so  that  its  depth  might  be  varied  while  observing  the  effect  on  the 
vertical  electric  field  in  air  near  the  surface.  The  transmitting  antenna  was 
a  50-foot  insulated  antenna  (RG-8/U  type)  with  a  short-circuit  termination 
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consisting  of  a  50-foot  length  of  #12  buss  wire.  We  denote  by  D  the  depth  of 


the  monopole  input  point  where  it  is  joined  to  the  coaxial  feeder  (RG-8/U 
cable)  inner  conductor  and  waterproofed.  (D  =  464'  corresponds  to  the  depth 
of  the  bottom  of  the  casing  pipe. )  The  surface  field  was  observed  at  the 
"R  =  210',  NE"  point  used  previously.  At  each  of  several  depths  readings  of 
V^  with  the  6 -foot  whip  were  made  as  a  function  of  frequency  1  to  50  kc. 

Resulting  values  of  V_  are  plotted  vs  depth  D  in  Figure  VI.  8 
for  frequencies  of  10  and  50  kc.  Certain  detailed  features  need  further  in¬ 
vestigation  but  gross  results  are  useful.  The  values  of  line  input  current  a.nd 

voltage  were  noted,  and  the  values  of  V  were  normalized  to  a  constant  line 

R 

current  of  1  ampere.  (It  was  noted  that  line  voltages  changed  with  depth 
indicating  an  effective  antenna  impedance  variation  with  depth,  needing  further 
study. )  It  is  noted  that  V_  increases  by  about  15  to  20  db  as  depth  D  is  de- 
creased,  depending  on  frequency.  Further  when  the  antenna  plus  short  cir¬ 
cuit  was  completely  inside  the  pipe,  no  voltage  VR  could  be  observed  above 
0.  1  microvolt.  This  must  mean  that  the  antenna,  when  below  the  pipe, must 
be  the  source  of  V  observed  within  a  large  factor  of  50  to  60  db.  Further, 
the  lack  of  an  observed  signal  when  the  antenna  is  completely  within  the  pipe 
means  that  leakage  of  the  transmitter  proper  within  the  screen  room  must  be 
very  small. 


Regarding  the  "plateau"  for  V^  for  depths  exceeding  D=  464'  by 
distances  up  to  150',  this  may  mean  that  the  lower  conductivity  rock  may  not 
commence  until  depths  beyond  600'  are  encountered,  at  this  particular  drill 
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hole.  The  phenomenon  may  also  be  related  to  the  effect  of  the  finite  length 
(150')  of  "input  braid  electrode".  It  would  be  useful  to  reduce  the  amount  of 
exposed  braid  on  the  feeder  to  50';  when  D  then  exceeds  514  feet,  the  antenna 
behaves  as  a  probe  with  electrodes  at  input  and  output  and  insulated.  The 
behavior  of  the  feeder  at  ELF  needs  examination  for  depth  variation  tests. 

The  curves  might  be  used  to  infer  the  contribution  to  a  received 
signal  in  hole-to-hole  propagation  by  the  up -over -and -down  mode.  This  sup¬ 
poses  that  the  field  at  the  surface  observing  point  closely  approximates  that 
of  the  ground  wave  portion  of  the  already  launched  up-and-over  component. 
Thus,  if  the  field  should  decrease  by  15  db  with  depth  at  the  transmitter  and 
similarly  at  the  receiver,  then  the  potential  up -over -and -down  mode  contri¬ 
bution  should  decrease  with  depth  (simultaneously)  of  both  transmitting  and 
receiving  antenna  by  30  db  (see  reference  40  and  Appendix  C). 

4.  Vertical  Electric  Field  Intensity  for  Greater  Ranges  at 
ELF  and  VLF 

( 

Ten  differenct  sites  were  chosen  to  compare  measurements  of 
the  vertical  electric  field  intensity,  in  particular  to  explore  the  anomalous 
behavior  in  that  no  field  was  observed  on  the  surface  close  to  the  receiving 
van  at  Tubman  when  signals  were  received  on  the  antenna  in  that  drill  hole, 
and  further  that  there  was  some  evidence  of  anomalous  azimuthal  variation 
at  shorter  ranges.  The  sites  are  identified  by  the  symbol  "T-n"  where  n  is 
a  digit  running  from  0  to  9  to  identify  the  site,  somewhat  randomly.  They  are 
described  below. 
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There  were  two  sites  at  range  R  =  750'  at  two  different  bearings, 
referred  to  in  Figure  VI.  6.  These  are 


Site  ff 

Range 
(ft. ) 

Bearing 

(true) 

Description 

T-9 

750 

NE 

Edge  of  Town  Dump 

T-8 

750 

76° 

In  woods  towards  Tubman 

There  were  next  a  group  of  sites  along  Great  Field  Road  at  ranges  2100- 

2400  feet  and  different  bearings.  These  are 

T-6 

2400 

31.  5° 

Edge  of  road,  100  yds  from 
junction  with  Setucket  Rd. ; 
low  voltage  power  line  50 
feet  away  toward  transmit¬ 
ting  hole. 

T-4 

2300 

51° 

Edge  of  road 

T-2 

2100 

89° 

Edge  of  road,  near  cran¬ 
berry  bog  towards  hole 

T-3 

2400 

119° 

Off  road,  about  200  yds  away 
from  high  voltage  distribu¬ 
tion  line 

Finally  there  were 

four  sites  at 

ranges  4900  to  6100  feet.  These  are 

T-l 

4900 

76° 

On  Tubman  property,  near 
Tubman  home 

T-5 

6100 

28.  5° 

Off  road,  north  of  School 
H>use  Pond,  a  few  hundred 
yds  south  of  intersection 
with  Lower  Road,  adjacent 
to  abandoned  cranberry  bog 

T-0 

6000 

-j 

O' 

o 

At  receiver  van  off  Tubman 
Road,  about  40  feet  south  of 
the  van 
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Site  # 

Range 

Bearing 

Description 

(ft.) 

(true) 

T-7 

6000 

76° 

Near  van,  but  about  200  yds 
north,  adjacent  to  stone  wall 
on  edge  of  property,  low  power 
lines  about  20  feet  to  the  north. 

For  the  surface  ranges  R  exceeding  2000  feet,  it  was  decided 

to  use  a  taller  antenna  than  the  6 -foot  whip  used  previously  in  anticipation  of 

improved  signal-to-noise  voltages  observed.  For  this  purpose,  a  portable 

33'  whip  with  telescoping  sections  was  used.  This  created  another  calibration 

problem  similar  to  that  encountered  with  the  6-foot  whip,  which  had  to  be 

solved  in  order  to  obtain  the  equivalent  open-circuit  induced  voltage  from 

which  to  obtain  the  field  intensity.  A  simple  expedient  of  comparing  V  read 

by  the  analyzer  when  using  the  33-foot  antenna  with  that  when  using  the  6-foot 

whip  at  the  same  location  (site  T-9)  yielded  a  "height  correction  factor  Ch” 

where  (33  foot)/V^  (6  foot).  This  result  gave  varying  from  18.  5 

to  20  db.  If  were  simply  proportional  to  height,  would  be  expected  to 

be  about  15  db.  But  as  measured  should  include  any  changes  in  antenna 

capacitance  so  that  one  might  use  the  "voltage  correction  factor  C^1'  used 

previously  for  the  6-foot  whip.  Normalizing  the  values  of  V  measured  with 

33-foot  whip  to  those  that  might  have  been  observed  with  a  6-foot  whip  yields 

the  final  correction  factor  Cl  =  C../C,  to  be  applied.  If  the  values  of  V_  are 

V  V  h  R 

expressed  in  db  >  l^iv,  the  equivalent  open-circuit  voltage  V(OC)  for  a  6-foot 
whip  becomes  simply  V'(OC)^  =  +  .  Assuming  the  effective 
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height  of  a  6-foot  whip  is  1  meter,  then  the  values  of  field  intensity  E  in 
db  >  1  yuv/m  are  the  same  as  V'(OC)  in  db  >  lyuv. 

The  resulting  values  of  E  so  normalized  at  those  sites  where 
there  were  observable  values  of  V  are  shown  in  Figure  VI.  9  with  E  in 
db  > yiv/m  plotted  vs  frequency  for  each  of  5  sites.  Values  for  the  two  sites 
at  R  =  750*  (T-9  and  T-8),  based  on  data  from  Figure  VI.  6,  are  included  for 
comparison.  (It  was  the  different  azimuthal  behavior  in  these  curves,  plus 
the  results  at  shorter  ranges  discussed  previously,  which  led  to  the  explora¬ 
tory  measurements  at  greater  ranges  discussed  here. ) 

To  illustrate  the  interesting  behavior  with  range  and  azimuth, 
the  curves  are  arranged  in  two  groups,  roughly  according  to  bearing.  The 
solid  curves  are  for  three  different  ranges  roughly  at  bearings  NE  to  NNE. 

In  particular,  there  is  noted  a  strong  field  at  6100  feet  at  28.5°  bearing  (T-5) 
in  contrast  with  no  observable  signals  V  on  the  33-foot  antenna  at  sites  at 

XV 

and  close  to  the  van*  (sites  T-0,  T-l,  T-7).  The  dashed  curves  are  for  sites 
generally  easterly  and  towards  Tubman  (T-8,  T-2,  and  T-3).  There  gener¬ 
ally  appears  to  be  a  measurable  field  towards  the  NNE-NE  at  greater  ranges 
up  to  6100  feet,  whereas  at  sites  toward  Tubman,  the  field  could  be  observed 
only  at  ranges  up  to  2100  feet.  - —  -  — 

The  presence  of  the  field  to  the  NNE  at  large  distances  and  its 
absence  at  Tubman  Road  is  not  understood,  but  may  be  attributable  in  part  to 

*  A  minor  exception  occurred  at  site  T-7  near  a  power  line  where  V^  (signal 
plus  noise)  was  0.8  db  above  noise  (10  microvolts),  at  2  kc  but  at  no  other 
frequencies  0.  3  and  20  kc. 
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Figure  VI.  9.  Vertical  electric  intensity  on  surface  due  to  transmissions 
from  vertical  dipole  in  drill  hole  vs  frequency  at  several 
test  sites. 


the  irregularities  in  the  overburden  alluded  to  in  the  surface  resistivity  meas¬ 
urements  (Section  V).  Smith  Pond,  located  near  and  just  north  of  the  paths 
to  sites  T-6  and  T-5  might  be  an  important  irregularity  in  this  sense.  Power 
line  re-radiation  may  be  a  factor  but  there  were  sites  quite  close  to  low  and 
high  voltage  lines  where  the  field  was  weak  (T-3,  T-2)  or  unobservable  (T-l, 
T-7).  It  is  possibly  happen-stance  that  the  field  on  the  surface  at  the  van 
(T-0)  was  unobservable  compared  with  that  at  the  antenna  in  the  hole  for  this 
would  indicate  the  lack  of  a  potential  up -over -and -down  mode  contribution  in 
the  latter. 

C.  Noise  -  60  cps  Interference 

While  making  signal  level  measurements  on  an  antenna  in  the  Tubman 
hole  due  to  transmissions  from  an  antenna  in  the  Brewster  hole,  it  was  often 
necessary  to  vary  the  transmitted  frequency  to  avoid  large  interfering  signals 
and  noise.  This  was  the  case  when  measuring  signals  in  the  air,  and  signal 
detection  was  the  more  difficult  at  frequencies  below  10  kc. 

Where  feasible,  noise  levels  at  the  time  of  a  measurement  were  noted, 
but  the  character  of  the  noise  was  not  always  that  expected  of  atmospheric 
noise.  It  was  while  listening  to  the  transmissions  with  a  wideband  audio  am¬ 
plifier  plus  tuned  filter  that  60  cps  interference  was  suspected  (Section  VID). 
Measurements  were  then  made  of  the  60  cps  voltages  and  its  numerous  har¬ 
monics  up  to  the  order  of  3  kc,  on  antennas  in  the  holes  at  both  sites. 

At  the  Brewster  site,  the  antenna  was  475  feet  long,  of  polyethylene 
covered  #12  wire  (RG-8/U  type)  with  a  50 -foot  short-circuit  termination  of 
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#12  wire.  The  receiver  was  the  Hewlett-Packard  30 2A  wave  analyzer.  The 
analyzer  was  switched  to  battery  operation.  It  made  no  essential  difference 
in  the  readings  whether  the  AC  main  switch  was  closed  or  not.  However,  it 
was  necessary  to  shut  off  the  auxiliary  AC  generator  outside  the  van  at  the 
Tubman  site  to  obtain  useful  data  at  some  frequencies,  but  essentially  there 
was  little  difference  in  those  readings  above  a  few  microvolts  whether  that 

generator  was  =on  or  off. 

I 

The  resulting  receiver  voltages  are  shown  in  Figure  VI.  10.  The 
60  cps  harmonic  voltages  are  indicated  by  dots  and  those  at  Tubman  by  small 
triangles.  For  comparison  the  received  signal  voltages  at  Tubman  are  indi¬ 
cated  by  circled  points,  for  two  different  receiver  antenna  lengths  (h),  obtained 
at  the  end  of  this  measurement  phase.  Parameters  pertinent  to  the  measure¬ 
ments  are  indicated  on  the  figure. 

The  results  indicate  the  difficulty  in  ascribing  on  "atmospheric  noise 
level"  to  that  indicated  when  the  frequency  is  close  to  the  60  cps  harmonics. 

The  amplitudes  generally  fall  off  with  increasing  frequency,  the  first  few  odd 
harmonics  being  stronger  than  the  even  harmonics.  There  was  an  enhance¬ 
ment  noted  near  3  kc  at  Tubman. 

It  is  not  believed  that  the  observed  voltages  are  due  to  internal  gener¬ 
ation  in  the  receiving  instrument  due  to  overload.  It  is  believed  rather  that 
the  observed  voltages  are  due  to  the  fields  generated  by  nearby  power  lines, 
particularly  a  high  voltage  transmission  line  1/2  to  1  mile  to  the  south  of  the 
area.  Some  of  the  voltages  observed  may  be  due  to  the  effects  of  rotating 
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machinery  or  other  devices  connected  to  the  distribution  system  in  the  neigh¬ 
borhood. 

The  observations  do  point  up  the  difficulty  to  be  encountered  with  re¬ 
ceiving  modulated  signals  over  a  wide  bandwidth  and  indicate  that  care  must 
be  taken  in  the  design  of  a  communication  system  application  involving  rock 
propagation.  The  overburden  must  be  a  much  better  shield  against  such  fields 
than  that  encountered  in  Brewster,  assuming  that  the  propagation  mechanism 
for  these  interfering  fields  is  that  of  leakage  through  the  overburden  of  a 
ground  wave  propagated  mode.  Other  modes  are  possible  depending  upon  how 

4 

they  are  excited  at  the  source  of  interference. 

D.  Signal  Transmission  Tests  on  1-Mile  Path  (Cape  Cod) 

1.  Description 

As  mentioned  in  Section  VIA,  successful  transmissions  were 
accomplished  on  the  1.  1-mile  path  between  antennas  in  the  drill  holes  at  the 
Brewster  Town  Dump  and  on  Tubman  Road.  Various  insulated  antennas,  prin¬ 
cipally  of  the  RG-8/U  type,  were  employed  with  open-  or  short-circuit  ter¬ 
minations.  The  transmitter  was  the  high  power  (100  to  300  watts)  audio 
amplifier  driven  by  an  external  oscillator  which  controlled  the  frequency. 

The  receiver  was  the  wave  analyzer,  Hewlett-Packard  302A.  Input  line  volt¬ 
age  or  current  at  the  transmitter  was  maintained  constant,  there  being  but  a 
small  line  input  impedance  change  over  the  frequency  range. 

2.  First  Tests 

Following  the  surface  field  intensity  measurements  up  to  750-ft 
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ranges  near  and  around  the  Brewster  site  described  in  Section  VIB,  tests  were 
commenced  the  evening  of  June  20,  1962.  The  receiving  antenna  at  Tubman 
was  an  insulated  wire  but  with  vinyl  insulation,  312  ft.  long,  and  having  a 
short-circuit  termination  made  of  #12  wire.  The  monopole  input  depth  was 
held  constant  at  410  ft,  flush  with  the  casing.  The  transmitting  antenna  at 
Brewster  was  the  475',  RG-8/U  type  insulated  antenna  with  short  circuit  used 
previously  and  the  transmitting  monopole  input  depth  was  maintained  constant 
at  464  ft,  flush  with  the  casing. 

The  received  voltages  are  plotted  vs  frequency  in  Figure  VI.  11. 
The  scale  of  the  curves  for  plotting  the  data  was  chosen  to  be  similar  to  that 
for  the  surface  field  intensity  curves  in  Section  VIB  for  easier  visual  compari¬ 
son.  The  solid  curves  were  values  of  Vw  read  on  the  wave  analyzer.  The 
impedance  of  the  antenna  (short-circuit  termination)  was  of  the  order  of  100 
ohms  with  a  slight  inductive  component.  The  feedline  being  electrically  short 
and  the  impedance  of  the  wave  analyzer  being  much  higher  than  that  of  the 
antenna,  then  VD  closely  approximates  V(OC)  since  there  are  small  line  atten- 

XV 

uation  and  mismatch  effects. 

The  dashed  curves  are  values  of  V  when  the  receiving  antenna 

R 

was  terminated  in  an  open  circuit.  The  reduction  in  observed  voltages  are 
believed  to  be  due  to  the  reduced  "effective  length"  and  the  effect  of  antenna 
mismatch;  time  did  not  permit  measurement  and  analysis  of  these  effects. 

Note  that  the  curves  have  apparently  much  greater  slopes  than 

those  for  the  surface  field  intensity  along  the  path  to  Tubman  discussed  in 
Section  VIB. 
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Figure  VI.  11.  Signal  voltages  received  on  Tubman  drill  hole  antenna  from 
transmissions  on  antenna  in  Brewster  drill  hole.  R  =  1.  ] 
mile  6/20/62. 


3.  Effect  of  Receiving  Antenna  Depth 

It  was  noted  that  increasing  the  receiving  antenna  depth  increased 
the  values  of  V-^  when  using  the.  312-foot  insulated  antenna  with  short-circuit 
termination.  It  was  also  noted  that  when  the  insulated  portion  was  entirely 
in  the  pipe  leaving  the  bare  wire  "short-circuit"  exposed,  then  the  previously 
received  signal  disappeared  into  the  noise  at  all  frequencies.  This  indicated 
in  a  qualitative  fashion  that  the  "modified  power  gain  G,  "  discussed  in  Sections 
IIF,  IVB,  and  Appendix  F  for  the  bare  wire  must  be  much  less  than  that  for 
the  insulated  antenna,  perhaps  by  as  much  as  30  db  or  so  at  frequencies  near 
1  kc. 

The  effect  of  receiving  antenna  depth  was  explored  a  bit  further 
with  a  shorter  insulated  monopole  of  123  ft  length,  with  a  short-circuit  ter¬ 
mination.  Let  D  be  the  depth  to  the  input  of  the  insulated  antenna.  The  volt¬ 
ages  Vj^  for  D  =  410  feet  were  about  5  db  weaker  than  those  for  a  greater 
depth  of  D  =  631  feet  (221  feet  below  the  casing)  at  frequencies  from  0.  5  to 
4  kc.  At  the  greater  depth,  signals  were  still  being  readily  detected  at  levels 
(4  microvolts)  above  noise  (1  microvolt)  as  frequency  extended  byond  5  kc. 

The  depth  range  was  limited  by  the  feeder  (RG-58/U  cable)  length.  The  re¬ 
sults  are  shown  plotted  in  Figure  VI.  12.  The  remarks  on  p.  VI- 19  concerning 
the  effect  of  "input  braid  electrode"  on  Figure  VI.  8  apply  here  at  ELF  as  well. 

4.  Effect  of  Receiving  Antenna  Length 

Insulated  receiving  monopoles  of  different  lengths  were  used, 

with  short-circuit  termination.  The  resulting  receiver  voltages  V  are 

K. 

shown  plotted  on  an  expanded  frequency  scale  on  the  curves  of  Figure  VI.  13. 
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Figure  VI.  13  Comparison  of  signal  voltages  received  at  Tubman  Road  with 
various  antennas  from  transmissions  at  town  dump  site, 
Brewster. 


VR  is  generally  larger  for  greater  lengths  h  of  the  receiving  antenna.  The 
input  depth  was  flush  with  the  casing  at  410  feet. 

5.  Field  Intensities  in  the  Rock  vs  Some  Surface  Field  Intensities 
It  was  not  possible  to  compare  values  of  (or  field  intensities) 
for  V-^  to  an  antenna  in  the  hole  with  those  at  the  surface  at  the  receiving  site 
simply  because  the  latter  could  not  be  observed  on  a  vertical  whip  (Section 
VIB)  nor  on  a  length  (123  feet)  of  insulated  wire  laid  on  the  ground  aimed  to¬ 
wards  the  transmitter. 

If  one  assumes  the  values  of  V  closely  approximate  the  open- 

R 

■# 

circuit  induced  voltages  V(OC)  in  the  electrically  short  receiving  antenna  and 
that  the  effective  length  is  the  actual  length  h^  of  the  insulated  antenna  (short- 
circuit  termination),  then  the  field  along  the  antenna  is  E  =  V(OC)/h  ,  if  E 
is  constant  along  the  antenna.  Values  of  E  so  deduced  are  shown  plotted  in 
Figure  VI.  14  vs  frequency  for  two  antenna  lengths  121  and  475  feet.  There 
is  a  difference  where  there  should  be  agreement  if  the  field  E  is  constant  with 
depth.  The  voltage  V(OC)  is  actually  proportional  to  the  integrated  value  of 
E  along  its  length.  If  E  increases  with  depth  near  the  overburden  (Section 
VID  and  also  theoretical  discussion  in  Appendix  C),  then  the  effective  length 
is  not  simply  h^  unless  the  antennas  are  remote  from  the  overburden.  Another 
way  of  viewing  the  result  is  that  the  effective  length  is  less  than  h^  for  antennas 
near  the  overburden,  which  would  tend  to  bring  the  two  curves  nearer  to 
agreement.  The  remarks  apply  to  a  rock  medium  which  is  homogeneous  with 
depth.  The  local  irregularity  in  conductivity  with  depth,  Figure  VI.  13,  may 
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Figure  VI.  14.  Comparison  of  "field  intensity"  E  at  antenna  in  drill  hole  (with 
range  R  =  6000  ft)  with  field  intensity  on  surface  along  the 
path  at  shorter  range  (R  =  750  ft). 
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be  important  and  its  effect  should  be  examined  further. 

Finally,  the  surface  field  intensity  at  site  T-8  (R  =  750  feet, 
bearing  76°)  is  shown  for  comparison.  Note  the  vast  change  in  the  slopes 
of  the  two  curves.  Again  the  values  of  E  for  site  T-8  are  not  vastly  different 
from  those  for  site  T-5  (R  =  6100  feet,  bearing  31.  5°)  at  a  range  which  is 
approximately  that  to  Tubman,  albeit,  at  a  more  northerly  bearing.  That  is, 
the  slope  of  E  on  the  surface  vs  frequency  at  great  range  is  vastly  different 
from  that  in  the  hole. 

The  evidence  at  hand  indicates  that  the  observed  field  intensities 
measured  in  the  hole  are  due  principally  to  propagation  in  the  rock  below  the 
overburden,  and  not  due  to  the  up -over -and -down  mode.  This  is  based  upon 

— -  The  signals  were  detected  in  the  hole,  but  not  at 
the  surface  close  by; 

- The  signals  in  the  hole  increased  with  increasing 

antenna  depth; 

-  The  variation  with  frequency  of  E  at  the  antenna  in 

the  hole  is  much  greater  than  that  observed  at  shorter 
ranges  along  the  path  (where  they  could  be  observed) 
and  at  comparable  ranges  somewhat  more  to  the  north 
and  away  from  the  direct  path. 

It  is  considered  necessary  to  employ  other  techniques  to  supplement  the 
evidence.  It  would  be  useful  to  use  reference  phase  techniques,  to  use  a 
longer  antenna  in  air  and  to  use  ground  radials  at  the  receiver  for  further  dis¬ 
tinction  of  the  two  modes.  It  is  considered  necessary  to  conduct  further  tests 
on  depth  variation  effects  on  received  field  by  varying  the  depths  of  both  an¬ 
tennas  once  the  feedline  and  probe  problems  are  solved. 
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6.  Preliminary  Modulation  Tests 

In  a  very  preliminary  fashion,  attempts  were  made  to  detect  an 
amplitude -modulated  signal.  The  transmitter,  operated  near  10  kc,  was 
keyed  and  the  received  signal  was  recorded  on  magnetic  tape.  The  wave 
analyzer  was  connected  to  the  output  of  the  Super  Pro  receiver  with  BFO  on. 
The  character  of  the  audible  beat  note  out  of  the  wave  analyzer  for  nominal 
keying  speeds  {code  wheel  of  GRN-6  used)  was  as  expected  in  that  the  signals 
had  a  "ringing”  sound  due  to  the  narrow  bandwidth  of  the  analyzer.  A  tunable 
filter  was  of  wider  bandwidth  was  then  employed  and  improved  audio  results 
when  noise  levels  at  the  receiver  were  sufficiently  low. 

Amplified  speech  transmissions  were  attempted  with  a  wideband 
audio  amplifier  plus  tuned  filter  used  as  the  "receiver.  "  Results  were  un¬ 
successful  due  to  the  higher  noise  figure  of  the  "receiver"  and  the  presence 
of  60  cps  harmonics. 

A  tone  modulated  carrier  was  tried  with  some  success.  The 
carrier  was  5  kc  and  it  was  modulated  with  a  1000  cps  tone.  The  lower  side- 
and  was  detected  with  the  wave  analyzer  but  not  the  upper.  This  is  in  accord 
with  the  steep  slope  of  received  voltage  vs  frequency.  The  implication  is  that 
single  sideband  systems  might  be  employed  to  advantage  for  Deep  Strata 
Communications.  Consideration  should  be  given  to  use  of  some  "pre-emphasis 
plus  de-emphasis"  scheme  to  overcome  the  "filter"  characteristic  of  the 
propagation  medium. 
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Section  VII.  DISCUSSION,  CONCLUSIONS  AND  RECOMMENDATIONS 

A.  Propagation  Models 

We  have  used  a  simple  model  of  an  overburden  above  a  semi-infinite 
rock  stratum,  with  antennas  immersed  in  the  latter,  to  explain  certain  propa¬ 
gation  effects  observed  on  waves  propagated  between  the  antennas.  This  has 
been  useful  in  connection  with  short  range  tests.  The  model  points  up  the 
desirability  of  a  thick,  highly  conducting  overburden  to  shield  the  receiver 
from  external  atmospheric  noise,  when  considering  optimum  signal-to-noise 
ratios  at  the  receiver. 

We  recommend  continued  theoretical  studies  regarding  the  effect  of 
rock  conductivity  which  may  vary  with  depth,  and  theoretical  studies  of  wave¬ 
guide  propagation  modes. 

There  are  disagreements  regarding  the  magnitude  of  the  possibly 
very  low  values  of  rock  conductivity  which  may  be  found  in  the  earth's  crust. 
Lower  conductivities  indicate  greater  communication  ranges.  The  only  point 
we  might  add  is  that  such  low  conductivity  strata  must  extend  laterally  over 
the  large  range  indicated  if  such  ranges  are  to  be  achieved  in  practice,  and 
such  isotropic  behavior  is  difficult  to  believe.  This  point  is  not  answered 
completely  and  we  await  results  of  deep  resistivity  measurements  and  surveys. 

B.  Propagation  Tests 

Based  on  limited  evidence  to  date,  we  conclude  that  successful 
transmissions  on  the  1.  1  mile  path  on  Cape  Cod  were  principally  by  means  of 
signal  propagation  through  the  rock  near  the  overburden  rather  than  by  the 
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up-over-and-down  mode.  The  evidence  includes  absence  of  a  detectable  field 
on  the  surface  when  strong  fields  existed  below,  the  apparent  increase  of 
signal  received  with  increasing  depth  below  the  overburden,  and  the  difference 
in  shapes  of  the  field  intensity  vs  frequency  curves  in  the  hole  and  in  the  air 
at  shorter  ranges  along  the  path  and  at  comparable  ranges  off  path.  The 
effect  of  the  cable  and  braid  at  ELF  on  depth  variation  measurements  should 
be  more  thoroughly  studied.  More  evidence  from  other  techniques  is  highly 
recommended. 

The  surface  field  intensity  patterns  show  marked  abnomalies  in 
azimuth  and  range  at  ELF  and  VLF,  when  due  to  transmis-  ons  from  an 
antenna  in  the  rock.  It  is  believed  most  of  this  is  due  to  the.  anisotropic 
behavior  of  the  overburden.  The  results  indicate  that  anisotropic  behavior 
of  the  propagation  constant  must  be  taken  into  account,  and  that  constants 
derived  from  path  transmission  tests  are  average  integrated  values. 

The  use  of  ground  screens  on  the  surface  at  the  receiver  and  trans¬ 
mitter  holes  might  afford  another  means  to  discriminate  between  propagation 
modes. 

Signal  amplitude  measurements  should  be  implemented  by  phase 
measurements. 

It  is  recommended  that  measurements  of  the  depth  variation  be 
continued  with  electrically  short  dipoles  and  with  coaxial  feeders  having 
better  shielding  characteristics.  Triaxial  cable  is  on  hand  and  should  be 
used  after  testing  for  shielding.  Such  cable  may  afford  a  means  of  obtaining 
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a  good  probe  for  exploring  the  field.  The  use  of  insulated  loops  should  be 
studied ,  and  measurements  made  with  balanced  feeders. 

The  rapid  variation  of  received  voltage  with  frequencies  indicates 
that  from  a  system  point  of  view  single  sideband  schemes  should  be  considered. 

Difficulty  with  60  cps  harmonics  should  be  anticipated  where  power 
distribution  systems  exist. 

Ranges  exceeding  5  to  10  miles  are  not  expected  in  practice  unless 
-4 

rock  conductivities  10  mhos/m  and  lower  are  encountered  over  these  ranges. 

Holes  with  depths  of  several  thousand  feet  would  be  useful  in  order 
to  allow  antennas  to  operate  nearer  quarter -wave  resonance.  It  should  be 
possible  to  use  frequencies  in  the  lower  VLF  range. 

Transmissions  between  Tubman  and  Harwich  should  be  attempted, 
and  possibly  short  period  tests  in  New  Hampshire  should  be  performed  using 
more  recent  techniques. 

Other  holes,  preferably  deeper,  should  be  explored  if  low  rock 
conductivities  are  indicated. 

C.  Antennas 

Practically  useful  results  have  been  achieved  with  polyethylene 
covered  wire  made  from  RG-8/U  cable.  The  use  of  Teflon  insulation  is 
indicated  because  of  its  better  water  absorption  characteristics. 

While  experimental  results  agree  with  essential  results  of  theory, 
it  is  thought  worthwhile  to  make  measurements  of  various  sizes  and  types  of 
insulation  for  such  antennas  in  known  homogeneous  dissipative  media  to 
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confirm  details.  Of  importance  are  studies  aimed  at  improving  antenna 
efficiency^  An  example  is  the  use  of  a  low-loss  matching  section  at  the  in¬ 
put  of  an  insulated  antenna  which  is  terminated  in  an  open  circuit. 

The  use  of  insulated  loop  antennas  should  be  explored,  although 
vertical  drill  holes  limit  the  radial  dimensions  of  such  loops. 

The  pattern  factor  for  linear  antennas  developed  theoretically 
should  be  confirmed  by  pattern  measurements  at  frequencies  near  resonance 
of  an  insulated  antenna. 

D.  Measurements  of  Constants  of  Rock  Media 

The  major  problem  of  proper  measurements  of  rock  media  is  that 
measurements  should  be  made  in  situ.  Thus  care  must  be  taken  on  rock 
samples  to  reproduce  the  water  content,  particularly  because  of  the  effect  on 
conductivity  and  on  the  frequency  dependence  of  the  electric  constants. 

If  it  is  assumed  that  interest  is  in  the  region  adjacent  to  drill  holes 
because  of  its  influence  on  antennas  and  further  that  the  rock  is  so  fractured 
with  water  representative  of  that  in  the  drill  hole,  then  measurements  of  the 
drill  hole  water  characteristics  are  useful.  In  particular,  the  water  conduc¬ 
tivity  should  closely  approximate  that  of  the  water  infiltrated  rock  if  water 
conductivity  is  high  and  the  conductivity  of  the  rock,  when  dry,  is  low. 

When  measuring  water  conductivity,  difficulty  is  encountered  at 
very  low  frequencies  in  the  ELF  spectrum  when  using  electrodes  in  contact 
with  the  water.  This  occurs  in  measuring  cells  where  abnormally  high  values 
of  "apparent"  dielectric  constant  result.  The  values  measured  are  apparently 
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affected  by  polarization  phenomena  at  the  electrodes;  values  obtained  at  much 
higher  frequencies  are  not  so  affected  and  represent  true  values  but  only  at 
those  frequencies.  The  phenomena  need  further  study  for  practical  applica¬ 
tion.  In  the  use  of  insulated  antennas,  the  polarization  problem  is  avoided 
but  questions  remain  as  to  the  true  values  of  the  constants  at  the  frequencies 
employed  at  ELF. 

The  depth  attenuation  technique  with  antennas  separated  vertically 
is  quite  useful  when  drill  holes  exist  and  extend  far  into  the  rock.  The 
encapsulated  transmitter  version  of  the  scheme  is  the  most  practical.  Lim¬ 
ited  hole  depth  into  the  rock  restricts  minimum  frequencies  which  may  be 
usefully  employed  to  the  higher  VLF  range.  Observations  at  two  widely  dif¬ 
ferent  frequencies  may  assist  separation  of  conductivity  and  dielectric  con¬ 
stant  from  attenuation  data  at  the  two  frequencies.  Another  variant  on  the 
scheme  is  to  measure  the  phase  constant  as  well  as  attenuation  constant 
particularly  when  the  loss  tangent  is  less  than  1,  say.  Measurements  with 
loop  antennas  should  be  made. 

Whether  or  not  drill  holes  exist,  measurements  made  on  the  surface 
of  deep  resistivity  are  quite  useful.  First,  surveys  should  be  made  with  such 
techniques  before  new  holes  are  drilled.  Second,  results  from  such  meas¬ 
urements  can  be  used  to  assess  the  value  of  using  existing  drill  holes  for 
propagation  tests.  Third,  results  may  be  used  to  help  interpret  results  of 
successful  propagation  between  two  holes.  However,  the  technique  suffers 
in  that  resulting  values  are  those  encountered  at  fractions  to  a  few  cps 
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frequency,  thus  yielding  values  of  conductivity  valid  strictly  at  those  fre¬ 
quencies.  It  is  recommended  that  some  short  tests  be  performed  with  large 
horizontal  loops  in  place  of  long  dipoles. 

E.  Noise 

While  some  noise  data  were  assembled  during  the  course  of  investi¬ 
gations,  we  recommend  more  systematic  measurements  of  noise  in  air  and 
in  the  hole  be  performed.  These  should  be  correlated  with  measurements  on 
fields  due  to  remote  ELF  and  VLF  transmitters.  The  use  of  a  well  shielded 
coaxial  feeder  for  linear  probes  is  recommended.  The  use  of  small,  ferrite 
core,  loops  with  balanced,  shielded  feeder  is  also  recommended. 

F.  Modulation 

Very  preliminary. tests  were  performed  on  the  1  mile  path  on  Cape 
Cod.  Further  studies  are  indicated  to  assist  evaluation  of  the  appropriate 
modulation  scheme  to  be  recommended  for  communication.  Included  are  the 
effects  of  attenuation,  phase  and  noise  and  interference  as  functions  of 
frequency. 
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0.04246 

.04242 

1.00180 

. 04240 

6 

.00092 

.04296 

.04292 

.00184 

.04289 

7 

.00094 

.04346 

.04342 

.00189 

.04339 

8 

.00097 

.04396 

.04392 

.00193 

.04389 

9 

.00099 

.04446 

.04441 

.00197 

.04438 

.090 

1.00101 

0.04495 

.04491 

1.00202 

.04488 

1 

.00103 

.04545 

.04541 

.00206 

.04538 

2 

.00106 

.04595 

.04590 

.00211 

.04587 

3 

.00108 

.04645 

.04640 

.00216 

.04637 

4 

.00110 

.04695 

.04690 

.00220 

.04686 

.095 

1.00112 

0.04745 

.04739 

1.00225 

.04736 

6 

.00115 

.04794 

.04789 

.00230 

.04785 

7 

.00117 

.04844 

.04839 

.00234 

.04835 

8 

.00120 

.04894 

.04888 

.00239 

.04884 

9 

.00122 

.04944 

.04938 

.00244 

.04934 

* 


TABLE  3 

0.  00  *£  p  «  0.  99  in  steps  of  0.  01 


p 


f(p) 

g(p) 

g(p) 

f(p) 

|s| 

e 

00 

1.00000 

0.00000 

.00000 

1.00000 

.00000 

I 

.OO0O1 

.00500 

.00500 

.00002 

.00500 

2 

.00005 

.01000 

.01000 

.00010 

.01000 

3 

.00011 

.01500 

.01500 

.00022 

.01500 

4 

.00020 

.02000 

.01999 

.00040 

.01999 

05 

1.00031 

0.02499 

.02498 

1.00062 

.02498 

6 

.00045 

.02999 

.02997 

.00090 

.02996 

7 

.00061 

.03498 

.03496 

.00122 

.03494 

8 

.00080 

.03997 

.03994 

.00160 

.03992 

9 

.001 01 

.04495 

.04491 

.00202 

.04488 

10 

1.00125 

0.04994 

.04988 

1.00249 

.04983 

1 

.00151 

.05492 

.05483 

.00301 

.05478 

2 

.00179 

.05989 

.05979 

.00358 

.05971 

3 

.00210 

.06486 

.06473 

.00420 

.06464 

4 

.00244 

.06983 

.06966 

.00486 

.06955 

15 

1.00279 

0.07479 

.07458 

1.00558 

.07444 

6 

.00317 

.07975 

.07949 

.00634 

.  .07933 

7 

.00358 

.08470 

.08439 

.00715 

.08420 

8 

.00401 

.08964 

.08928 

.00800 

.08905 

9 

.00446 

.09458 

.09416 

.00891 

.09388 

20 

1.00494 

0.09951 

.09902 

1.00985 

.09870 

i 

.00544 

.10443 

.10387 

.01085 

.10350 

2 

.00596 

.10935 

.10870 

.01189 

.10828 

3 

.00651 

.11426 

.11352 

.01297 

.11303 

4 

.00707 

.11916 

.11832 

.01410 

.11777 

25 

1.00766 

0.12405 

.12311 

1.01527 

.12249 

6 

.00828 

.12893 

.12787 

.01649 

.12718 

7 

.00891 

.13381 

.13263 

.01775 

.13186 

8 

.00957 

.13867 

.13736 

.01905 

.13650 

9 

.01025 

.14353 

.14207 

.02039 

.14113 

30 

1.01095 

0.14838 

.14677 

1.02178 

.14573 

l 

.01167 

.15321 

.15144 

.02320 

.15030 

2 

.01241 

.15804 

.15610 

.02467 

.15485 

3 

.01317 

.16285 

.16074 

.02618 

.15937 

4 

.01396 

,16766 

.16535 

.02773 

.16387 

35 

1.01476 

0.17245 

.16995 

1.02931 

.16834 

6 

.01559 

.17724 

.17452 

.03093 

.17278 

7 

.01643 

.18201 

.17907 

.03260 

.17719 

8 

.01729 

.18677 

.18360 

.03430 

.18157 

9 

.01817 

.19152 

.18810 

.03603 

.18593 

40 

1.01908 

0.19626 

.19258 

1.03780 

.19025 

1 

.02000 

.20098 

.19704 

.03961 

.19455 

2 

.02094 

.,20569 

.20148 

.04145 

.19881 

3 

.02189 

.21039 

.20589 

.04333 

.20305 

4 

.02287 

.21508 

.21027 

.04524 

.20725 

45 

1.02386 

0.21976 

.21463 

1.04718 

.21143 

6 

.02487 

.22442 

.21897 

.04916 

.21557 

7 

.02590 

.22907 

.22328 

.05116 

.21968 

8 

.02695 

.23370 

.22757 

.05320 

.22376 

9 

.02801 

.23833 

.23183 

.05527 

.22781 

p 


f(p) 

g(p) 

g(p) 

f(p) 

lsl 

e 

50 

1.02909 

0.24293 

.23607 

1.05737 

.23182 

1 

.03018 

.24753 

.24028 

.05950 

.23581 

2 

.03129 

.25211 

.24446 

.06166 

.23976 

3 

.03242 

.25668 

.24862 

.06385 

.24368 

4 

.03356 

.26123 

.25275 

.06606 

.24757 

55 

1.03472 

0.26577 

.25686 

1.06830 

.25142 

6 

.03589 

.27030 

.26094 

.07057 

.25524 

7 

.03707 

.27481 

.26499 

,.07287 

.25903 

8 

.03827 

.27931 

.26901 

.,07519 

.26279 

9 

.03949 

.28379 

.27301 

.07753 

.26652 

60 

1.04072 

0.28826 

.27698 

1.07990 

.27021 

1 

.04196 

.29272 

.28093 

.08230 

.27387 

2 

.04322 

.29716 

.28485 

.08471 

.27750 

3 

.04449 

.30158 

.28874 

.08715 

.28109 

4 

.04577 

.30599 

.29260 

.08962 

.28466 

65 

1.04706 

0.31039 

.29644 

1.09210 

.28819 

6 

.04837 

.31477 

.30025 

.09461 

.29169 

7 

.04969 

.31914 

.30403 

.09713 

.29515 

8 

.05102 

.32349 

.30779 

.09968 

.29859 

9 

.05237 

.32783 

.31152 

.10225 

.30199 

70 

1.05372 

0.33216 

.31522 

1.10483 

.30536 

1 

.05509 

.33647 

.31890 

.10744 

.30870 

2 

.05646 

.34076 

.32255 

.11006 

.31201 

3 

.05785 

.34504 

.32617 

.11270 

.31529 

4 

.05925 

.34930 

.32976 

.11536 

.31854 

75 

1.06066 

0.35355 

.33333 

1.11803 

.32175 

6 

.06208 

.35779 

.33688 

.12073 

.32494 

7 

.06351 

.36201 

.34039 

.12343 

.32809 

8 

.06495 

.36622 

.34388 

.12616 

.33121 

9 

.06640 

.37041 

.34734 

.12889 

.33431 

,80 

1.06785 

0.37458 

.35078 

1.13165 

.33737 

1 

.06932 

.37874 

.35419 

.13441 

.34040 

2 

.07080 

.38289 

.35758 

.13720 

.34341 

3 

.07228 

.38703 

.36094 

.13999 

.34638 

4 

.07378 

.39114 

.36427 

.14280 

.34933 

,85 

1.07528 

0.39525 

.36758 

1.14562 

.35225 

6 

.07679 

.39934 

.37086 

.14845 

.35514 

7 

.07830 

.40341 

.37412 

.15130 

.35800 

8 

.07983 

.40747 

.37735 

.15415 

.36083 

9 

.08136 

.41152 

.38055 

.15702 

.36363 

,90 

1.08290 

0.41555 

.38374 

1.15990 

.36641 

1 

.08445 

.41957 

.38689 

.16279 

.36916 

2 

.08601 

.42357 

.39003 

.16569 

.37188 

3 

.08757 

.42756 

.39313 

.16859 

.37457 

4 

.08914 

.43153 

.39622 

.17151 

.37724 

.95 

1.09071 

0.43549 

.39928 

1.17444 

.37988 

6 

.09230 

.43944 

.40231 

.17738 

.38250 

7 

.09388 

.44337 

.40532 

.18032 

.38509 

8 

.09548 

.44729 

.40831 

.18328 

.38765 

9 

.09708 

.45120 

.41127 

.18624 

.39019 

[ 


4 

TABLE  4 

0.0  S  p  <  99.  9  in  steps  of  0.  1 


p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

e 

0.0 

1.00000 

0.00000 

.00000 

1.00000 

.00000 

1 

.00125 

.04994 

.04988 

.00249 

.04983 

2 

.00494 

.09951 

.09902 

.00985 

.09870 

3 

.01095 

.14838 

.14677 

.02178 

.14573 

4 

.01908 

.19626 

.19258 

.03780 

.19025 

0.5 

1.02909 

0.24293 

.23607 

1.05737 

.23182 

6 

.04072 

.28826 

.27698 

.07990 

.27021 

7 

.05372 

.33216 

.31522 

.10483 

.30536 

8 

.06785 

.37458 

.35078 

.13165 

.33737 

9 

.08290 

.41555 

.38374 

.15990 

.36641 

1.0 

1.09868 

0.45509 

.41421 

1.18921 

.39270 

1 

.11504 

.49326 

.44237 

.21926 

.41649 

2 

.13182 

.53012 

.46837 

.24982 

.43803 

3 

.14894 

.56574 

.49240 

.28067 

.45755 

4 

.16629 

.60019 

.51462 

.31166 

.47527 

1.5 

1.18380 

0.63355 

.53518 

1.34267 

.49140 

6 

.20142 

.66588 

.55425 

.37361 

.50610 

7 

.21908 

.69725 

.57195 

.40439 

.51954 

8 

.23676 

.72771 

.58840 

.43497 

.53185 

9 

.25441 

.75733 

.60373 

.46530 

.54316 

2.0 

1.27202 

0.78615 

.61803 

1.49535 

.55357 

1 

.28956 

.81423 

.63140 

.52510 

.56319 

2 

.30702 

.84161 

.64391 

.55454 

.57208 

3 

.32438 

.86833 

.65565 

.58366 

.58033 

4 

.34164 

.89443 

.66667 

.61245 

.58800 

2.5 

1.35878 

0.91994 

.67703 

1.64091 

.59514 

6 

.37580 

.94490 

.68680 

.66903 

.60181 

7 

.39270 

.96934 

.69601 

.69683 

.60805 

8 

.40947 

.99328 

.70472 

.72430 

.61389 

9 

.42611 

1.01675 

.71296 

.75145 

.61937 

3.0 

1.44262 

1.03978 

.72076 

1.77828 

.62452 

1 

.45899 

.06238 

.72816 

.80480 

.62938 

2 

.47523 

.08458 

.73519 

.83101 

.63396 

3 

.4913^ 

.10639 

.74188 

.85693 

.63828 

4 

.50732 

.12783 

.74824 

.88255 

.64237 

3.5 

1.52316 

1.14892 

.75430 

1.90789 

.64625 

6 

.53888 

.16968 

.76009 

.93295 

.64992 

7 

.55447 

. 19012 

.76561 

.95774 

.65342 

8 

.56993 

.21024 

.77089 

.98227 

.65674 

9 

.58527 

.23007 

.77594 

2.00653 

.65990 

4.0 

1.60049 

1.24962 

.78078 

2.03054 

.66291 

1 

.61558 

.26890 

.78541 

.05431 

.66578 

2 

.63055 

.28791 

.78986 

.07784 

.66853 

3 

.64541 

.30667 

.79413 

.10113 

.67115 

4 

.66015 

.32518 

.79823 

.12420 

.67366 

4.5 

1.67478 

1.34346 

.80217 

2.14704 

.67606 

6 

.68930 

.36151 

.80597 

.16966 

.67837 

7 

.70370 

.37935 

.80962 

.19208 

.68058 

8 

.71800 

.39697 

.81314 

.21429 

.68270 

9 

.73220 

.41439 

.81653 

.23629 

.68474 

p 

f(p) 

g(P) 

5.0 

1.74628 

1.43161 

1 

.76027 

.44864 

2 

.77416 

.46548 

3 

.78795 

.48215 

4 

.80164 

.49863 

5.5 

1.81524 

1.51495 

6 

.82874 

.53111 

7 

.84215 

.54710 

8 

.85548 

.56294 

9 

.86871 

.57863 

6.0 

1.88186 

1.59417 

1 

.89492 

.60957 

2 

.90790 

.62483 

3 

.92079 

.63995 

4 

.93360 

.65494 

6.5 

1.94634 

1.66980 

6 

.95900 

.68454 

7 

.97157 

.69915 

8 

.98408 

.71364 

9 

.99651 

.72802 

7.0 

2.00886 

1.74228 

1 

.02115 

.75643 

2 

.03336 

.77047 

3 

.04550 

.78440 

4 

.05758 

.79823 

7.5 

2.06959 

1.81196 

6 

.08153 

.82558 

7 

.09340 

.83911 

8 

.10521 

.85254 

9 

.11696 

.86588 

8.0 

2.12864 

1.87913 

1 

.14027 

.89229 

2 

.15183 

.90535 

3 

.16333 

.91834 

4 

.17478 

.93123 

8.5 

2. 18616 

1.94404 

6 

.19749 

.95678 

7 

.20876 

.96943 

8 

.21998 

.98200 

9 

.23114 

.99449 

9.0 

2.24225 

2.00691 

1 

.25331 

.01925 

2 

.26431 

.03153 

3 

.27526 

.04372 

4 

.28616 

.05585 

9.5 

2.29701 

2.06791 

6 

.30781 

.07990 

7 

.31856 

.09182 

8 

.32926 

.10367 

9 

.33991 

.11546 

g(p) 

f(p) 

|s| 

e 

.81980 

2.25810 

.68670 

.82296 

.27972 

.68859 

.82602 

.30115 

.69040 

.82897 

.32239 

.69215 

.83182 

.34346 

.69384 

.83458 

2.36435 

.69547 

.83725 

.38508 

.69704 

.83983 

.40563 

.69856 

.84234 

.42602 

.70003 

.84477 

.44625 

.70145 

.84713 

2.46633 

.70282 

.84941 

.48625 

.70415 

.85163 

.50602 

.70544 

.85379 

.52564 

.70669 

.85588 

.54512 

.70790 

.85792 

2.56446 

.70907 

.85990 

.58367 

.71021 

.86182 

.60273 

.71132 

.86370 

.62167 

.71239 

.86552 

.64047 

.71344 

.86730 

2.65915 

.71445 

.86902 

.67770 

.71544 

.87071 

.69613 

.71640 

.87235 

.71444 

.71733 

.87395 

.73263 

.71824 

.87552 

2.75070 

.71912 

.87704 

.76867 

.71998 

.87853 

.78651 

.72082 

.87998 

.80425 

.72164 

.88140 

.82189 

.72244 

.88278 

2.83941 

.72322 

.88414 

.85683 

.72398 

.88546 

.87415 

.72472 

.88675 

.89137 

.72545 

.88801 

.90849 

.72615 

.88925 

2.92551 

.72684 

.89046 

.94244 

.72752 

.89164 

.95927 

.72818 

.89280 

.97601 

.72882 

.89393 

.99266 

.72945 

.89504 

3.00922 

.73007 

.89613 

.02569 

.73067 

.89719 

.04207 

.73126 

.89824 

.05837 

.73184 

.89926 

.07458 

.73241 

.90026 

3.09071 

.73296 

.90124 

.  1,0676 

.73350 

.90221 

.12272 

.73403 

.90315 

.13861 

.73455 

.90408 

.15442 

.73506 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

8 

10.0 

2.35052 

2.12719 

.90499 

3.17015 

.73556 

1 

.36108 

.13885 

.90588 

.18581 

.73605 

2 

.37159 

.15045 

.90676 

.20139 

.73653 

3 

.38206 

.16199 

.90761 

.21690 

.73701 

4 

.39248 

.17347 

,,90846 

.23233 

.73747 

10.5 

2.40286 

2.18489 

.90929 

3.24769 

.73792 

6 

.41320 

.19625 

.91010 

.26298 

.73837 

7 

.42349 

.20756 

.91090 

.27820 

.73880 

8 

.43374 

.21881 

.91168 

.29336 

.73923 

9 

.44395 

.23000 

.91246 

.30844 

.73965 

11.0 

2.45411 

2.24113 

.91321 

3.32346 

.74007 

1 

.46424 

.25222 

.91396 

.33841 

.74047 

2 

.47432 

.26324 

.91469 

.35329 

.74087 

3 

.48437 

.27422 

.91541 

.36811 

.74127 

4 

.49437 

.28515 

.91612 

.38286 

.74165 

11.5 

2.50434 

2.29602 

.91682 

3.39756 

.74203 

6 

.51426 

.30684 

.91750 

.41219 

.74240 

7 

.52415 

.31761 

.91818 

.42676 

.74277 

8 

.53400 

.32834 

.91884 

.44126 

.74313 

9 

.54381 

.33901 

.91949 

.45571 

.74348 

12.0 

2.55359 

2.34964 

.92013 

3.47010 

.74383 

l 

.56332 

.36022 

.92076 

.48443 

.74417 

2 

.57302 

.37075 

.92139 

.49870 

.74451 

3 

.58269 

.38124 

.92200 

.51292 

.74484 

4 

.59232 

.39168 

.92260 

.52707 

.74516 

12.5 

2.60192 

2.40208 

.92319 

3.54118 

.74548 

6 

.61148 

.41243 

.92378 

.55522 

.74580 

7 

.62100 

.42274 

.92436 

.56922 

.74611 

8 

.63049 

.43300 

.92492 

.58316 

.74641 

9 

.63995 

.44323 

.92548 

.59704 

.74672 

13.0 

2.64938 

2.45341 

.92603 

3.61087 

.74701 

1 

.65877 

.46355 

.92657 

.62465 

.74730 

2 

.66813 

.47364 

.92711 

.63838 

.74759 

3 

.67746 

.48370 

.92763 

.65206 

.74787 

4 

.68675 

.49372 

.92815 

.66569 

.74815 

13.5 

2.69601 

2.50370 

.92867 

3.67926 

.74843 

6 

.70525 

.51363 

.92917 

.69279 

.74870 

7 

.71445 

.52353 

.92967 

.70627 

.74897 

8 

.72362 

.53340 

.93016 

.71970 

.74923 

9 

.73276 

.54322 

.93064 

.73309 

.74949 

14.0 

2.74187 

2.55300 

.93112 

3.74642 

.74974 

1 

.75095 

.56275 

.93159 

.75971 

.75000 

2 

.76000 

.57247 

.93205 

.77295 

.75024 

3 

.76902 

.58214 

.93251 

.78615 

.75049 

4 

.77801 

.59178 

.93296 

.79930 

.75073 

14.5 

2.78697 

2.60139 

.93341 

3.81241 

.75097 

6 

.79591 

.61096 

.93385 

.82547 

.75120 

7 

.80481 

.62049 

.93428 

.83849 

.75144 

8 

.81369 

.62999 

.93471 

.85146 

.75167 

9 

.82254 

.63946 

.93514 

.86439 

.75189 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

8 

15.0 

2.83137 

2.64890 

.93555 

3.87728 

.75211 

1 

.84017 

.65830 

.93597 

.89013 

.75233 

2 

.84893 

.66766 

.93637 

.90293 

.75255 

3 

.85768 

.67700 

.93677 

.91569 

.75276 

4 

.86639 

.68630 

.93717 

.92841 

.75298 

15.5 

2.87508 

2.69557 

.93756 

3.94109 

.75318 

6 

.88375 

.70481 

.93795 

.95373 

.75339 

7 

.89239 

.71402 

.93833 

.96634 

.75359 

8 

.90100 

.72320 

.93871 

.97890 

.75379 

9 

.90959 

.73234 

.93908 

.99142 

.75399 

16.0 

2.91815 

2.74146 

.93945 

4.00390 

.75419 

1 

.92669 

.75055 

.93982 

.01634 

.75438 

2 

.93520 

.75960 

.94018 

.02875 

.75457 

3 

.94369 

.76863 

.94053 

.04112 

.75476 

4 

.95216 

.77763 

.94088 

.05345 

.75495 

16.5 

2.96060 

2.78660 

.94123 

4.06574 

.75513 

6 

.96901 

.79554 

.94157 

.07800 

.75531 

7 

.97741 

.80445 

.94191 

.09022 

.75549 

8 

.98578 

.81334 

.94225 

.10241 

.75567 

9 

.99412 

.82219 

.94258 

.11455 

.75585 

17.0 

3.00245 

2.83102 

.94291 

4.12667 

.75602 

1 

.01075 

.83983 

.94323 

.13875 

.75619 

2 

.01903 

.84860 

.94355 

.15079 

.75636 

3 

.02728 

.85735 

.94387 

.16280 

.75653 

4 

.03552 

.86607 

.94418 

.17477 

.75669 

17.5 

3.04373 

2.87477 

.94449 

4.18671 

.75686 

6 

.05192 

.88343 

.94479 

.19862 

.75702 

7 

.06008 

.89208 

.94510 

.21049 

.75718 

8 

.06823 

.90070 

.94540 

.22233 

.75734 

9 

.07635 

.90929 

.94569 

.23414 

.75749 

18.0 

3.08446 

2.91786 

.94599 

4.24591 

.75765 

1 

.09254 

.92640 

.94628 

.25765 

.75780 

2 

.10060 

.93491 

.94656 

.26936 

.75795 

3 

.10864 

.94341 

.94685 

.28104 

.75810 

4 

.11666 

.95188 

.94713 

.29269 

.75825 

18.5 

3.12466 

2.96032 

.94741 

4.30430 

.75840 

6 

.13264 

.96874 

.94768 

.31588 

.75854 

7 

.14060 

.97714 

.94795 

.32744 

.75869 

8 

.14854 

.98551 

.94822 

.33896 

.75883 

9 

.15646 

.99386 

.94849 

.35045 

.75897 

19.0 

i  3.16436 

3.00219 

.94875 

4.36191 

.75911 

1 

.17224 

.01049 

.94901 

.37335 

.75924 

2 

.18010 

.01878 

.94927 

.38475 

.75938 

3 

.18794 

.02704 

.94953 

.39612 

.75951 

4 

.19576 

.03527 

.94978 

.40747 

.75965 

19.5 

3.20356 

3.04349 

.95003 

4.41878 

.75978 

6 

.21135 

.05168 

.95028 

.43007 

.75991 

7 

.21911 

.05985 

.95053 

.44132 

.76004 

8 

.22686 

.06800 

.95077 

.45255 

.76017 

9 

.23459 

.07613 

.95101 

.46376 

.76029 

p 

f(p) 

g(p) 

g(P> 

f(p) 

|s| 

e 

20.0 

3.24230 

3.08423 

.95125 

4.47493 

.76042 

1 

.24999 

.09232 

.95149 

.48607 

.76054 

2 

.25766 

.10038 

.95172 

.49719 

.76067 

3 

.26532 

.10843 

.95195 

.50828 

.76079 

4 

.27296 

.11645 

.95218 

.51935 

.76091 

20.5 

3.28058 

3.12445 

.95241 

4.53038 

.76103 

6 

.28818 

.13243 

.95263 

.54139 

.76115 

7 

.29577 

.14039 

.95286 

.55238 

.76126 

8 

.30333 

.14833 

.95308 

.56333 

.76138 

9 

.31088 

.15626 

.95330 

.57427 

.76149 

21. 0 

3.31842 

3.16416 

.95351 

4.58517 

.76161 

L 

.32593 

.17204 

.95373 

.59605 

.76172 

2 

.33343 

.17990 

.95394 

.60690 

.76183 

3 

.34092 

.18775 

.95415 

.61773 

.76194 

4 

.34838 

.19557 

.95436 

.62854 

.76205 

21.5 

3.35583 

3.20338 

.95457 

4.63931 

.76216 

6 

.36327 

.21116 

.95477 

.65007 

.76227 

7 

.37068 

.21893 

.95498 

.66080 

.76237 

8 

.37809 

.22668 

.95518 

.67150 

.76248 

9 

.38547 

.23441 

.95538 

.68218 

.76258 

22.0 

3.39284 

3.24212 

.95558 

4.69284 

.76269 

1 

.40019 

.24982 

.95577 

.70347 

-76279 

2 

.40753 

.25749 

.95597 

.71408 

.76289 

3 

.41485 

.26515 

.95616 

.72466 

.76299 

4 

.42216 

.27279 

.95635 

.73522 

.76309 

22.5 

3.42945 

3.28041 

.95654 

4.74576 

.76319 

6 

.43672 

.28802 

.95673 

.75627 

.76329 

7 

.44398 

.29560 

.95692 

.76676 

.76339 

8 

.45123 

.30317 

.95710 

.77723 

.76348 

9 

.45846 

.31073 

.95728 

.78767 

.76358 

23.0 

3.46567 

3.31826 

.95747 

4.79810 

.76367 

1 

.47287 

.32578 

,95765 

.80850 

.76377 

2 

.48005 

.33328 

.95783 

.81887 

.76386 

3 

.48722 

.34077 

.95800 

.82923 

.76395 

4 

.49438 

.34824 

.95818 

.83956 

.76404 

23.5 

3.50152 

3.35569 

.95835 

4.84987 

.76413 

6 

.50864 

.36312 

.95852 

.86016 

.76422 

7 

.51576 

.37054 

.95870 

.87043 

.76431 

8 

.52285 

.37794 

.95887 

.88068 

.76440 

9 

.52994 

.38533 

.95903 

.89090 

.76449 

24.0 

3.53701 

3.39270 

.95920 

4.90110 

.76458 

1 

.54406 

.40005 

.95937 

.91129 

.76466 

2 

.55110 

.40739 

.95953 

.92145 

.76475 

3 

.55813 

.41472 

.95969 

.93159 

.76483 

4 

.56514 

.42202 

.95986 

.94171 

.76492 

24.5 

3.57214 

3.4293!^ 

.96002 

4.95181 

.76500 

6 

.57913 

.43659  -• 

.96018 

.96189 

.76508 

7 

.58610 

.44385 

.96033 

.97194 

.76517 

8 

.59306 

.45110 

.96049 

.98198 

.76523 

9 

.60000 

.45833 

.96065 

.99200 

.76533 

p 

%) 

S(P) 

g<P) 

f(p) 

|s| 

0 

25.0 

3.60694 

3.46554 

.96080 

5.00200 

.76541 

1 

.61386 

.47274 

.96095 

.01198 

.76549 

2 

.62076 

.47993 

.96110 

.02194 

.76557 

3 

.62765 

.48710 

.96126 

.03187 

.76565 

4 

.63453 

.49426 

.96140 

.04179 

.76572 

25.5 

3.64140 

3.50140 

.96155 

5.05169 

.76580 

6 

.64825 

.50853 

.96170 

.06157 

.76588 

7 

.65510 

.51564 

.96185 

.07143 

.76595 

8 

.66192 

.52274 

.96199 

.08128 

.76603 

9 

.66874 

.52982 

.96214 

.09110 

.76610 

26.0 

3.67554 

3.53689 

.96228 

5.10090 

.76618 

1 

.68233 

.54395 

.96242 

.11069 

.76625 

2 

.68911 

.55099 

.96256 

.12046 

.76632 

3 

.69588 

.55802 

.96270 

.13021 

.76640 

4 

.70263 

.56503 

.96284 

.13994 

.76647 

26.5 

3.70937 

3.57203 

.96298 

5.14965 

.76654 

6 

.71610 

.57902 

.96311 

.15934 

.76661 

7 

.72282 

.58599 

.96325 

.16902 

.76668 

8 

.72952 

.59295 

.96338 

.17867 

.76675 

9 

.73621 

.59990 

.96352 

.18831 

.76682 

27.0 

3.74289 

3.60683 

.96365 

5.19793 

.76689 

1 

.74956 

.61375 

.96378 

.20754 

.76696 

2 

.75622 

.62066 

.96391 

.21712 

.76702 

3 

.76287 

.62755 

.96404 

.22669 

.76709 

4 

.76950 

.63444 

.96417 

.23624 

.76716 

27.5 

3.77612 

3.64130 

.96430 

5.24578 

.76722 

6 

.78273 

.64816 

.96442 

.25529 

.76729 

7 

.78933 

.65500 

.96455 

.26479 

.76736 

8 

.79592 

.66183 

.96468 

.27428 

.76742 

9 

.80249 

.66865 

.96480 

.28374 

.76748 

28.0 

3.80906 

3.67545 

.96492 

5.29319 

.76755 

1 

.81561 

.68224 

.96505 

.30262 

.76761 

2 

.82215 

.68902 

.96517 

.31204 

.76768 

3 

.82869 

.69579 

.96529 

.32143 

.76774 

4 

.83521 

.70254 

.96541 

.33082 

.76780 

28.5 

3.84171 

3.70928 

.96553 

5.34018 

.76786 

6 

.84821 

.71601 

.96565 

.34953 

.76792 

7 

.85470 

.72273 

.96576 

.35886 

.76798 

8 

.86118 

.72943 

.96588 

.36818 

.76804 

9 

.86764 

.73613 

.96600 

.37748 

.76810 

29.0 

3.87410 

3.74281 

.96611 

5.38676 

.76816 

I 

.88054 

.74948 

.96623 

.39603 

.76822 

2 

.88697 

.75614 

.96634 

.40529 

.76828 

3 

.89340 

.76278 

.96645 

.41452 

.76834 

4 

.89981 

.76942 

.96656 

.42374 

.76840 

29.5 

3.90621 

3.77604 

.96668 

5.43295 

.76846 

6 

.91260 

.78265 

.96679 

.44214 

.76851 

7 

.91898 

.78925 

.96690 

.45131 

.76857 

8 

.92535 

.79584 

.96701 

.46047 

.76863 

9 

.93171 

.80241 

.96711 

.46962 

.76868 

p 

f(P> 

g(p) 

30-0 

3.93806 

3.80898 

L 

.94440 

.81553 

2 

.95073 

.82208 

3 

.95705 

.82861 

4 

.96336 

.83513 

30.5 

3.96966 

3.84164 

6 

.97595 

.84814 

7 

.98223 

.85463 

8 

.98850 

.86110 

9 

.99476 

.86757 

31.0 

4.00101 

3.87402 

1 

.00725 

.88047 

2 

.01348 

.88690 

3 

.01970 

.89333 

4 

.02591 

.89974 

31.5 

4.03211 

3.90614 

6 

.03831 

.91253 

7 

.04449 

.91891 

8 

.05066 

.92528 

9 

.05683 

.93165 

32.0 

4.06298 

3.93800 

1 

.06913 

.94434 

2 

.07526 

.95067 

3 

.08139 

.95699 

4 

.08751 

.96330 

32.5 

4.09362 

3.96960 

6 

.09972 

.97589 

7 

.10581 

.98217 

8 

.11189 

.98844 

9 

.11796 

.99470 

33.0 

4.12402 

4.00095 

1 

.13008 

.00719 

2 

.13612 

.01342 

3 

.14216 

.01964 

4 

.1481$ 

.02585 

33.5 

4.15421 

4.03205 

6 

.16022 

.03825 

7 

.16622 

.04443 

8 

.17222 

.05060 

9 

.17820 

.05677 

34.0 

4.18418 

4.06292 

1 

.19015 

.06907 

2 

.19611 

.07521 

3 

.20206 

.08133 

4 

.20800 

.08745 

34.5 

4.21393 

4.09356 

6 

.21986 

.09966 

7 

.22578 

.10575 

8 

.23169 

.11183 

9 

.23759 

.11791 

g(p) 

|s| 

8 

f(p) 

96722 

5.47875 

.76874 

96733 

.48786 

.76879 

96744 

.49696 

.76885 

96754 

.50604 

.76890 

96765 

.51511 

.76896 

96775 

5.52416 

.76901 

96785 

.53320 

.76906 

96796 

.54223 

.76912 

96806 

.55124 

.76917 

96816 

.56023 

.76922 

96826 

5.56921 

.76927 

,96836 

.57818 

.76933 

,96846 

.58713 

.76938 

,96856 

.59607 

.76943 

,96866 

.60499 

.76948 

.96876 

5.61390 

.76953 

.96886 

.62279 

.76958 

.96895 

.63168 

.76963 

.96905 

.64054 

.76968 

.96914 

.64940 

.76973 

.96924 

5.65823 

.76978 

.96933 

.66706 

.76983 

.96943 

.67587 

.76988 

.96952 

.68467 

.76992 

.96961 

.69345 

.76997 

.96970 

5.70223 

.77002 

.96980 

.71098 

.77007 

.96989 

.71973 

.77011 

.96998 

.72846 

.77016 

.97007 

.73718 

.77021 

.97016 

5.74588 

.77025 

.97024 

.75457 

.77030 

.97033 

.76325 

.77034 

.97042 

.77192 

.77039 

.97051 

.78057 

.77043 

.97059 

5.78921 

.77048 

.97068 

.79783 

.77052 

.97077 

.80645 

.77057 

.97085 

.81505 

.77061 

.97094 

.82364 

.77065 

.97102 

5.83221 

.77070 

.97110 

.84078 

.77074 

.97119 

.84933 

.77078 

.97127 

.85786 

.77083 

.97135 

.86639 

.77087 

.97143 

5.87490 

.77091 

.97152 

.88340 

.77095 

.97160 

.89189 

.77099 

.97168 

.90037 

.77103 

.97176 

.90883 

.77108 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

9 

35.0 

4-24348 

4.12397 

.97184 

5.91729 

.77112 

1 

.24937 

.13003 

.97192 

.92573 

.77116 

2 

.25524 

.13607 

.97199 

.93416 

.77120 

3 

.26111 

.14211 

.97207 

.94257 

.77124 

4 

.26697 

.14814 

.97215 

.95098 

.77128 

35.5 

4.27283 

4.15416 

.97223 

5.95937 

.77132 

6 

.27867 

.16017 

.97230 

.96775 

.77136 

7 

.28451 

. 16617 

.97238 

.97612 

.77140 

8 

.29034 

.17217 

.97246 

.98448 

.77144 

9 

.29616 

.17815 

.97253 

.99282 

.77147 

36.0 

4.30197 

4.18413 

.97261 

6.00116 

.77151 

1 

.30777 

.19010 

.97268 

.00948 

.77155 

2 

.31357 

.19606 

.97276 

.01779 

.77159 

3 

.31936 

.20201 

.97283 

.02609 

.77163 

4 

.32514 

.20795 

.97290 

.03438 

.77167 

36.5 

4.33092 

4.21389 

.97298 

6.04266 

.77170 

6 

.33668 

.21981 

.97305 

.05092 

.77174 

7 

.34244 

.22573 

.97312 

.05918 

.77178 

8 

.34819 

.23164 

.97320 

.06742 

.77181 

9 

.35394 

.23754 

.97327 

.07565 

.77185 

37.0 

4.35967 

4.24344 

.97334 

6.08387 

.77189 

l 

.36540 

.24932 

.97341 

.09208 

.77192 

2 

.37112 

.25520 

.97348 

.10028 

.77196 

3 

.37684 

.26107 

.97355 

.10847 

.77200 

4 

.38254 

.26693 

.97362 

.11665 

.77203 

37.5 

4.38824 

4.27278 

.97369 

6.12481 

.77207 

6 

.39393 

.27863 

.97376 

.13297 

.77210 

7 

.39962 

.28446 

.97383 

.14111 

.77214 

8 

.40529 

.29029 

.97389 

.14925 

.77217 

9 

.41096 

.29611 

.97396 

.15737 

.77221 

38.0 

4.41663 

4. 30 193 

.97403 

6.16548 

.77224 

1 

.42228 

.30773 

.97410 

.17358 

.77228 

2 

.42793 

.31353 

.97416 

.18167 

.77231 

3 

.43357 

.31932 

.97423 

.18975 

.77235 

4 

.43920 

.32510 

.97430 

.19782 

.77238 

38.5 

4.44483 

4.33088 

.97436 

6.20588 

.77241 

6 

.45045 

.33664 

.97443 

.21393 

.77245 

7 

.45606 

.34240 

.97449 

.22197 

.77248 

8 

.46166 

.34815 

.97456 

.23000 

.77251 

9 

.46726 

.35390 

.97462 

.23802 

.77255 

39.0 

4.47285 

4.35963 

.97469 

6.24602 

.77258 

1 

.47844 

.36536 

.97475 

.25402 

.77261 

2 

.48401 

.37108 

.97482 

.26201 

.77265 

3 

.48958 

.37680 

.97488 

.26999 

.77268 

4 

.49515 

.38250 

.97494 

.27795 

.77271 

39.5 

4.50070 

4.38820 

.97500 

6.28591 

.77274 

6 

.50625 

.39389 

.97507 

.29386 

.77277 

7 

.51180 

.39958 

.97513 

»  30179 

.77281 

8 

.51733 

.40526 

.97519 

.30972 

.77284 

9 

.52286 

.41093 

.97525 

.31764 

.77287 

p 


f(p) 


g(p) 


g(p) 

f(p) 


0 


40.0 

4.52838 

4.41659 

.97531 

6.32554 

.77290 

1 

.53390 

.42224 

.97537 

.33344 

.77293 

2 

.53941 

.42789 

.97543 

.34133 

.77296 

3 

.54491 

.43353 

.97549 

.34920 

.77299 

4 

.55041 

.43917 

.97555 

.35707 

.77302 

40.5 

4.55589 

4.44479 

.97561 

6.36493 

.77305 

6 

.56138 

.45041 

.97567 

.37278 

.77309 

7 

.56685 

.45602 

.97573 

.38062 

.77312 

8 

.5?232 

.46163 

.97579 

.38845 

.77315 

9 

.57778 

.46723 

.97585 

.39627 

.77318 

41.0 

4.58324 

4.47282 

.97591 

6.40408 

.77321 

1 

.58869 

.47840 

.97597 

.41188 

.77324 

2 

.59413 

.48398 

.97602 

.41967 

.77326 

3 

.59957 

.48955 

.97608 

.42745 

.77329 

4 

.60500 

.49511 

.97614 

.43522 

.77332 

41.5 

4.61043 

4.50067 

.97619 

6.44298 

.77335 

6 

.61584 

.50622 

.97625 

.45074 

.77338 

7 

.62125 

.51176 

.97631 

.45848 

.77341 

8 

.62666 

.51730 

.97636 

.46622 

.77344 

9 

.63206 

.52283 

.97642 

.47394 

.77347 

42.0 

4.63745 

4.52835 

.97647 

6.48166 

.77350 

1 

.64284 

.53387 

.97653 

.48937 

.77352 

2 

.64822 

.53937 

.97658 

.49706 

.77355 

3 

.65359 

.54488 

.97664 

.50475 

.77358 

4 

.65896 

.55037 

.97669 

.51243 

.77361 

42.5 

4.66432 

4.55586 

.97675 

6.52010 

.77364 

6 

.66968 

.56134 

.97680 

.52777 

.77366 

7 

.67502 

.56682 

.97685 

.53542 

.77369 

8 

.68037 

.57229 

.97691 

.54306 

.77372 

9 

.68570 

.57775 

.97696 

.55070 

.77375 

43.0 

4.69104 

4.58321 

.97701 

6.55832 

.77377 

i 

.69636 

.58866 

.97707 

.56594 

.77380 

2 

.70168 

.59410 

.97712 

.57355 

.77383 

3 

.70699 

.59954 

.97717 

.58115 

.77385 

4 

.71230 

.60497 

.97722 

.58874 

.77388 

43.5 

4.71760 

4.61040 

.97728 

6.59632 

.77391 

6 

.72289 

.61581 

.97733 

.60390 

.77393 

7 

.72818 

.62122 

.97738 

.61146 

.77396 

8 

.73347 

.62663 

.97743 

.61902 

.77398 

9 

.73874 

.63203 

.97748 

.62657 

.77401 

44.0 

4.74402 

4.63742 

.97753 

6.63411 

.77404 

1 

.74928 

.64281 

.97758 

.64164 

.77406 

2 

.75454 

.64819 

.97763 

.64916 

.77409 

3 

.75979 

.65356 

.97768 

.65667 

.77411 

4 

.76504 

.65893 

.97773 

.66418 

.77414 

44.5 

4.77028 

4.66429 

.97778 

6.67167 

.77416 

6 

.77552 

.66965 

.97783 

.67916 

.77419 

7 

.78075 

.67500 

.97788 

.68664 

.77421 

8 

.78598 

.68034 

.97793 

.69411 

.77424 

9 

.79120 

.68568 

.97798 

.70158 

.77426 

4 


p 

f(P> 

g(p) 

45.0 

4.79641 

4.69101 

1 

.80162 

.69633 

2 

.80682 

.70165 

3 

.81202 

.70696 

4 

.81721 

.71227 

45.5 

4.82239 

4.71757 

6 

.82758 

.72287 

7 

.83275 

.72816 

8 

.83792 

.73344 

9 

.84308 

.73872 

46.0 

4.84824 

4.74399 

1 

.85339 

.74925 

2 

.85854 

.75451 

3 

.86368 

.75977 

4 

.86882 

.76502 

46.5 

4.87395 

4.77026 

6 

.87907 

.77550 

7 

.88419 

.78073 

8 

.88931 

.78595 

9 

.89442 

.79117 

47.0 

4.89952 

4.79639 

i 

.90462 

.80159 

2 

.90971 

.80680 

3 

.91480 

.81199 

4 

.91989 

.81719 

47.5 

4.92496 

4.82237 

6 

.93004 

.82755 

7 

.93510 

.83273 

8 

.94016 

.83790 

9 

.94522 

.84306 

48.0 

4.95027 

4.84822 

1 

.95532 

.85337 

2 

.96036 

.85852 

3 

.96540 

.86366 

4 

.97043 

.86880 

48.5 

4.97546 

4.87393 

6 

.98048 

.87905 

7 

.98549 

.88417 

8 

.99050 

.88929 

9 

.99551 

.89440 

49.0 

5.00051 

4.89950 

1 

.00551 

.90460 

2 

.01050 

.90969 

3 

.01548 

.91478 

4 

.02046 

.91986 

49.5 

5.02544 

4.92494 

6 

.03041 

.93001 

7 

.03538 

.93508 

8 

.04034 

.94014 

9 

.04530 

.94520 

g(p) 

|s| 

6 

f(p) 

.97802 

6.70903 

.77429 

.97807 

.71648 

.77431 

.97812 

.72392 

.77434 

.97817 

.73135 

.77436 

.97822 

.73877 

.77439 

.97826 

6.74618 

.77441 

.97831 

.75359 

.77444 

.97836 

.76099 

.77446 

.97840 

.76838 

.77448 

.97845 

.77576 

.77451 

.97850 

6.78313 

.77453 

.97854 

.79050 

.77455 

.97859 

.79785 

.77458 

.97863 

.80520 

.77460 

.97868 

.81255 

.77462 

.97873 

6.81988 

.77465 

.97877 

.82720 

.77467 

.97882 

.83452 

.77469 

.97886 

.84183 

.77472 

.97891 

.84914 

.77474 

.97895 

6.85643 

.77476 

.97899 

.86372 

.77478 

.97904 

.87100 

.77481 

.97908 

.87827 

=77483 

.97913 

.88553 

.77485 

.97917 

6.89279 

.77487 

.97921 

.90004 

.77490 

.97926 

.90728 

.77492 

.97930 

.91451 

.77494 

.97934 

.92174 

.77496 

.97938 

6.92895 

.77498 

.97943 

.93617 

.77500 

.97947 

.94337 

.77503 

.97951 

.95056 

.77505 

.97955 

.95775 

.77507 

.97959 

6.96493 

.77509 

.97964 

.97211 

.77511 

.97968 

.97927 

.77513 

.97972 

.98643 

.77515 

.97976 

.99358 

.77517 

.97980 

7.00073 

.77520 

.97984 

.00787 

.77522 

.97988 

.01500 

.77524 

.97992 

.02212 

.77526 

.97996 

.02923 

.77528 

.98000 

7.03634 

.77530 

.98004 

.04344 

.77532 

.98008 

.05054 

.77534 

.98012 

.05762 

.77536 

.98016 

.06470 

.77538 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

0 

50.0 

5.05025 

4.95025 

.98020 

7.07177 

.77540 

1 

.05519 

.95530 

.98024 

.07884 

.77542 

2 

.06014 

.96034 

.98028 

.08590 

.77544 

3 

.06507 

.96538 

.98032 

.09295 

.77546 

4 

.07001 

.97041 

.98036 

.09999 

.77548 

50.5 

5.07493 

4.97543 

.98039 

7.10703 

.77550 

6 

.07986 

.98046 

.98043 

.11406 

.77552 

7 

.08477 

.98547 

.98047 

.  1 2 1. 0  9 

.77554 

8 

.08969 

.99048 

.98051 

.12810 

.77556 

9 

.09460 

.99549 

.98055 

.13511 

.77558 

51.0 

5.09950 

5.00049 

.98058 

7.14211 

.77560 

1 

.10440 

.00549 

.98062 

.14911 

.77561 

2 

.10929 

.01048 

.98066 

.15610 

.77563 

3 

.11418 

.01546 

.98070 

.16308 

.77565 

4 

.11907 

.02044 

.98073 

. 17006 

.77567 

51.5 

5.12395 

5.02542 

.98077 

7.17703 

.77569 

6 

.12882 

.03039 

.98081 

.18399 

.77571 

7 

.13370 

.03536 

.98084 

. 19094 

.77573 

8 

.13856 

.04032 

.98088 

.19789 

.77575 

9 

.14342 

.04528 

.98092 

.20483 

.7757 1 

52.0 

5.14828 

5.05023 

.98095 

7.21177 

.77578 

1 

.15313 

.05518 

.98099 

.21870 

.77580 

2 

.15798 

.06012 

.98103 

.22562 

.77582 

3 

.16283 

.06505 

.98106 

.23253 

.77584 

4 

.16767 

.06999 

.98110 

.23944 

.77586 

52.5 

5.17250 

5.07491 

.98113 

7.24635 

.77588 

6 

.17733 

.07984 

.98117 

.25324 

.77589 

7 

.18216 

.08476 

.98120 

.26013 

.77591 

8 

.18698 

.08967 

.98124 

.26701 

.77593 

9 

.19179 

.09458 

.98128 

.27389 

.77595 

53.0 

5.19661 

5.09948 

.98131 

7.28076 

.77597 

1 

.20141 

.10438 

.98134 

.28762 

.77598 

2 

.20622 

.10928 

.98138 

.29448 

.77600 

3 

.21102 

.11417 

.98141 

.30133 

.77602 

4 

.21581 

.11905 

.98145 

.30817 

.77604 

53.5 

5.22060 

5.12393 

.98148 

7.31501 

.77605 

6 

.22539 

.12881 

.98152 

.32184 

.77607 

7 

.23017 

.13368 

.98155 

.32866 

.77609 

8 

.23494 

.13855 

.98159 

.33548 

.77611 

9 

.23972 

.14341 

.98162 

.34229 

.77612 

54.0 

5.24449 

5.14826 

.98165 

7.34910 

.77614 

1 

.24925 

.15312 

.98169 

.35590 

.77616 

2 

.25401 

.15797 

.98172 

.36269 

.77617 

3 

.25876 

.16281 

.98175 

.'36943 

.77619 

4 

.26352 

.16765 

.98179 

.37626 

.77621 

54.5 

5.26826 

5.17248 

.98182 

7-38303 

.77622 

6 

.27300 

.17731 

.98185 

.38980 

.77624 

7 

.27774 

.18214 

.98189 

.39656 

.77626 

8 

.28248 

.18696 

.98192 

.40332 

.77628 

9 

.28721 

.19178 

.98195 

.41007 

.77629 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

8 

55.0 

5.29193 

5.19659 

.98198 

7.41681 

.77631 

1 

.29665 

.20140 

.98202 

.42355 

.77632 

2 

.30137 

.20620 

.98205 

.43028 

.77634 

3 

.30608 

.21100 

.98208 

.43700 

.77636 

4 

.31079 

.21579 

.98211 

.44372 

.77637 

55.5 

5.31550 

5.22058 

.98214 

7.45044 

.77639 

6 

.32020 

.22537 

.98218 

.45714 

.77641 

7 

.32489 

.23015 

.98221 

.46384 

.77642 

8 

.32959 

.23493 

.98224 

.47054 

.77644 

9 

.33427 

.23970 

.98227 

.47723 

.77645 

56.0 

5.33896 

5.24447 

.98230 

7.48391 

.77647 

1 

.34364 

.24923 

.98233 

.49059 

.77649 

2 

.34831 

.25399 

.98236 

.49726 

.77650 

3 

.35298 

.25875 

.98240 

.50392 

.77652 

4 

.35765 

.26350 

.98243 

.51058 

.77653 

56.5 

5.36232 

5.26825 

.98246 

7.51724 

.77655 

6 

.36697 

.27299 

.98249 

.52388 

.77657 

7 

.37163 

.27773 

.98252 

.53053 

.77658 

8 

.37628 

.28246 

.98255 

.53716 

.77660 

9 

.38093 

.28719 

.98258 

.54379 

.77661 

57.0 

5.38557 

5.29192 

.98261 

7.55042 

.77663 

l 

.39021 

.29664 

.98264 

.55703 

.77664 

2 

.39485 

.30136 

.98267 

.56365 

.77666 

3 

.39948 

.30607 

.98270 

.57025 

.77667 

4 

.40411 

.31078 

.98273 

.57685 

.77669 

57.5 

5.40873 

5.31548 

.98276 

7.58345 

.77670 

6 

.41335 

.32018 

.98279 

.59004 

.77672 

7 

.41796 

.32488 

.98282 

.59662 

.77673 

8 

.42258 

.32957 

.98285 

.60320 

.77675 

9 

.42718 

.33426 

.98288 

.60977 

.77676 

58.0 

5.43179 

5.33894 

.98291 

7.61634 

.77678 

1 

.43639 

.34362 

.98294 

.62290 

.77679 

2 

.44098 

.34830 

.98297 

.62946 

.77681 

3 

.44557 

.35297 

.98299 

.63601 

.77682 

4 

.45016 

.35764 

.98302 

.64255 

.77684 

58.5 

5.45475 

5.36230 

.98305 

7.64909 

.77685 

6 

.45933 

.36696 

.98308 

.65562 

.77687 

7 

.46390 

.37162 

.98311 

.66215 

.77688 

8 

.46848 

.37627 

.98314 

.66867 

.77690 

9 

.47305 

.38091 

.98317 

.67519 

.77691 

59.0 

5.47761 

5.38556 

.98319 

7.68170 

.77692 

I 

.48217 

.39020 

.98322 

.68820 

.77694 

2 

.48673 

.39483 

.98325 

.69470 

.77695 

3 

-49129 

.39946 

.98328 

.70120 

.77697 

4 

.49584 

.40409 

.98331 

.70769 

.77698 

59.5 

5.50038 

5.40872 

.98333 

7.71417 

.77700 

6 

.50492 

.41333 

.98336 

.72065 

.77701 

7 

.50946 

.41795 

.98339 

.72712 

.77702 

8 

.51400 

.42256 

.98342 

.73359 

.77704 

9 

.51853 

.42717 

.98344 

.74005 

.77705 

p 

f(p) 

g<P) 

g(p) 

f(p) 

|s| 

60.0 

5.52306 

5.43177 

.98347 

7.74650 

1 

.52758 

.43637 

.98350 

.75296 

2 

.53210 

.44097 

.98353 

.75940 

3 

.53662 

.44556 

.98355 

.76584 

4 

.54113 

.45015 

.98358 

.77228 

60.5 

5.54564 

5.45473 

.98361 

7.77871 

6 

.55015 

.45932 

.98363 

.78513 

7 

.55465 

.46389 

.98366 

.79155 

8 

.55915 

.46847 

.98369 

.79796 

9 

.56364 

.47303 

.98371 

.80437 

61.0 

5.56813 

5.47760 

.98374 

7.81077 

1 

.57262 

.48216 

.98377 

.81717 

2 

.57710 

.48672 

.98379 

.82356 

3 

.58158 

.49127 

.98382 

.82995 

4 

.58606 

.49582 

.98385 

.83633 

61.5 

5.59053 

5.50037 

.98387 

7.84271 

6 

.59500 

.50491 

.98390 

.84908 

7 

.59947 

.50945 

.98392 

.85545 

8 

.60393 

.51399 

.98395 

.86181 

9 

.60839 

.51852 

.98398 

.86817 

62.0 

5.61285 

5.52305 

.98400 

7.87452 

1 

.61730 

.52757 

.98403 

.88087 

2 

.62175 

.53209 

.98405 

.88721 

3 

.62619 

.53661 

.98408 

.89354 

4 

.63063 

.54112 

.98410 

.89987 

62.5 

5.63507 

5.54563 

.98413 

7.90620 

6 

.63950 

.55013 

.98415 

.91252 

7 

.64393 

.55464 

.98418 

.91884 

8 

.64836 

.55913 

.98420 

.92515 

9 

.65278 

.56363 

.98423 

.93145 

63.0 

5.65720 

5.56812 

.98425 

7.93775 

1 

.66162 

.57261 

.98428 

.94405 

2 

.66604 

.57709 

.98430 

.95034 

3 

.67045 

.58157 

.98433 

.95663 

4 

.67485 

.58605 

.98435 

.96291 

63.5 

5.67925 

5.59052 

.98438 

7.96918 

6 

.68365 

.59499 

.98440 

.97545 

7 

.68805 

.59946 

.98442 

.98172 

8 

.69244 

.60392 

.98445 

.98798 

9 

.69683 

.60838 

.98447 

.99424 

64.0 

5.70122 

5.61283 

.98450 

8.00049 

l 

.70560 

.61729 

.98452 

.00673 

2 

.70998 

.62173 

.98455 

.01298 

3 

.71436 

.62618 

.98457 

.01921 

4 

.71873 

.63062 

.98459 

.02544 

64.5 

5.72310 

5.63506 

.98462 

8.03167 

6 

.72747 

.63949 

.9846* 

.03789 

7 

.73183 

.64392 

.98466 

.04411 

8 

.73619 

.64835 

.98469 

.05032 

9 

.74054 

.65277 

.98471 

.05653 

0 


.77707 

.77708 

.77709 

.77711 

.77712 

.77713 

.77715 

.77716 

.77718 

.77719 

.77720 

.77722 

.77723 

.77724 

.77726 

.77727 

.77728 

.77730 

.77731 

.77732 

.77733 

.77735 

.77736 

.77737 

.77739 

.77740 

.77741 

.77742 

.77744 

.77745 

.77746 

.77747 

.77749 

.77750 

.77751 

.77752 

.77754 

.77755 

.77756 

.77757 

*77759 

.77760 

.77761 

.77762 

.77763 

.77765 

.77766 

.77767 

.77768 

.77769 


p 

f(p) 

g(p) 

g(p) 

|s| 

0 

f(p) 

65.0 

5.74490 

5.65719 

.98473 

8.06273 

.77771 

1 

.74925 

.66161 

.98476 

.06893 

.77772 

2 

.75359 

.66602 

.98478 

.07513 

.77773 

3 

.75794 

.67043 

.98480 

.08132 

.77774 

4 

.76228 

.67484 

.98483 

.08750 

.77775 

65.5 

5.76661 

5.67924 

.98485 

8.09368 

.77777 

6 

.77095 

.68364 

.98487 

.09985 

.77778 

7 

.77528 

.68804 

.98490 

.10602 

.77779 

8 

.77960 

.69243 

.98492 

.11219 

.77780 

9 

.78393 

.69682 

.98494 

.11835 

.77781 

66.0 

5.78825 

5.70121 

.98496 

8.12450 

.77782 

l 

.79256 

.70559 

.98499 

.13066 

.77783 

2 

.79688 

.70997 

.98501 

.13680 

.77785 

3 

.80119 

.71435 

.98503 

.14294 

.77786 

4 

.80549 

.71872 

.98505 

.14908 

.77787 

66.5 

5.80980 

5.72309 

.98508 

8.15521 

.77788 

6 

.81410 

.72746 

.98510 

.16134 

.77789 

7 

.81840 

.73182 

.98512 

.16747 

.77790 

8 

.82269 

.73618 

.98514 

.17358 

.77791 

9 

.82698 

.74053 

.98516 

.17970 

.77792 

67.0 

5.83127 

5.74489 

.98519 

8.18581 

.77794 

1 

.83556 

.74924 

.98521 

.19191 

.77795 

2 

.83984 

.75358 

.98523 

.19801 

.77796 

3 

.84412 

.75793 

.98525 

.20411 

.77797 

4 

.84839 

.76227 

.98527 

.21020 

.77798 

67.5 

5.85267 

5.76660 

.98529 

8.21629 

.77799 

6 

.85694 

.77094 

.98532 

.22237 

.77800 

7 

.86120 

.77527 

.98534 

.22845 

.77801 

8 

.86547 

.77959 

.98536 

.23452 

.77802 

9 

.86973 

.78392 

.98538 

.24059 

.77803 

68.0 

5.87398 

5.78824 

.98540 

8.24666 

.77805 

1 

.87824 

.79255 

.98542 

.25272 

.77806 

2 

.88249 

.79687 

.98544 

.25877 

.77807 

3 

.88674 

.80118 

.98547 

.26482 

.77808 

4 

.89098 

.80548 

.98549 

.27087 

.77809 

68.5 

5.89522 

5.80979 

.98551 

8.27691 

.77810 

6 

.89946 

.81409 

.98553 

.28295 

.77811 

7 

.90370 

.81839 

.98555 

.28899 

.77812 

8 

.90793 

.82268 

.98557 

.29501 

.77813 

9 

.91216 

.82697 

.98559 

.30104 

.77814 

69.0 

5.91639 

5.83126 

.98561 

8.30706 

.77815 

1 

.92061 

.83555 

.98563 

.31308 

.77816 

2 

.92483 

.83983 

.98565 

.31909 

.77817 

3 

.92905 

.84411 

.98567 

.32510 

.77818 

4 

.93326 

.84838 

.98569 

.33110 

.77819 

69.5 

5.93747 

5.85266 

.98572 

8.33710 

.77820 

6 

.94168 

.85693 

.98574 

.34309 

.77821 

7 

.94589 

.86119 

.98576 

.34908 

.77823 

8 

.95009 

.86546 

.98578 

.35507 

.77824 

9 

.95429 

.86972 

.98580 

.36105 

.77825 

p 

f(p) 

g(p) 

g(p) 

|s| 

e 

f(p) 

70.0 

5.95849 

5.87397 

.98582 

8.36703 

.77826 

1 

.96268 

.87823 

.98584 

.37300 

.77827 

2 

.96687 

.88248 

.98586 

.37897 

.77828 

3 

.97106 

.88673 

.98588 

.38493 

.77829 

4 

.97524 

.89097 

.98590 

.39089 

.77830 

70.5 

5.97943 

5.89521 

.98592 

8.39685 

.77831 

6 

.98361 

.89945 

.98594 

.40280 

.77832 

7 

.98778 

.90369 

.98596 

.40875 

.77833 

8 

.99196 

.90792 

.98598 

.41469 

.77834 

9 

.99613 

.91215 

.98600 

.42063 

.77835 

71.0 

6.00029 

5.91638 

.98601 

8.42657 

.77836 

l 

.00446 

.92060 

.98603 

.43250 

.77837 

2 

.00862 

.92482 

.98605 

.43843 

.77838 

3 

.01278 

.92904 

.98607 

.44435 

.77839 

4 

.01693 

.93325 

.98609 

.45027 

.77840 

71.5 

6.02109 

5.93747 

.98611 

8.45618 

.77841 

6 

.02524 

.94167 

.98613 

.46209 

.77842 

7 

.02939 

.94588 

.98615 

.46800 

.77843 

8 

.03353 

.95008 

.98617 

.47390 

.77843 

9 

.03767 

.95428 

.98619 

.47980 

.77844 

72.0 

6.04181 

5.95848 

.98621 

8.48569 

.77845 

l 

.04595 

.96267 

.98623 

.49158 

.77846 

2 

.05008 

.96686 

.98625 

.49747 

.77847 

3 

.05421 

.97105 

.98626 

.50335 

.77848 

4 

.05834 

.97524 

.98628  - 

.50922 

.77849 

72.5 

6.06246 

5.97942 

.98630 

8.51510 

.77850 

6 

.06658 

.98360 

.98632 

.52097 

.77851 

7 

.07070 

.98777 

.98634 

.52683 

.77852 

8 

.07482 

.99195 

.98636 

.53269 

.77853 

9 

.07393 

.99612 

.98638 

.53855 

.77854 

73.0 

6.08304 

6.00029 

.98640 

8.54440 

.77855 

1 

.08715 

.00445 

.98641 

.55025 

.77856 

2 

.09126 

.00861 

.98643 

.55610 

.77857 

3 

.09536 

.01277 

.98645 

.56194 

.77858 

4 

.09946 

.01693 

.98647 

.56778 

.77859 

73.5 

6.10356 

6.02108 

.98649 

8.57361 

.77860 

6 

.10765 

.02523 

.98651 

.57944 

.77861 

7 

.11174 

.02938 

.98652 

.58527 

.77861 

8 

.11583 

.03352 

.98654 

.59109 

.77862 

9 

.11992 

.03766 

.98656 

.59690 

.77863 

74.0 

6.12400 

6.04180 

.98658 

8.60272 

.77864 

1 

.12808 

.04594 

.98660 

.60853 

.77865 

2 

.13216 

.05007 

.98661 

.61433 

.77866 

3 

.13623 

.05420 

.98663 

.62013 

.77867 

4 

.14031 

.05833 

.98665 

.62593 

.77868 

74.5 

6.14438 

6.06245 

.98667 

8.63173 

.77869 

6 

.14844 

.06658 

.98669 

.63752 

.77870 

7 

.15251 

.07070 

.98670 

.64330 

.77871 

8 

.15657 

.07481 

.98672 

.64909 

.77871 

9 

.16063 

.07893 

.98674 

.65486 

.77872 

p 

f(p) 

g(p) 

g(p) 

f(p) 

lsl 

9 

75.0 

6.16468 

6.08304 

.98676 

8.66064 

.77873 

1 

.16874 

.08714 

.98677 

.66641 

.77874 

2 

.17279 

.09125 

.98679 

.67218 

.77875 

3 

.17684 

.09535 

.98681 

.67794 

.77876 

4 

.18088 

.09945 

.98683 

.68370 

.77877 

75.5 

6.18493 

6. 10355 

.98684 

8.68945 

.77878 

6 

.18897 

.10764 

.98686 

.69521 

.77878 

7 

.19300 

.11173 

.98688 

.70095 

.77879 

8 

.19704 

.11582 

.98689 

.70670 

.77880 

9 

.20107 

.11991 

.98691 

.71244 

.77881 

76.0 

6.20510 

6. 12399 

.98693 

8.71818 

.77882 

1 

.20913 

. 12807 

.98695 

.72391 

.77883 

2 

.21315 

.13215 

.98696 

.72964 

.77884 

3 

.21718 

.13623 

.98698 

.73536 

.77885 

4 

.22120 

. 14030 

.98700 

.74108 

.77885 

76.5 

6.22521 

6. 14437 

.98701 

8.74680 

.77886 

6 

.22923 

.14844 

.98703 

.75252 

.77887 

7 

.23324 

.15250 

.98705 

.75823 

.77888 

8 

.23725 

.15656 

.98706 

.76393 

.77889 

9 

.24125 

. 16062 

.98708 

.76964 

.77890 

77.0 

6.24526 

6.16468 

.98710 

8.77533 

.77891 

1 

.24926 

.16873 

.98711 

.78103 

.77891 

2 

.25326 

. 17278 

.98713 

.78672 

.77892 

3 

.25725 

.17683 

.98715 

.79241 

.77893 

4 

.26125 

.18088 

.98716 

.79809 

.77894 

77.5 

6.26524 

6.18492 

.98718 

8.80377 

.77895 

6 

.26923 

.18896 

.98720 

.80945 

.77896 

7 

.27321 

.19300 

.98721 

.81513 

.77896 

8 

.27720 

.19703 

.98723 

.82079 

.77897 

9 

.28118 

.20107 

.98725 

.82646 

.77898 

78.0 

6.28516 

6.20510 

.98726 

8.83212 

.77899 

L 

.28913 

.20912 

.98728 

.83778 

.77900 

2 

.29311 

.21315 

.98729 

.84344 

.77900 

3 

.29708 

.21717 

.98731 

.84909 

.77901 

4 

.30105 

.22119 

.98733 

.85474 

.77902 

78.5 

6.30501 

6.22521 

.98734 

8.86038 

.77903 

6 

.30898 

.22922 

.98736 

.86602 

.77904 

7 

.31294 

.23323 

.98737 

.87166 

.77905 

8 

.31690 

.23724 

.98739 

.87729 

.77905 

9 

.32085 

.24125 

.98741 

.88292 

.77906 

79.0 

6.32481 

6.24525 

.98742 

8.88855 

.77907 

1 

.32876 

.24925 

.98744 

.89417 

.77908 

2 

.33271 

.25325 

.98745 

.89979 

.77909 

3 

.33665 

.25725 

.98747 

.90541 

.77909 

4 

.34060 

.26124 

.98748 

.91102 

.77910 

79.5 

6.34454 

6.26523 

.98750 

8.91663 

.77911 

6 

.34848 

.26922 

.98752 

.92224 

.77912 

7 

.35241 

.27321 

.98753 

.92784 

.77912 

8 

.35635 

.27719 

.98755 

.93344 

.77913 

9 

.36028 

.28117 

.98756 

.93903 

.77914 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

e 

80.0 

6.36421 

6.28515 

.98758 

8.94462 

.77915 

1 

.36813 

.28913 

.98759 

.95021 

.77916 

2 

.37206 

.29310 

.98761 

.95579 

.77916 

3 

.37598 

.29707 

.98762 

.96137 

.77917 

4 

.37990 

.30104 

.98764 

.96695 

.77918 

80.5 

6.38382 

6.30501 

.98765 

8.97253 

.77919 

6 

.38773 

.30897 

.98767 

.97810 

.77920 

7 

.39164 

.31293 

.98769 

.98366 

.77920 

8 

.39555 

.31689 

.98770 

.98923 

.77921 

9 

.39946 

.32085 

.98772 

.99479 

.77922 

81.0 

6.40337 

6.32480 

.98773 

9.00034 

.77923 

1 

.40727 

.32875 

.98775 

.00590 

.77923 

2 

.41117 

.33270 

.98776 

.01145 

.77924 

3 

.41507 

.33665 

.98778 

.01699 

.77925 

4 

.41896 

.34059 

.98779 

.02254 

.77926 

81.5 

6.42285 

6.34453 

.98781 

9.02807 

.77926 

6 

.42675 

.34847 

.98782 

.03361 

.77927 

7 

.43063 

.35241 

.98784 

.03914 

.77928 

8 

.43452 

.35634 

.98785 

.04467 

.77929 

9 

.43840 

.36027 

.98786 

.05020 

.77929 

82.0 

6.44229 

6.36420 

.98788 

9.05572 

.77930 

1 

.44617 

.36813 

.98789 

.06124 

.77931 

2 

.45004 

.37205 

.98791 

.06676 

.77932 

3 

.45392 

.37597 

.98792 

.07227 

.77932 

4 

.45779 

.37989 

.98794 

.07778 

.77933 

82.5 

6.46166 

6.38381 

.98795 

9.08328 

.77934 

6 

.46553 

.38772 

.98797 

.08879 

.77935 

7 

.46939 

.39164 

.98798 

.09429 

.77935 

8 

.47325 

.39555 

.98800 

.09978 

.77936 

9 

.47711 

.39945 

.98801 

.10527 

.77937 

83.0 

6.48097 

6.40336 

.98802 

9.11076 

.77937 

1 

.48483 

.40726 

.98804 

.11625 

.77938 

2 

.48868 

.41116 

.98805 

.12173 

.77939 

3 

.49253 

.41506 

.98807 

.12721 

.77940 

4 

.49638 

.41896 

.98808 

.13269 

.77940 

83.5 

6.50023 

6.42285 

.98810 

9.13816 

.77941 

6 

.50407 

.42674 

.98811 

.14363 

.77942 

7 

.50792 

.43063 

.98812 

.14910 

.77942 

8 

.51176 

.43451 

.98814 

.15456 

.77943 

9 

.51560 

.43840 

.98815 

. 16002 

.77944 

84.0 

6.51943 

6.44228 

.98817 

9.16548 

.77945 

1 

.52326 

.44616 

.98818 

.17093 

.77945 

2 

.52709 

.45004 

.98819 

.17638 

.77946 

3 

.53092 

.45391 

.98821 

.18183 

.77947 

4 

.53475 

.45778 

.98822 

.18727 

.77947 

in 

• 

* 

CO 

6.53857 

6.46165 

.98824 

9.19271 

.77948 

6 

.54240 

.46552 

.98825 

.19815 

.77949 

7 

.54622 

.46939 

.98826 

.20358 

.77950 

8 

.55003 

.47325 

.98828 

.20901 

.77950 

9 

.55385 

.47711 

.98829 

.21444 

.77951 

p 

f(p) 

g(p) 

g(p) 

%) 

!si 

0 

85.0 

6.55766 

6.48097 

.98830 

9.21986 

.77952 

1 

.56147 

.48482 

.98832 

.22528 

.77952 

2 

.56528 

.48868 

.98833 

.23070 

.77953 

3 

.56909 

.49253 

.98835 

.23612 

.77954 

4 

.57289 

.49638 

.98836 

.24153 

.77954 

85.5 

6.57670 

6.50022 

.98837 

9.24694 

.77955 

6 

.58050 

. 50407 

.98839 

.25234 

.77956 

7 

.58429 

.50791 

.98840 

.25774 

.77956 

8 

.58809 

.51175 

.98841 

.26314 

.77957 

9 

.59188 

.51559 

.98843 

.26854 

.77958 

86.0 

6.59567 

6.51943 

.98844 

9.27393 

.77958 

1 

.59946 

.52326 

.98845 

.27932 

.77959 

2 

.60325 

.52709 

.98847 

.28471 

.77960 

3 

.60703 

.53092 

.98848 

.29009 

.77960 

4 

.61082 

.53475 

.98849 

.29547 

.77961 

86.5 

6.61460 

6.53857 

.98851 

9.30085 

.77962 

6 

.61837 

.54239 

.98852 

.30622 

.77962 

7 

.62215 

.54621 

.98853 

.31159 

.77963 

8 

.62592 

.55003 

.98855 

.31696 

.77964 

9 

.62970 

.55384 

.98856 

.32233 

.77964 

87.0 

6.63347 

6.55766 

.98857 

9.32769 

.77965 

1 

.63723 

.56147 

.98858 

.33305 

.77966 

2 

.64100 

.56528 

.98860 

.33840 

.77966 

3 

.64476 

.56908 

.98861 

.34375 

.77967 

4 

.64852 

.57289 

.98862 

.34910 

.77968 

87.5 

6.65228 

6.57669 

.98864 

9.35445 

.77968 

6 

.65604 

.58049 

.98865 

.35979 

.77969 

7 

.65979 

.58429 

.98866 

.36513 

.77970 

8 

.66355 

.58808 

.98868 

.37047 

.77970 

9 

.66730 

.59188 

.98869 

.37580 

.77971 

88.0 

6.67104 

6.59567 

.98870 

9.38113 

.77972 

l 

.67479 

.59946 

.98871 

.38646 

.77972 

2 

.67854 

.60324 

.98873 

.39179 

.77973 

3 

.68228 

.60703 

.98874 

.39711 

.77974 

4 

.68602 

.61081 

.98875 

.40243 

.77974 

88.5 

6.68976 

6.61459 

.98876 

9.40774 

.77975 

6 

.69349 

.61837 

.98878 

.41306 

.77976 

7 

.69722 

.62215 

.98879 

.41837 

.77976 

8 

.70096 

.62592 

.98880 

.42367 

.77977 

9 

.70469 

.62969 

.98881 

.42898 

.77977 

89.0 

6.70841 

6.63346 

.98883 

9.43428 

.77978 

1 

.71214 

.63723 

.98884 

.43958 

.77979 

2 

.71586 

.64099 

.98885 

.44487 

.77979 

3 

.71958 

.64476 

.98886 

.45016 

.77980 

4 

.72330 

.64852 

.98888 

.45545 

.77981 

89.5 

6.72702 

6.65228 

.98889 

9.46074 

.77981 

6 

.73073 

.65603 

.98890 

.46602 

.77982 

7 

.73445 

.65979 

.98891 

.47130 

.77982 

8 

.73816 

.66354 

.98893 

.47658 

.77983 

9 

.74187 

.66729 

.98894 

.48185 

.77984 

p 

f(P> 

g(p) 

g(p) 

f(p) 

|s| 

8 

90.0 

6.74557 

6.67104 

.98895 

9.48713 

.77984 

1 

.74928 

.67479 

.98896 

.49239 

.77985 

2 

.75298 

.67853 

.98897 

.49766 

.77986 

3 

.75668 

.68227 

.98899 

.50292 

.77986 

4 

.76038 

.68601 

.98900 

.50818 

.77987 

90.5 

6.76408 

6.68975 

.98901 

9.51344 

.77987 

6 

.76777 

.69349 

.98902 

.51869 

.77988 

7 

.77147 

.69722 

.98904 

.52394 

.77989 

8 

.77516 

.70095 

.98905 

.52919 

.77989 

9 

.77885 

.70468 

.98906 

.53444 

.77990 

91.0 

6.78253 

6.70841 

.98907 

9.53968 

.77990 

1 

.78622 

.71213 

.98908 

.54492 

.77991 

2 

.78990 

.71586 

.98910 

.55016 

.77992 

3 

.79358 

.71958 

.98911 

.55539 

.77992 

4 

.79726 

.72330 

.98912 

.56062 

.77993 

91.5 

6.80094 

6.72702 

.98913 

9.56585 

.77993 

6 

.80461 

.73073 

.98914 

.57107 

.77994 

7 

.80828 

.73444 

,.98915 

.57630 

.77995 

8 

.81195 

.73815 

.98917 

.58152 

.77995 

9 

.81562 

.74186 

.98918 

.58673 

.77996 

92.0 

6.81929 

6.74557 

.98919 

9.59195 

.77996 

1 

.82295 

.74928 

.98920 

.59716 

.77997 

2 

.82662 

.75298 

.98921 

.60237 

.77998 

3 

.83028 

.75668 

.98922 

.60757 

.77998 

4 

.83394 

.76038 

.98924 

.61277 

.77999 

92.5 

6.83759 

6.76407 

.98925 

9.61797 

.77999 

6 

.84125 

.76777 

.98926 

.62317 

.78000 

-* 

r 

.84490 

.77146 

.98927 

.62836 

.78000 

8 

.84855 

.77515 

.98928 

.63356 

.78001 

9 

.85220 

.77884 

.98929 

.63874 

.78002 

93.0 

6.85585 

6.78253 

.98931 

9.64393 

.78002 

I 

.85950 

.78621 

.98932 

.64911 

.78003 

2 

.86314 

.78990 

.98933 

.65429 

.78003 

3 

.86678 

.79358 

.98934 

.65947 

.78004 

4 

.87042 

.79726 

.98935 

.66464 

.78005 

93.5 

6.87406 

6.80093 

.98936 

9.66982 

.78005 

6 

.87769 

.80461 

.98937 

.67499 

.78006 

7 

.88133 

.80828 

.98938 

.68015 

.78006 

8 

.88496 

.81195 

.98940 

.68532 

.78007 

9 

.88859 

.81562 

.98941 

.69048 

.78007 

94.0 

6.89222 

6.81929 

.98942 

9.69563 

.78008 

1 

.89584 

.82295 

.98943 

.70079 

.78008 

2 

.89947 

.82661 

.98944 

.70594 

.78009 

3 

.90309 

.83027 

.98945 

.71109 

.78010 

4 

.90671 

.83393 

.98946 

.71624 

.78010 

94.5 

6.91033 

6.83759 

.98947 

9.72138 

.78011 

6 

.91395 

.84125 

.98949 

.72652 

.78011 

7 

.91756 

.84490 

.98950 

.73166 

.78012 

8 

.92117 

.84855 

.98951 

.73680 

.78012 

9 

.92478 

.85220 

.98952 

.74193 

.78013 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

0 

95.0 

6.92839 

6.85585 

.98953 

9.74706 

.78014 

1 

.93200 

.85949 

.98954 

.75219 

.78014 

2 

.93561 

.86314 

.98955 

.75732 

.78015 

3 

.93921 

.86678 

.98956 

.76244 

.78015 

4 

.94281 

.87042 

.98957 

.76756 

.78016 

95.5 

6.94641 

6.87405 

.98958 

9.77268 

.78016 

6 

.95001 

.87769 

.98959 

.77779 

.78017 

7 

.95360 

.88132 

.98961 

.78290 

.78017 

8 

.95720 

.88496 

.98962 

.78801 

.78018 

9 

.96079 

.88859 

.98963 

.79312 

.78018 

96.0 

6.96438 

6.89221 

.98964 

9.79822 

.78019 

1 

.96797 

.89584 

.98965 

.80333 

.78020 

2 

.97156 

.89946 

.98966 

.80842 

.78020 

3 

.97514 

.90309 

.98967 

.81352 

.78021 

4 

.97872 

.90671 

.98968 

.81861 

.78021 

96.5 

6.98231 

6.91032 

.98969 

9.82370 

.78022 

6 

.93588 

.91394 

.98970 

.82879 

.78022 

7 

.98946 

.91756 

.98971 

.83388 

.78023 

8 

.99304 

.92117 

.98972 

.83896 

.78023 

9 

.99661 

.92478 

.98973 

.84404 

.78024 

97.0 

7.00018 

6.92839 

.98974 

9.84912 

.78024 

1 

.00375 

.93200 

.98975 

.85419 

.78025 

2 

.00732 

.93560 

.98976 

.85927 

.78025 

3 

.01089 

.93921 

.98978 

.86434 

.78026 

4 

.01445 

.94281 

.98979 

.86940 

.78026 

97.5 

7.01802 

6.94641 

.98980 

9.87447 

.78027 

6 

.02158 

.95000 

.98981 

.87953 

.78028 

7 

.02514 

.95360 

.98982 

.88459 

.78028 

8 

.02870 

.95719 

.98983 

.88965 

.78029 

9 

.03225 

.96079 

.98984 

.89470 

.78029 

98.0 

7.03580 

6.96438 

.98985 

9.89975 

.78030 

l 

.03936 

.96797 

.98986 

.90480 

.78030 

2 

.04291 

.97155 

.98987 

.90985 

.78031 

3 

.04646 

.97514 

.98988 

.91489 

.78031 

4 

.05000 

.97872 

.98989 

.91993 

.78032 

98.5 

7.05355 

6.98230 

.98990 

9.92497 

.78032 

6 

.05709 

.98588 

.98991 

.93001 

.78033 

7 

.06063 

.98946 

.98992 

.93504 

.78033 

8 

.06417 

.99303 

.98993 

.94007 

.78034 

9 

.06771 

.99661 

.98994 

.94510 

.78034 

99.0 

7.07125 

7.00018 

.98995 

9.95013 

.78035 

I 

.07478 

.00375 

.98996 

.95515 

.78035 

2 

.07831 

.00732 

.98997 

.96017 

.78036 

3 

.08184 

.01089 

.98998 

.96519 

.78036 

4 

.08537 

.01445 

.98999 

.97021 

.78037 

99.5 

7.08890 

7.01801 

.99000 

9.97522 

.78037 

6 

.09243 

.02157 

.99001 

.98023 

.78038 

7 

.09595 

.02513 

.99002 

.98524 

.78038 

8 

.09947 

.02869 

.99003 

.99025 

.78039 

9 

.10299 

.03225 

.99004 

.99525 

.78039 

0  <:  P 


TABLE  5 

■5  999  in  steps  of  1 


p 

%) 

g(p) 

g(p) 

f(p) 

|s| 

0 

l.Ooooo 

0.00000 

.00000 

1.00000 

1 

.09868 

.45509 

.41421 

. 18921 

2 

.27202 

.78615 

.61803 

.49535 

3 

.44262 

1.03978 

.72076 

.77828 

4 

.60049 

.24962 

.78078 

2.03054 

5 

1.74628 

1.43161 

.81980 

2.25810 

6 

.88186 

.59417 

.84713 

.46633 

7 

2.00886 

.74228 

.86730 

.65915 

8 

.12864 

.87913 

.88278 

.83941 

9 

.24225 

2 .00691 

.89504 

3 .00922 

10 

2.35052 

2.12719 

.90499 

3. 17015 

1 

.45412 

.24113 

.91321 

.32346 

2 

.55359 

.34964 

.92013 

.47010 

3 

.64938 

.45341 

.92603 

.61087 

4 

.74187 

. 55300 

.93112 

.74642 

15 

2.83137 

2.64890 

.93555 

3.87728 

6 

.91815 

.74146 

.93945 

4.00390 

7 

3.00245 

.83102 

.94291 

.12667 

8 

*08446 

.91786 

.94599 

.24591 

9 

.16436 

3.00219 

.94875 

.36191 

20 

3.24230 

3.08423 

.95125 

4.47493 

1 

.31842 

.16416 

.95351 

.58517 

2 

.39284 

.24212 

.95558 

.69284 

3 

.46567 

.31826 

.95747 

.79810 

4 

.53701 

.39270 

.95920 

.90110 

25 

3.60694 

3.46554 

.96080 

5.00200 

6 

.67554 

.53689 

.96228 

.10090 

7 

.74289 

.60683 

.96365 

.19793 

8 

.80906 

.67545 

.96492 

.29319 

9 

.87410 

.74281 

.96611 

.38676 

30 

3.93806 

3.80898 

.96722 

5.47875 

1 

4.00101 

.87402 

.96826 

.56921 

2 

.06298 

.93800 

.96924 

.65823 

3 

.12402 

4.00095 

.97016 

.74588 

4 

.18418 

.06292 

.97102 

.83221 

35 

4.24348 

4.12397 

.97184 

5.91729 

6 

.30197 

.18413 

.97261 

4.00116 

7 

.35967 

.24344 

.97334 

.08387 

8 

.41663 

.30193 

.97403 

.16548 

9 

.47285 

.35963 

.97469 

.24602 

40 

4.52838 

4.41659 

.97531 

6.32554 

1 

.58324 

.47282 

.97591 

.40408 

2 

.63745 

.52835 

.97647 

.48166 

3 

.69104 

.58321 

.97701 

.55832 

4 

.74402 

.63742 

.97753 

.63411 

45 

4.79641 

4.69101 

.97802 

6.70903 

6 

.84824 

.74399 

.97850 

.78313 

7 

.89952 

.79639 

.97895 

.85643 

8 

.95027 

.84822 

.97938 

.92895 

9 

S. 00051 

.89950 

.97980 

7.00073 

8 


.00000 

.39270 

.55357 

.62452 

.66291 

.68670 

.70282 

.71445 

.72322 

.73007 

.73556 

.74007 

.74383 

.74701 

.74974 

.75211 

.75419 

.75602 

.75765 

.75911 

.76042 

.76161 

.76269 

.76367 

.76458 

.76541 

.76618 

.76689 

.76755 

.76816 

.76874 

.76927 

.76978 

.77025 

.77070 

.77112 

.77151 

.77189 

.77224 

.77258 

.77290 

.77321 

.77350 

.77377 

.77404 

.77429 

.77453 

.77476 

.77498 

.77520 


3 

f(p) 

gfe) 

g(p) 

f(p) 

|s| 

50 

5.05025 

4.95025 

.98020 

7.07177 

1 

.09950 

5.00049 

.98058 

.14211 

2 

.14828 

.05023 

.98095 

.21177 

3 

.19661 

.09948 

.98131 

.28076 

4 

.24449 

.14826 

.98165 

.34910 

55 

5.29193 

5. 19659 

.98198 

7.41681 

6 

.33896 

.24447 

.98230 

.48391 

7 

.38557 

.29192 

.98261 

.55042 

8 

.43179 

.33894 

.98291 

.61634 

9 

.47761 

.38556 

.98319 

.68170 

60 

5.52306 

5.43177 

.98347 

7.74650 

1 

.56813 

.47760 

.98374 

.81077 

2 

.61285 

.52305 

.98400 

.87452 

3 

.65720 

.56812 

.98425 

.93775 

4 

.70122 

.61283 

.98450 

8.00049 

65 

5.74490 

5.65719 

.98473 

8.06273 

6 

.78825 

.70121 

.98496 

.12450 

7 

.83127 

.74489 

.98519 

.18581 

8 

.87398 

.78824 

.98540 

.24666 

9 

.91639 

.83126 

.98561 

.30706 

70 

5.958V9 

5.87397 

.98582 

8.36703 

1 

fe. 00029 

.91638 

.98601 

.42657 

2 

.04181 

.95848 

.98621 

.48569 

3 

.08304 

6.00029 

.98640 

.54440 

4 

.12400 

.04180 

.98658 

.60272 

75 

6.16468 

6.08304 

.98676 

8.66064 

6 

.20510 

.12399 

.98693 

.71818 

7 

.24526 

.16468 

.98710 

.77533 

8 

.28516 

.20510 

.98726 

.83212 

9 

.32481 

.24525 

.98742 

.88855 

80 

6.36421 

6.28515 

.98758 

8.94462 

1 

.40337 

.32480 

.98773 

9.00034 

2 

.44229 

.36420 

.98788 

.05572 

3 

.48097 

.40336 

.98802 

.11076 

4 

.51943 

.44228 

.98817 

.16548 

85 

6.55766 

6.48097 

.98830 

9.21986 

6 

.59567 

.51943 

.98844 

.27393 

7 

.63347 

.55766 

.98857 

.32769 

8 

.67104 

.59567 

.98870 

.38113 

9 

.70841 

.63346 

.98883 

.43428 

90 

6.74557 

6.67104 

.98895 

9.48713 

1 

.78253 

.70841 

.98907 

.53968 

2 

.81929 

.74557 

.98919 

.59195 

3 

.85585 

.78253 

.98931 

.64393 

4 

.89222 

.81929 

.98942 

.69563 

95 

6.92839 

6.85585 

.98953 

9.74706 

6 

.96438 

.89221 

.98964 

.79822 

7 

7.00018 

.92839 

.98974 

.84912 

8 

.03580 

.96438 

.98985 

.89975 

9 

.07125 

7.00018 

.98995 

.95013 

e 


.77540 

.77560 

.77578 

.77597 

.77614 

.77631 

.77647 

.77663 

.77678 

.77692 

.77707 

.77720 

.77733 

.77746 

.77759 

.77771 

.77782 

.77794 

.77805 

.77815 

.77826 

.77836 

.77845 

.77855 

.77864 

.77873 

.77882 

.77891 

.77899 

.77907 

.77915 

.77923 

.77930 

.77937 

.77945 

.77952 

.77958 

.77965 

.77972 

.77978 

.77984 

.77990 

.77996 

.78002 

.78008 

.78014 

.78019 

.78024 

.78030 

.78035 


p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

8 

100 

7.10651 

7.03580 

.99005 

10.00025 

.78040 

1 

.14160 

.07124 

.99015 

.05012 

.78045 

2 

.17652 

.10651 

.99024 

.09975 

.78050 

3 

.21127 

.14160 

.99034 

. 14913 

.78054 

4 

.24585 

.17652 

.99043 

. 19827 

.78059 

105 

7.28027 

7.21127 

.99052 

10.24718 

.78064 

6 

.31453 

.24585 

.99061 

.29586 

.78068 

7 

.34863 

.28027 

.99070 

.34431 

.78073 

8 

.38257 

.31453 

.99078 

.39253 

.78077 

9 

.41635 

.34863 

.99087 

.44053 

.78081 

110 

7.44998 

7.38257 

.99095 

10.48831 

.78085 

1 

.48347 

.41635 

.99103 

.53587 

.78089 

2 

.51680 

.44998 

.99111 

.58322 

.78093 

3 

.54998 

.48346 

.99119 

.63035 

.78097 

4 

.58302 

.51679 

.99127 

.67728 

.78101 

115 

7.61592 

7.54998 

.99134 

10.72401 

.78105 

6 

.64867 

.58302 

.99142 

.77053 

.78109 

7 

.68128 

.61591 

.99149 

.81685 

.78112 

8 

.71376 

.64867 

.99156 

.86298 

.78116 

9 

.74610 

.68128 

.99163 

.90890 

.78120 

120 

7.77831 

7.71376 

.99170 

10.95464 

.78123 

1 

.81038 

.74610 

.99177 

11.00019 

.78127 

2 

.84232 

.77831 

.99184 

.04555 

.78130 

3 

.87414 

.81038 

.99190 

.09072 

.78133 

4 

.90582 

.84232 

.99197 

.13571 

.78137 

125 

7.93738 

7.87413 

.99203 

11.18052 

.78140 

6 

.96881 

.90582 

.99209 

.22515 

.78143 

7 

8.00012 

.93738 

.99216 

.26960 

.78146 

8 

.03131 

.96881 

.99222 

.31388 

.78149 

9 

.06238 

8.00012 

.99228 

.35799 

.78152 

130 

8.09333 

8.03131 

.99234 

11.40192 

.78155 

1 

.12416 

.06238 

.99240 

.44569 

.78158 

2 

.15487 

.09332 

.99245 

.48929 

.78161 

3 

.18547 

.12415 

.99251 

.53273 

.78164 

4 

.21595 

.15487 

.99257 

.57600 

.78167 

135 

8.24632 

8.18547 

.99262 

11.61911 

.78169 

6 

.27658 

.21595 

.99267 

.66206 

.78172 

7 

.30673 

.24632 

.99273 

.70486 

.78175 

8 

.33677 

.27658 

.99278 

.74749 

.78178 

9 

.36671 

.30673 

.99283 

.78998 

.78180 

140 

8.39653 

8.33677 

.99288 

11.83231 

.78183 

1 

.42625 

.36671 

.99293 

.87449 

.78185 

2 

.45587 

.39653 

.99298 

.91652 

.78188 

3 

.48538 

.42625 

.99303 

.95841 

.78190 

4 

.51480 

.45587 

.99308 

12.00014 

.78193 

145 

8.54410 

8.48538 

.99313 

12.04174 

.78195 

6 

.57331 

.51479 

.99317 

.08319 

.78197 

7 

.60242 

.54410 

.99322 

.12450 

.78200 

8 

.63144 

.57331 

.99327 

.16566 

.78202 

9 

.66035 

.60242 

.99331 

.20669 

.78204 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

e 

150 

8.68917 

8.63143 

.99336 

12.24758 

.78206 

1 

.71789 

.66035 

.99340 

.28834 

.78209 

2 

.74652 

.68917 

.99344 

.32896 

.78211 

3 

.77506 

.71789 

.99349 

.36945 

.78213 

4 

.80350 

.74652 

.99353 

.40980 

.78215 

155 

8.83185 

8.77506 

.99357 

12.45003 

.78217 

6 

.86011 

.80350 

.99361 

.49012 

.78219 

7 

.88828 

.83185 

.99365 

.53009 

.78221 

n 

o 

.91637 

.86011 

.99369 

.56993 

.78223 

9 

,94436 

.88828 

,99373 

.60964 

.78225 

160 

8.97227 

8.91636 

.99377 

12.64923 

.78227 

1 

9.00009 

.94436 

.99381 

.68870 

.78229 

2 

.02782 

.97227 

.99385 

.72804 

.78231 

3 

.05547 

9.00009 

.99388 

.76727 

.78233 

4 

.08303 

.02782 

.99392 

.80637 

.78235 

165 

9.11052 

9.05547 

.99396 

12.84535 

.78237 

6 

.13792 

.08303 

.99399 

.88422 

.78239 

7 

.16523 

.11052 

.99403 

.92296 

.78240 

8 

.19247 

.13791 

.99407 

.96160 

.78242 

9 

.21962 

.16523 

.99410 

13.00011 

.78244 

170 

9.24670 

9.19247 

.99413 

13.03852 

.78246 

l 

.27370 

.21962 

.99417 

.07681 

.78247 

2 

.30062 

.24670 

.99420 

.11499 

.78249 

3 

.32746 

.27370 

.99424 

.15306 

.78251 

4 

.35422 

.30061 

.99427 

.19101 

.78252 

175 

9.38091 

9.32746 

.99430 

13.22886 

.78254 

6 

.40752 

.35422 

.99433 

.26661 

.78256 

7 

.43406 

.38091 

.99437 

.30424 

.78257 

8 

.46052 

.40752 

.99440 

.34177 

.761259 

9 

.48691 

.43406 

.99443 

.37919 

.78260 

180 

9.51322 

9.46052 

.99446 

13.41651 

.78262 

1 

.53946 

.48691 

.99449 

.45373 

.78264 

2 

.56563 

.51322 

.99452 

.49084 

.78265 

3 

.59173 

.53946 

.99455 

.52785 

.78267 

4 

.61776 

.56563 

.99458 

.56476 

.78268 

185 

9.64372 

9.59173 

.99461 

13.60157 

.78270 

6 

.66961 

.61776 

.99464 

.63828 

.78271 

7 

.69543 

.64372 

.99467 

.67489 

.78272 

8 

.72118 

.66961 

.99470 

.71141 

.78274 

9 

. 74686 

.69543 

.99472 

.74782 

.78275 

190 

9.77248 

9.72118 

.99475 

13.78414 

.78277 

1 

.79803 

.74686 

.99478 

.82037 

.78278 

2 

.82351 

.77248 

.99481 

.85650 

.78279 

3 

.84892 

.79803 

.99483 

.89254 

.78281 

4 

.87427 

.82351 

.99486 

.92848 

.78282 

195 

9.89956 

9.84892 

.99488 

13.96433 

.78283 

6 

.92478 

.87427 

.99491 

14.00009 

.78285 

7 

.94994 

.89956 

.99494 

,,03576 

.78286 

8 

.97503 

.92478 

.99496 

.07134 

.78287 

9 

10.00006 

.94994 

.99499 

.10682 

.78289 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

e 

200 

10.02503 

9.97503 

.99501 

14.14222 

.78290 

1 

.04994 

.00006 

.99504 

.17753 

.78291 

2 

.07478 

.02503 

.99506 

.21276 

.78292 

3 

.09957 

.04994 

.99509 

.24789 

.78294 

4 

.12429 

.07478 

.99511 

.28294 

.78295 

205 

10.14895 

10.09957 

.99513 

14.31791 

.78296 

6 

.17355 

.12429 

.99516 

.35278 

.78297 

7 

.19810 

.14895 

.99518 

.38758 

.78298 

8 

.22258 

.17355 

.99520 

.42229 

.78299 

9 

.24701 

.19810 

.99523 

.45691 

.78301 

210 

10.27138 

10.22258 

.99525 

14.49146 

.78302 

1 

.29569 

.24701 

.99527 

.52592 

.78303 

2 

.31994 

.27138 

.99529 

.56030 

.78304 

3 

.34414 

.29569 

.99532 

.59460 

.78305 

4 

.36828 

.31994 

.99534 

.62882 

.78306 

215 

10.39236 

10.34414 

.99536 

14.66296 

.78307 

6 

.41639 

.36828 

.99538 

.69702 

.78308 

7 

.44036 

,39236 

.99540 

.73100 

.78309 

8 

.46428 

.41639 

.99542 

.76490 

.78310 

9 

.48814 

.44036 

.99544 

.79873 

.78312 

220 

10.51195 

10.46428 

.99546 

14.83247 

.78313 

1 

.53571 

.48814 

.99549 

.86614 

.78314 

2 

.55941 

.51195 

.99551 

.89974 

.78315 

3 

.58306 

.53571 

.99553 

.93326 

.78316 

4 

.60665 

.55941 

.99555 

.96670 

.78317 

225 

10.63020 

10.58306 

.99557 

15.00007 

.78318 

6 

.65369 

.60665 

.99559 

.03337 

.78319 

7 

.67713 

.63020 

.99560 

.06659 

.78320 

8 

.70052 

.65369 

.99562 

.09974 

.78321 

9 

.72386 

.67713 

.99564 

.13282 

.78321 

230 

10.74714 

10.70052 

.99566 

15.16582 

.78322 

1 

.77038 

.72386 

.99568 

.19876 

.78323 

2 

.79357 

.74714 

.99570 

.23162 

.78324 

3 

.81670 

.77038 

.99572 

.26441 

.78325 

4 

.83979 

.79357 

.99574 

.29713 

.78326 

235 

10.86283 

10.81670 

.99575 

15.32978 

.78327 

6 

.88582 

.83979 

.99577 

.36236 

.78328 

7 

.90876 

.86283 

.99579 

.39487 

.78329 

8 

.93165 

.83582 

.99581 

.42732 

.78330 

9 

.95450 

.90876 

.99582 

.45969 

.78331 

240 

10.97730 

10.93165 

.99584 

15.49200 

.78331 

l 

11.00005 

.95450 

.99586 

.52424 

.78332 

2 

.02275 

.97730 

.99588 

.55642 

.78333 

3 

.04541 

11.00005 

.99589 

.58852 

.78334 

4 

.06802 

.02275 

.99591 

.62056 

.78335 

245 

11.09058 

11.04541 

.99593 

15.65254 

.78336 

6 

.11310 

.06802 

.99594 

.68445 

.78337 

7 

.13557 

.09058 

.99596 

.71630 

.78337 

8 

.15800 

. 11310 

.99598 

.74808 

.78338 

9 

.18038 

.13557 

.99599 

.77980 

.78339 

? 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

9 

250 

11.20272 

11.15800 

.99601 

15.81145 

.78340 

1 

.22502 

.18038 

.99602 

.84304 

.78341 

2 

.24727 

.20272 

.99604 

.87457 

.78341 

3 

.26947 

.22502 

.99606 

.90604 

.78342 

4 

.29163 

.24727 

.99607 

.93744 

.78343 

255 

11.31375 

11.26947 

.99609 

15.96878 

.78344 

6 

.33583 

.29163 

.99610 

lb. 00006 

.78345 

7 

.35786 

.31375 

.99612 

.03128 

.78345 

8 

.37985 

.33583 

.99613 

.06244 

.78346 

9 

.40180 

.35786 

.99615 

.09354 

.78347 

260 

11.42370 

11.37985 

.99616 

16.12457 

.78348 

1 

.44556 

.40180 

.99618 

. 15555 

.78348 

2 

.46739 

.42370 

.99619 

.18647 

.78349 

3 

.48917 

.44556 

.99620 

.21733 

.78350 

4 

.51091 

.46739 

.99622 

.24813 

.78350 

265 

11.53260 

11.48917 

.99623 

16.27888 

.78351 

6 

.55426 

.51091 

.99625 

.30956 

.78352 

7 

.57588 

.53260 

.99626 

.34019 

.78353 

8 

.59745 

.55426 

.99628 

.37076 

.78353 

9 

.61899 

.57588 

.99629 

.40128 

.78354 

270 

11.64049 

11.59745 

.99630 

16.43173 

.78355 

1 

.66194 

.61899 

.99632 

.46213 

.78355 

2 

.68336 

.64049 

.99633 

.49248 

.78356 

3 

.70474 

.66194 

.99634 

.52277 

.78357 

4 

.72608 

.68336 

.99636 

.55300 

.78357 

275 

11.74738 

11.70474 

.99637 

16.58318 

.78358 

6 

.76864 

.72608 

.99638 

.61330 

.78359 

7 

.78986 

.74738 

.99640 

.64337 

.78359 

8 

.81105 

.76864 

.99641 

.67339 

.78360 

9 

.83220 

.78986 

.99642 

.70335 

.78361 

280 

11.85331 

11.81105 

.99643 

16.73325 

.78361 

1 

.87438 

.83220 

.99645 

.76311 

.78362 

2 

.89541 

.85331 

.99646 

.79291 

.78363 

3 

.91641 

.87438 

.99647 

.82266 

.78363 

4 

.93737 

.89541 

.99649 

.85235 

.78364 

285 

11.95830 

11.91641 

.99650 

16.88199 

.78364 

6 

.97918 

.93737 

.99651 

.91159 

.78365 

7 

12.00004 

.95830 

.99652 

.94113 

.78366 

8 

.02085 

.97918 

.99653 

.97061 

.78366 

9 

.04163 

12.00004 

.99655 

11.00005 

.78367 

290 

12.06237 

12.02085 

.99656 

17.02944 

.78367 

1 

.08308 

.04163 

.99657 

.05877 

.78368 

2 

.10375 

.06237 

.99658 

.08806 

.78369 

3 

.12439 

.08308 

.99659 

.11729 

.78369 

4 

.14499 

.10375 

.99660 

.14648 

.78370 

295 

12.16556 

12. 12439 

.99662 

17.17561 

.78370 

6 

.18609 

.14499 

.99663 

.20470 

.78371 

7 

.20659 

.16556 

.99664 

.23374 

.78371 

8 

.22705 

.18609 

.99665 

.26272 

.78372 

9 

.24748 

.20659 

.99666 

.29166 

.78373 

> 

f(p) 

g(p) 

g(p) 

f(p) 

fsl 

9 

300 

12.26788 

12.22705 

.99667 

17.32056 

.78373 

I 

.28824 

.24748 

.99668 

.34940 

.78374 

2 

.30857 

.26788 

.99669 

.37819 

.78374 

3 

.32886 

.28824 

.99671 

.40694 

.78375 

4 

.34912 

.30857 

.99672 

.43564 

.78375 

305 

12.36935 

12.32886 

.99673 

17.46430 

.78376 

6 

.38954 

.34912 

.99674 

.49290 

.78376 

7 

.40971 

.36935 

.99675 

.52146 

.78377 

8 

.42984 

.38954 

.99676 

.54997 

.78377 

9 

.44993 

.40971 

.99677 

.57844 

.78378 

310 

12.47000 

12.42984 

.99678 

17.60686 

.78379 

l 

.49003 

.44993 

.99679 

.63524 

.78379 

2 

.51003 

.47000 

.99680 

.66357 

.78380 

3 

.53000 

.49003 

.99681 

.69185 

.78380 

4 

.54993 

.51003 

.99682 

.72009 

.78381 

315 

12.56984 

12.53000 

.99683 

17.74828 

.78381 

6 

.58971 

.54993 

.99684 

.77643 

.78382 

7 

.60955 

.56984 

.99685 

.80454 

.78382 

8 

.62936 

.58971 

.99686 

.83260 

.78383 

9 

.64914 

.60955 

.99687 

.86061 

.78383 

320 

12.66889 

12.62936 

.99688 

17.88859 

.78384 

l 

.68861 

.64914 

.99689 

.91652 

.78384 

2 

.70830 

.66889 

.99690 

.94440 

.78385 

3 

.72795 

.68861 

.99691 

.97224 

.78385 

4 

.74758 

.70830 

.99692 

18.00004 

.78385 

325 

12.76718 

12.72795 

.99693 

18.02780 

.78386 

6 

.78674 

.74758 

.99694 

.05551 

.78386 

7 

.80628 

.76718 

.99695 

,08318 

.78387 

8 

.82578 

.78674 

.99696 

.11081 

.78387 

9 

.84526 

.80628 

.99697 

.13840 

.78388 

330 

12.86471 

12.82578 

.99697 

18.16594 

.78388 

l 

.88413 

.84526 

.99698 

.19345 

.78389 

2 

.90352 

.86471 

.99699 

.22091 

.78389 

3 

.92288 

.88413 

.99700 

.24833 

.78390 

4 

.94221 

.90352 

.99701 

.27571 

.78390 

335 

12.96151 

12.92288 

.99702 

18.30305 

.78391 

6 

.98078 

.94221 

.99703 

.33034 

.78391 

7 

13.00003 

.96151 

.99704 

.35760 

.78391 

8 

.01924 

.98078 

.99705 

.38482 

.78392 

9 

.03843 

13.00003 

.99705 

.41199 

.78392 

340 

13.05759 

13.01924 

.99706 

18.43913 

.78393 

1 

.07672 

.03843 

.99707 

.46622 

.78393 

2 

.09583 

.05759 

.99708 

.49328 

.78394 

3 

.11490 

.07672 

.99709 

.52030 

.78394 

4 

.13395 

.09583 

.99710 

.54728 

.78394 

345 

13.15297 

13.11490 

.99711 

18.57421 

.78395 

6 

.17197 

.13395 

.99711 

.60111 

.78395 

7 

.19093 

.15297 

.99712 

.62797 

.78396 

8 

.20987 

.17197 

.99713 

.65480 

.78396 

9 

.22878 

.19093 

.99714 

.68158 

.78397 

p 

%) 

g<P) 

g(p) 

f(p) 

|s| 

9 

350 

13.24767 

13.20987 

.99715 

18.70832 

.78397 

1 

.26653 

.22878 

.99716 

.73503 

.78397 

2 

.28536 

.24767 

.99716 

.76170 

.78398 

3 

.30416 

.26653 

.99717 

.78833 

.78398 

4 

.32294 

.28536 

.99718 

.81492 

.78399 

355 

13.34169 

13.30416 

.99719 

18.84148 

.78399 

6 

.36042 

.32294 

.99719 

.86800 

.78399 

7 

.37911 

.34169 

.99720 

.89448 

.78400 

8 

.39779 

.36042 

.99721 

.92092 

.78400 

9 

.41643 

.37911 

.99722 

.94733 

.78401 

360 

13.43505 

13.39779 

.99723 

18.97370 

.78401 

1 

.45365 

.41643 

.99723 

19.00004 

.78401 

2 

.47222 

.43505 

.99724 

.02633 

.78402 

3 

.49076 

.45365 

.99725 

.05259 

.78402 

4 

.50928 

.47222 

.99726 

.07882 

.78402 

365 

13.52777 

13.49076 

.99726 

19.10501 

.78403 

6 

.54624 

.50928 

.99727 

.13116 

.78403 

7 

.56468 

.52777 

.99728 

.15728 

.78404 

8 

.58310 

.54624 

.99729 

.18336 

.78404 

9 

.60150 

.56463 

.99729 

.20941 

.78404 

370 

13.61986 

13.58310 

.99730 

19.23542 

.78405 

1 

.63821 

.60150 

.99731 

.26139 

.78405 

2 

.65652 

.61986 

.99732 

.28734 

.78405 

3 

.67482 

.63821 

.99732 

.31324 

.78406 

4 

.69309 

.65652 

.99733 

.33911 

.78406 

375 

13.71133 

13.67482 

.99734 

19.36495 

.78406 

6 

.72955 

.69309 

.99734 

.39075 

.78407 

7 

.74775 

.71133 

.99735 

.41652 

.78407 

8 

.76592 

.72955 

.99736 

.44226 

..  ,78408 

9 

.78407 

.74775 

.99736 

.46796 

,78408 

380 

13.80220 

13.76592 

.99737 

19.49362 

.78408 

1 

.82030 

.78407 

.99738 

.51925 

.78409 

2 

.83838 

.80220 

.99739 

.54485 

.78409 

3 

.85643 

.82030 

.99739 

.57042 

.78409 

4 

.87446 

.83838 

.99740 

.59595 

.78410 

385 

13.89247 

13.85643 

.99741 

19.62145 

.78410 

6 

.91045 

.87446 

.99741 

.64692 

.78410 

7 

.92841 

.89247 

.99742 

.67235 

.78411 

8 

.94635 

.91045 

.99743 

.69775 

.78411 

9 

.96426 

.92841 

.99743 

.72312 

.78411 

390 

13.98215 

13.94635 

.99744 

19.74845 

.78412 

l 

14.00002 

.96426 

.99745 

.77375 

.78412 

2 

.01787 

.98215 

.99745 

.79902 

.78412 

3 

.03569 

H. 00002 

.99746 

.82426 

.78413 

4 

.05349 

.01787 

.99747 

.84946 

.78413 

395 

14.07127 

14.03569 

.99747 

19.87464 

.78413 

6 

.08903 

.05349 

.99748 

.89978 

.78414 

7 

.10676 

.07127 

.99748 

.92489 

.78414 

8 

.12447 

.08903 

.99749 

.94997 

.78414 

9 

.14216 

.10676 

.99750 

.97502 

.78415 

p 

±'<P) 

g(p) 

g(p) 

f(p) 

fsl 

8 

400 

14.15982 

14.12447 

.99750 

20.00003 

.78415 

1 

.17747 

.14216 

.99751 

.02502 

.78415 

2 

.19509 

.15982 

.99752 

.04997 

.78415 

3 

.21269 

.17747 

.99752 

.07489 

.78416 

4 

.23027 

.19509 

.99753 

.09978 

.78416 

405 

14.24783 

14.21269 

.99753 

20.12464 

.78416 

6 

.26536 

.23027 

.99754 

.14947 

.78417 

7 

.28288 

.24783 

.99755 

.17427 

.78417 

8 

.30037 

.26536 

.99755 

.19904 

.78417 

9 

.31784 

.28288 

.99756 

.22378 

.78418 

410 

14.33529 

14.30037 

.99756 

20.24849 

.78418 

1 

.35272 

.31784 

.99757 

.27316 

.78418 

2 

.37013 

.33529 

.99758 

.29781 

.78418 

3 

.38752 

.35272 

.9,9758 

.32243 

.78419 

4 

.40488 

.37013 

.99759 

.34702 

.78419 

415 

14.42223 

14.38752 

.99759 

20.37158 

.78419 

6 

.43955 

.40488 

.99760 

.39611 

.78420 

7 

.45685 

.42223 

.99760 

.42061 

.78420 

8 

.47414 

.43955 

.99761 

.44508 

.78420 

9 

.49140 

.45685 

.99762 

.46952 

.78420 

420 

14.50864 

14.47414 

.99762 

20.49393 

.78421 

1 

.52586 

.49140 

.99763 

.51831 

.78421 

2 

.54306 

.50864 

.99763 

.54267 

.78421 

3 

.56024 

.52586 

.99764 

.56699 

.73422 

4 

.57740 

.54306 

.99764 

.59129 

.78422 

425 

14.39454 

14.56024 

.99765 

20.61556 

.78422 

6 

.61166 

.57740 

.99766 

.63980 

.78422 

7 

.62876 

.59454 

.99766 

.66401 

.78423 

8 

.64584 

.61166 

.99767 

.68819 

.78423 

9 

.66290 

.62876 

.99767 

.71234 

.78423 

430 

14.67994 

14.64584 

.99768 

20.73647 

.78424 

1 

.69696 

.66290 

.99768 

.76057 

.78424 

2 

.71396 

.67994 

.99769 

.78464 

.78424 

3 

.73094 

.69696 

.99769 

.80868 

.78424 

4 

.74790 

.71396 

.99770 

.83269 

.78425 

435 

14.76484 

14.73094 

.99770 

20.85668 

.78425 

6 

.78176 

.74790 

.99771 

.88064 

.78425 

7 

.79867 

.76484 

.99771 

.90457 

.78425 

8 

.81555 

.78176 

.99772 

.92848 

.78426 

9 

.83242 

.79867 

.99772 

.95235 

.78426 

440 

14.84926 

14.81555 

.99773 

20.97620 

.78426 

1 

.86609 

.83242 

.99774 

£1.00003 

.78426 

2 

.88289 

.84926 

.99774 

.02382 

.78427 

3 

.89968 

.86609 

.99775 

.04759 

.78427 

4 

.91645 

.88289 

.99775 

.07133 

.78427 

445 

14.93320 

14.89968 

.99776 

21.09505 

.78427 

6 

.94993 

.91645 

.99776 

.11874 

.78428 

7 

.96665 

.93320 

.99777 

.14240 

.78428 

8 

.98334 

.94994 

.99777 

.16604 

.78428 

9 

15.00002 

.96665 

.99778 

.18965 

.78428 

p 

f(p) 

g(p) 

g(p> 

f(p) 

|s| 

450 

15.01668 

14.98334 

.99778 

21.21323 

l 

.03331 

IS. 00002 

.99779 

.23679 

2 

.04994 

.01668 

.99779 

.26032 

3 

.06654 

.03331 

.99779 

.28382 

4 

.08312 

.04994 

.99780 

.30730 

455 

15.09969 

15.06654 

.99780 

21.33075 

6 

.11623 

.08312 

.99781 

.35418 

7 

.13276 

.09969 

.99781 

.37758 

8 

.14928 

.11623 

.99782 

.40096 

9 

.16577 

.13276 

.99782 

.42431 

460 

15.18224 

15.14928 

.99783 

21.44764 

1 

.19870 

.16577 

.99783 

.47094 

2 

.21514 

.18224 

.99784 

.49421 

3 

.23156 

.19870 

.99784 

.51746 

4 

.24797 

.21514 

.99785 

.54068 

465 

15.26436 

15.23156 

.99785 

21.56388 

6 

.28072 

.24797 

.99786 

.58706 

7 

.29708 

.26436 

.99786 

.61021 

8 

.31341 

.28072 

.99787 

.63333 

9 

.32973 

.29708 

.99787 

.65643 

470 

15.34603 

15.31341 

.99787 

21.67951 

1 

.36231 

.32973 

.99788 

.70256 

2 

.37857 

.34603 

.99788 

.72559 

3 

.39482 

.36231 

.99789 

.74859 

4 

.41105 

.37857 

.99789 

.77157 

475 

15.42727 

15.39482 

.99790 

21.79452 

6 

.44346 

.41105 

.99790 

.81745 

7 

.45964 

.42727 

.99791 

.84035 

8 

.47580 

.44346 

.99791 

.86323 

9 

.49195 

.45964 

.99791 

.88609 

480 

15.50808 

15.47580 

.99792 

21.90893 

1 

.52419 

.49195 

.99792 

.93174 

2 

.54029 

.50808 

.99793 

.95452 

3 

.55637 

.52419 

.99793 

.97728 

4 

.57243 

.54029 

.99794 

22.00002 

485 

15.58847 

15.55637 

.99794 

22.02274 

6 

.60450 

.57243 

.99794 

.04543 

7 

.62052 

.58847 

.99795 

.06810 

8 

.63651 

.60450 

.99795 

.09074 

9 

.65249 

.62052 

.99796 

.11337 

490 

15.66846 

15.63651 

.99796 

22.13597 

1 

.68440 

.65249 

.99797 

.15854 

2 

.70033 

.66846 

.99797 

.18110 

3 

.71625 

.68440 

.99797 

.20363 

4 

.73215 

.70033 

.99798 

.22613 

495 

15.74803 

15.71625 

.99798 

22.24862 

6 

.76390 

.73215 

.99799 

.27108 

7 

.77975 

.74803 

.99799 

.29352 

8 

.79558 

.76390 

.99799 

.31594 

9 

.81140 

.77975 

.99800 

.33833 

8 


.78429 

.78429 

.78429 

.78429 

.78430 

.78430 

.78430 

.78430 

.78431 

.78431 

.78431 

.78431 

.,78432 

.78432 

.78432 

.78432 

.78433 

.78433  «f 

.78433 

.78433 

.78433 

.78434 

.78434 

.78434 

.78434 

.78435 

.78435 

.78435  i 

.78435 

.78435 

.78436 

.78436 

.78436 

.78436 

.78437 

.78437  i 

.78437 

.78437 

.78437 

.78438 

.78438 

.78438 

.78438 

.78438 

.78439 

.78439 

.78439 

.78439 

.78439 

.78440 


p 

f(p) 

g(P) 

g(p) 

f(p) 

|s| 

0 

500 

15.82721 

15.79558 

.99800 

22*.  36070 

.78440 

I 

.84300 

.81140 

.99801 

.38305 

.78440 

2 

.85877 

.82721 

.99801 

.40538 

.78440 

3 

.87452 

.84300 

.99801 

.42768 

.78440 

4 

.89026 

.85877 

.99802 

.44997 

.78441 

505 

15.90599 

15.87452 

.99802 

22.47223 

.78441 

6 

.92170 

.89026 

.99803 

.49447 

.78441 

7 

.93739 

.90599 

.99803 

.51668 

.78441 

8 

.95307 

.92170 

.99803 

.53888 

.78441 

9 

.96873 

.93739 

.99804 

.56105 

.78442 

510 

15.98438 

15.95307 

.99804 

22.58320 

.78442 

1 

lb. 00002 

.96873 

.99805 

.60533 

.78442 

2 

.01563 

.98438 

.99805 

.62744 

.78442 

3 

.03123 

14.00002 

.99805 

.64952 

.78442 

4 

.04682 

.01563 

.99806 

.67159 

.78443 

515 

16.06239 

16.03123 

.99806 

22.69363 

.78443 

6 

.07795 

.04682 

.99806 

.71565 

.78443 

7 

.09349 

.06239 

.99807 

.73765 

.78443 

8 

.10902 

.07795 

.99807 

.75963 

.78443 

9 

.12453 

.09349 

.99808 

.78159 

.78443 

520 

16.14003 

16.10902 

.99808 

22.80353 

.78444 

1 

.15551 

.12453 

.99808 

.82545 

.78444 

2 

.17098 

.14003 

.99809 

.84734 

.78444 

3 

.18643 

.15551 

.99809 

.86921 

.78444 

4 

.20187 

.17098 

.99809 

.89107 

.78444 

525 

16.21729 

16.18643 

.99810 

22.91290 

.78445 

6 

.23270 

.20187 

.99810 

.93471 

.78445 

7 

.24809 

.21729 

.99810 

.95650 

.78445 

8 

.26347 

.23270 

.99811 

.97827 

.78445 

9 

.27883 

.24809 

.99811 

23. 00002 

.78445 

530 

16.29418 

16.26347 

.99812 

23.02175 

.78445 

1 

.30952 

.27884 

.99812 

.04346 

.78446 

2 

.32484 

.29419 

.99812 

.06515 

.78446 

3 

.34015 

.30952 

.99813 

.08681 

.78446 

4 

.35544 

.32484 

.99813 

.10846 

.78446 

535 

16.37072 

16.34015 

.99813 

23.13009 

.78446 

6 

.38598 

.35544 

.99814 

.15169 

.78447 

7 

.40123 

.37072 

.99814 

.17328 

.78447 

8 

.41647 

.38598 

.99814 

.19485 

.78447 

9 

.43169 

.40123 

.99815 

.21639 

.78447 

540 

16.44690 

16.41647 

.99815 

23.23792 

.78447 

1 

.46209 

.43169 

.99815 

.25943 

.78447 

2 

.47727 

.44690 

.99816 

.28091 

.78448 

3 

.49244 

.46209 

.99816 

.30238 

.78448 

4 

.50759 

.47727 

.99816 

.32383 

.78448 

545 

16.52273 

16.49244 

.99817 

23.34525 

.78448 

6 

.53785 

.50759 

.99817 

.36666 

.78448 

7 

.55296 

.52273 

.99817 

.38805 

.78448 

8 

.56806 

.53785 

.99818 

.40942 

.78449 

g 

.58314 

.55296 

.99818 

.43077 

.78449 

p  %)  g(p) 


550 

16.59821 

16.56806 

I 

.61326 

.58314 

2 

.62830 

.59821 

3 

.64333 

.61326 

4 

.65834 

.62830 

555 

16.67335 

16.64333 

6 

.68833 

.65834 

7 

.70331 

.67335 

8 

.71827 

.68833 

9 

.73321 

.70331 

560 

16.74815 

16.71827 

1 

.76307 

.73321 

2 

.77797 

.74815 

3 

.79287 

.76307 

4 

.80775 

.77798 

565 

16.82262 

16.79287 

6 

.83747 

.80775 

7 

.85231 

.82262 

8 

.86714 

.83747 

9 

.88196 

.85231 

570 

16.89676 

16.86714 

1 

.91155 

.88196 

2 

.92632 

.89676 

3 

.94109 

.91155 

4 

.95584 

.92632 

575 

16.97058 

16.94109 

6 

.98530 

.95584 

7 

n.  00001 

.97058 

8 

.01471 

.98530 

9 

.02940 

17 .00001 

580 

17.04407 

17.01471 

1 

.058?3 

.02940 

2 

.07338 

.04407 

3 

.08802 

.05873 

4 

.10264 

.07338 

585 

17.11726 

17.08802 

6 

.13185 

.10264 

7 

.14644 

.11726 

8 

.16101 

.13185 

9 

.17558 

.14644 

590 

17.19013 

17.16101 

1 

.20466 

.17558 

2 

.21919 

.19013 

3 

.23370 

.20466 

4 

.24820 

.21919 

595 

17.26269 

17.23370 

6 

.27716 

.24820 

7 

.29163 

.26269 

8 

.30608 

.27716 

9 

.32052 

.29163 

g(p) 

f<P) 

|s| 

8 

.99818 

23.45210 

.78449 

.99819 

.47341 

.78449 

.99819 

.49470 

.78449 

.99819 

.51597 

.78449 

.99820 

.53722 

.78450 

.99820 

23.55846 

.78450 

.99820 

.57967 

.78450 

.99821 

.60087 

.78450 

.99821 

.62204 

.78450 

.99821 

.64320 

.78450 

.99822 

23.66434 

.78451 

.99822 

.68546 

.78451 

.99822 

.70656 

.78451 

.99823 

.72764 

.78451 

.99823 

.74870 

.78451 

.99823 

23.76975 

.78451 

.99823 

.79077 

.78451 

.99824 

.81178 

.78452 

.99824 

.83277 

.78452 

.99824 

.85374 

.78452 

.99825 

23.87469 

.78452 

.99825 

.89562 

.78452 

.99825 

.91654 

.78452 

.99826 

.93744 

.78453 

.99826 

.95831 

.78453 

.99826 

23.97918 

.78453 

.99827 

2.4.  00602 

.78453 

.99827 

.02084 

.78453 

.99827 

.04165 

.78453 

.99827 

.06244 

.78453 

.99828 

24.08321 

.78454 

.99828 

. 10396 

.78454 

.99828 

.12469 

.78454 

.99829 

.14541 

.78454 

.99829 

.16611 

.78454 

.99829 

24.18679 

.78454 

.99830 

.20745 

.78454 

.99830 

.22810 

.78455 

.99830 

.24873 

.78455 

.99830 

.26934 

.78455 

.99831 

24.28993 

.78455 

.99831 

.31051 

.78455 

.99831 

.33107 

.78455 

.99832 

.35161 

.78455 

.99832 

.37213 

.78456 

.99832 

24.39264 

.78456 

.99832 

.41313 

.78456 

.99833 

.43360 

.78456 

.99833 

'.45406 

.78456 

.99833 

.47449 

.78456 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

0 

600 

17.33495 

17.30608 

.99833 

24.49491 

.78456 

1 

.34936 

.32052 

.99834 

.51532 

.78457 

2 

.36377 

.33495 

.99834 

.53570 

.78457 

3 

.37816 

.34936 

.99834 

.55607 

.78457 

4 

.39254 

.36377 

.99835 

.57643 

.78457 

605 

17.40691 

17.37816 

.99835 

24.59676 

.78457 

6 

.42126 

.39254 

.99835 

.61708 

.78457 

7 

.43561 

.40691 

.99835 

.63739 

.78457 

8 

.44994 

.42126 

.99836 

.65767 

.78458 

9 

.46426 

.43561 

.99836 

.67794 

.78458 

610 

17.47857 

17.44994 

.99836 

24.69819 

.78458 

1 

.49287 

.46426 

.99836 

.71843 

.78458 

2 

.50715 

.47857 

.99837 

.73865 

.78458 

3 

.52143 

.49287 

.99837 

.75885 

.78458 

4 

.53569 

.50715 

.99837 

.77904 

.78458 

615 

17.54994 

17.52143 

.99838 

24.79921 

.78459 

6 

.56418 

.53569 

.99838 

.81936 

.78459 

7 

.57841 

.54994 

.99838 

.83950 

.78459 

8 

.59262 

.56418 

.99838 

.85962 

.78459 

9 

.60683 

.57841 

.99839 

.87973 

.78459 

620 

17.62102 

17.59262 

.99839 

24.89982 

.78459 

1 

.63520 

.60683 

.99839 

.91989 

.78459 

2 

.64937 

.62102 

.99839 

.93994 

.78459 

3 

.66353 

.63520 

.99840 

.95998 

.78460 

4 

.67768 

.64937 

.99840 

.98001 

.78460 

625 

17.69182 

17.66353 

.99840 

25.00002 

.78460 

6 

.70594 

.67768 

.99840 

.02001 

.78460 

7 

.72006 

.69182 

.99841 

.03998 

.78460 

8 

.73416 

.70594 

.99841 

.05994 

.78460 

9 

.74825 

.72006 

.99841 

.07989 

.78460 

630 

17.76233 

17.73416 

.99841 

25.09982 

.78460 

1 

.77640 

.74825 

.99842 

.11973 

.78461 

2 

.79046 

.76233 

.99842 

.13963 

.78461 

3 

.80450 

.77640 

.99842 

.15951 

.78461 

4 

.81854 

.79046 

.99842 

.17937 

.78461 

635 

17.83257 

17.80450 

.99843 

25.19922 

.78461 

6 

.84658 

.81854 

.99843 

,21906 

.78461 

7 

.86058 

.83257 

.99843 

.23887 

.78461 

8 

.87457 

.84658 

.99843 

.25868 

.78461 

9 

.88855 

.86058 

.99844 

.27846 

.78462 

640 

17.90252 

17.87457 

.99844 

25.29824 

.78462 

1 

.91648 

.88855 

.99844 

.31799 

.78462 

2 

.93043 

.90252 

.99844 

.33773 

.78462 

3 

.94437 

.91648 

.99845 

.35746 

.78462 

4 

.95830 

.93043 

.99845 

.37tl7 

„  78462 

645 

17.97221 

17.94437 

.99845 

25.39687 

.78462 

6 

.98612 

.95830 

.99845 

.41654 

.7846 2 

7 

18.00001 

.97221 

.99846 

.43621 

.78463 

8 

.01389 

.98612 

.99846 

.45586 

.78463 

9 

.02777 

18.00001 

.99846 

.47549 

.78463 

) 

%) 

g(P) 

g(p) 

f(p) 

|s| 

e 

650 

18.04163 

18.01389 

.99846 

25.49511 

.78463 

1 

.05548 

.02777 

.99847 

.51472 

.78463 

2 

.06932 

.04163 

.99847 

.53431 

.78463 

3 

.08315 

.05548 

.99847 

.55388 

.78463 

4 

.09697 

.06932 

.99847 

.57344 

.78463 

655 

18.11078 

18.08315 

.99847 

25.59298 

.78463 

6 

.12458 

.09697 

.99848 

.61251 

.78464 

7 

.13837 

.11078 

.99848 

.63203 

.78464 

8 

.15215 

.12458 

.99848 

.65153 

.78464 

9 

.16591 

.13837 

.99848 

.67101 

.78464 

660 

18.17967 

18.15215 

.99849 

25.69048 

.78464 

1 

.19342 

.16591 

.99849 

. 70993 

.78464 

2 

.20715 

.17967 

.99849 

.72938 

.78464 

3 

.22088 

.19342 

.99849 

.74880 

.78464 

4 

.23459 

.20715 

^99850 

.76821 

.78465 

665 

18.24830 

18.22088 

.99850 

25.78761 

.78465 

6 

.26199 

.23459 

.99850 

.80699 

.78465 

7 

.27568 

.24830 

.99850 

.82636 

.78465 

8 

.28935 

.26199 

.99850 

.84571 

.78465 

9 

.30302 

.27568 

.99851 

.86505 

.78465 

670 

18.31667 

18.28935 

.99851 

25.88437 

.78465 

L 

.33031 

.30302 

.99851 

.90368 

.78465 

2 

.34395 

.31667 

.99851 

.92298 

.78465 

3 

.35757 

.33031 

.99852 

.94226 

.78466 

4 

.37118 

.34395 

.99852 

.96152 

.78466 

675 

18.38479 

18.35757 

.99852 

25.98078 

.78466 

6 

.39838 

.37118 

.99852 

26.00001 

.78466 

7 

.41196 

.38479 

.99852 

.01924 

.78466 

8 

.42554 

.39838 

.99853 

.03845 

.78466 

9 

.43910 

.41196 

.99853 

.05764 

.78466 

680 

18.45265 

18.42554 

.99853 

26.07682 

.78466 

1 

.46620 

.43910 

.99853 

.09599 

.78466 

2 

.47973 

.45265 

.99853 

.11514 

.78467 

3 

.49325 

.46620 

.99854 

.13428 

.78467 

4 

.50677 

.47973 

.99854 

.15341 

.78467 

685 

18.52027 

18.49325 

.99854 

26.17252 

.78467 

6 

.53376 

.50677 

.99854 

.19162 

.78467 

7 

.54725 

.52027 

.99855 

.21070 

.78467 

8 

.56072 

.53376 

.99855 

.22977 

.78467 

9 

.57419 

.54725 

.99855 

.24882 

.78467 

690 

18.58764 

18.56072 

.99855 

26.26786 

.78467 

1 

.60108 

.57419 

.99855 

.28689 

.  .  78467 

2 

.61452 

.58764 

.99856 

.30591 

.78468 

3 

.62795 

.60109 

.99856 

.32491 

.78468 

4 

.64136 

.61452 

.99856 

.34389 

.78468 

695 

18.65477 

18.62795 

.99856 

26.36287 

.78468 

6 

.66816 

.64136 

.99856 

.38183 

.78468 

7 

.68155 

.65477 

.99857 

.40077 

.78468 

8 

.69493 

.66816 

.99857 

.41970 

.78468 

9 

.70830 

.68155 

.99857 

.43862 

.78468 

> 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

0 

700 

18.72165 

18.69493 

.99857 

26.45753 

.78468 

1 

.73500 

.70830 

.99857 

.47642 

.78468 

2 

.74834 

.72165 

.99858 

.49530 

.78469 

3 

.76167 

.73500 

.99858 

.51416 

.78469 

4 

.77499 

.74834 

.99858 

.53301 

.78469 

705 

18.78830 

18.76167 

.99858 

26.55185 

.78469 

6 

.80160 

.77499 

.99858 

.57067 

.78469 

7 

.81490 

.78830 

.99859 

.58948 

.78469 

8 

.82818 

.80161 

.99859 

.60828 

.78469 

9 

.84145 

.81490 

.99859 

.62707 

.78469 

710 

18.85472 

18.82818 

.99859 

26.64584 

.78469 

1 

.86797 

.84145 

.99859 

.66460 

.78469 

2 

.88122 

.85472 

.99860 

.68334 

.78470 

3 

.89445 

.86797 

.99860 

.70207 

.78470 

4 

.90768 

.88122 

.99860 

.72079 

.78470 

715 

18.92090 

18.89445 

.99860 

26.73950 

.78470 

6 

.93411 

.90768 

.99860 

.75819 

.78470 

7 

.94730 

.92090 

.99861 

.77687 

.78470 

8 

.96049 

.93411 

.99861 

.79553 

.78470 

9 

.97368 

.94730 

.99861 

.81419 

.78470 

720 

18.98685 

18.96049 

.99861 

26.83283 

.78470 

1 

19.00001 

.97368 

.99861 

.85146 

.78470 

2 

.01316 

.98685 

.99862 

.87007 

.78471 

3 

.02631 

19  .00001 

.99862 

.88867 

.78471 

4 

.03944 

.01316 

.99862 

.90726 

.78471 

725 

19.05257 

19.02631 

.99862 

26.92584 

.78471 

6 

.06568 

.03944 

.99862 

.94440 

.78471 

7 

.07879 

.05257 

.99863 

.96295 

.78471 

8 

.09189 

.06569 

.99863 

.98149 

.78471 

9 

.10498 

.07879 

.99863 

27.00001 

.78471 

730 

19. 11806 

19.09189 

.99863 

27.01852 

.78471 

1 

.13114 

.10498 

.99863 

.03702 

.78471 

2 

.14420 

. 11806 

.99863 

.05551 

.78472 

3 

.15725 

.13114 

.99864 

.07399 

.78472 

4 

. 17020 

.14420 

.99864 

.09245 

.78472 

735 

19.18333 

19.15725 

.99864 

27.11090 

.78472 

6 

.19636 

.17030 

.99864 

.12933 

.78472 

7 

.20938 

.  18334 

.99864 

.14776 

.78472 

8 

.22239 

.19636 

.99865 

.16617 

.78472 

9 

.23539 

.20938 

.99865 

.18457 

.78472 

740 

19.24839" 

19.22239 

.99865 

27.20295 

.78472 

1 

.26137 

.23539 

.99865 

.22133 

.78472 

2 

.27434 

.24839 

.99865 

.23969 

.78472 

3 

.28731 

.26137 

.99866 

.25804 

.78473 

4 

.30027 

.27434 

.99866 

.27638 

.78473 

745 

19.31322 

19.28731 

.99866 

27.29470 

.78473 

6 

.32616 

.30027 

.99866 

.31301 

.78473 

7 

.33909 

.31322 

.99866 

.33131 

.78473 

8 

.35201 

.32616 

.99866 

.34960 

.78473 

9 

.36493 

.33909 

.99867 

.36788 

.78473 

p 

f(p) 

g(p) 

g(p) 

f(p) 

|s| 

9 

750 

19.37783 

19.35201 

.99867 

27.38614 

.78473 

1 

.39073 

.36493 

.99867 

.40439 

.78473 

2 

.40362 

.37783 

.99867 

.42263 

.78473 

3 

.41650 

.39073 

.99867 

.44086 

.78473 

4 

.42937 

.40362 

.99867 

.45907 

.78474 

755 

19.44223 

19.41650 

. 99868 

27.47727 

.78474 

6 

.45508 

.42937 

.99868 

.49547 

.78474 

7 

.46793 

.44223 

.99868 

.51364 

.78474 

8 

.48077 

.45509 

.99868 

.53181 

.78474 

9 

.49360 

.46793 

.99868 

.54997 

.78474 

760 

19.50642 

19.48077 

.99869 

27.56811 

.78474 

1 

.51923 

.49360 

.99869 

.58624 

.78474 

2 

.53203 

.50642 

.99869 

.60436 

.78474 

3 

.54483 

.51923 

.99869 

.62247 

.78474 

4 

.55762 

.53203 

.99869 

.64056 

.78474 

765 

19.57039 

19.54483 

.99869 

27.65864 

.78474 

6 

.58316 

.55762 

.99870 

.67672 

.78475 

7 

.59593 

.57039 

.99870 

.69478 

.78475 

8 

.60868 

.58316 

.99870 

.71282 

.78475 

9 

.62142 

.59593 

.99870 

.73086 

.78475 

770 

19.63416 

19.60868 

.99870 

27.74889 

.78475 

1 

.64689 

.62143 

.99870 

.76690 

.78475 

2 

.65961 

.63416 

.99871 

.78490 

.78475 

3 

.67232 

.64689 

.99871 

.80289 

.78475 

4 

.68503 

.65961 

.99871 

.82087 

.78475 

775 

19.69772 

19.67232 

.99871 

27.83883 

.78475 

6 

.71041 

.68503 

.99871 

.85679 

.78475 

7 

.72309 

.69772 

.99871 

.87473 

.78475 

8 

.73576 

.71041 

.99872 

.89266 

.78476 

9 

.74843 

.72309 

.99872 

.91058 

.78476 

780 

19.76108 

19.73576 

.99872 

27.92849 

.78476 

1 

.77373 

.74843 

.99872 

.94639 

.78476 

2 

.78637 

.76108 

.99872 

.96427 

.78476 

3 

.79900 

.77373 

.99872 

.98215 

.78476 

4 

.81162 

.78637 

.99873 

28.00001 

.78476 

785 

19.82424 

19.79900 

.99873 

28.01786 

.78476 

6 

.83684 

.81162 

.99873 

.03570 

.78476 

7 

.84944 

.82424 

.99873 

.05353 

.78476 

8 

.86203 

.83684 

.99873 

.07135 

.78476 

9 

.87461 

.84944 

.99873 

.08915 

.78476 

790 

19.88719 

19.86203 

.99873 

28. 10695 

.78477 

1 

.89976 

.87461 

.99874 

. 12473 

.78477 

2 

.91232 

.88719 

.99874 

. 14251 

.78477 

3 

.92487 

.89976 

.99874 

.16027 

.78477 

4 

.93741 

.91232 

.99874 

.17802 

.78477 

795 

19.94994 

19.92487 

.99874 

28.19576 

.78477 

6 

.96247 

.93741 

.99874 

.21348 

.78477 

7 

.97499 

.94995 

.99875 

.23120 

.78477 

8 

.98750 

.96247 

.99875 

.24890 

.78477 

9 

£0. 00001 

.97499 

.99875 

.26660 

.78477 

p 

£(P) 

g(p) 

g(p) 

f(p) 

|s| 

0 

800 

20.01250 

19.98750 

.99875 

28.28428 

.78477 

1 

.02499 

a6.ooooi 

.99875 

.30195 

.78477 

2 

.03747 

.01250 

.99875 

.31962 

.78477 

3 

.04995 

.02499 

.99876 

.33727 

.78478 

4 

.06241 

.03747 

.99876 

.35490 

.78478 

805 

20.07487 

20.04995 

.99876 

28.37253 

.78478 

6 

.08732 

.06241 

.99876 

.39015 

.78478 

7 

.09976 

.07487 

.99876 

.40776 

.78478 

8 

.11219 

.08732 

.99876 

.42535 

.78478 

9 

.12462 

.09976 

.99876 

.44294 

.78478 

810 

20.13704 

20.11219 

.99877 

28.46051 

.78478 

1 

.14945 

.12462 

.99877 

.47807 

.78478 

2 

.16185 

.13704 

.99877 

.49562 

.78478 

3 

.17425 

.14945 

.99877 

.51317 

.78478 

4 

.18664 

.16185 

.99877 

.53070 

.78478 

815 

20.19902 

20.17425 

.99877 

28.54822 

.78478 

6 

.21139 

.18664 

.99878 

.56572 

.78479 

7 

.22376 

.19902 

.99878 

.58322 

.78479 

8 

.23611 

.21139 

.99878 

.60071 

.78479 

9 

.24846 

.22376 

.99878 

.61819 

.78479 

820 

20.26081 

20.23611 

.99878 

28.63565 

.78479 

1 

.27314 

.24846 

.99878 

.65311 

.78479 

2 

.28547 

.26081 

.99878 

.67055 

.78479 

3 

.29779 

.27314 

.99879 

.68799 

.78479 

4 

.31010 

.28547 

.99879 

.70541 

.78479 

825 

20.32241 

20.29779 

.99879 

28.72282 

.78479 

6 

.33471 

.31010 

.99879 

.74023 

.78479 

7 

.34700 

.32241 

.99879 

,75762 

.78479 

8 

.35928 

.33471 

.99879 

.77500 

.78479 

9 

.37156 

.34700 

.99879 

.79237 

.78480 

830 

20.38382 

20.35928 

.99880 

28.80973 

. 78480 

1 

.39609 

.37156 

.99880 

.82708 

.78480 

2 

.40834 

.38382 

.99880 

.84442 

.78480 

3 

.42058 

.39609 

.99880 

.86175 

.78480 

4 

.43282 

.40834 

.99880 

.87907 

.78480 

835 

20.44506 

20.42059 

.99880 

28.89638 

.78480 

6 

.45728 

.43282 

.99880 

.91367 

.78480 

7 

.46950 

.44506 

.99881 

.93096 

.78480 

8 

.48171 

.45728 

.99881 

.94824 

.78480 

9 

.49391 

.46950 

.99881 

.96551 

.78480 

840 

20.50610 

20.48171 

.99881 

28.98276 

.78480 

1 

.51829 

.49391 

.99881 

29.00001 

.78480 

2 

.53047 

.50610 

.99881 

.01725 

.78480 

3 

.54265 

.51829 

.99881 

.03447 

.78481 

4 

.55481 

.53047 

.99882 

.05169 

.78481 

845 

20.56697 

20.54265 

.99882 

29.06889 

.78481 

6 

.57912 

.55481 

.99882 

.08609 

.78481 

7 

.59127 

.56697 

.99882 

.10327 

.78481 

8 

.60340 

.57912 

.99882 

.12045 

.78481 

9 

.61554 

.59127 

.99882 

.13761 

.78481 

p 


f(p)  g{p) 


850 

20.62766 

20.60340 

1 

.63977 

.61554 

2 

.65189 

.62766 

3 

.66399 

.63977 

4 

.67608 

.65188 

855 

20.68817 

20.66399 

6 

.70025 

.67608 

7 

.71232 

.68817 

8 

.72439 

.70025 

9 

.73645 

.71232 

860 

20.74850 

20.72439 

1 

.76055 

.73645 

2 

.77258 

.74850 

3 

.78462 

.76055 

4 

.79664 

.77259 

865 

20.80866 

20.78462 

6 

.82067 

.79664 

7 

.83267 

.80866 

8 

.84467 

.82067 

9 

.85666 

.83267 

870 

20.86864 

20.84467 

1 

.88062 

.85666 

2 

.89259 

.86864 

3 

.90455 

.88062 

4 

.91651 

.89259 

875 

20.92846 

20.90455 

6 

.94040 

.91651 

7 

.95233 

.92846 

8 

.96426 

.94040 

9 

.97618 

.95233 

880 

20.98810 

20.96426 

1 

21.00001 

.97618 

2 

.01191 

.98810 

3 

.02380 

21.00001 

4 

.03569 

.01191 

885 

21.04757 

21.02380 

6 

.05945 

.03569 

7 

.07131 

.04757 

8 

.08318 

.05945 

9 

.09503 

.07131 

890 

21.10688 

21.08318 

1 

.11872 

.09503 

2 

.13055 

. 10688 

3 

. 14238 

.11872 

4 

. 15420 

. 13055 

895 

21.16602 

21.14238 

6 

.17782 

.15420 

7 

.18963 

.16602 

8 

.20142 

.17783 

9 

.21321 

.18963 

g(p) 

f(p) 

|s| 

9 

.99882 

29.15477 

.78481 

.99883 

.17191 

.78481 

.99883 

.18905 

.78481 

.99883 

.20617 

.78481 

.99883 

.22329 

.78481 

.99883 

29.24039 

.78481 

.99883 

.25749 

.78481 

.99883 

.27457 

.78481 

.99884 

.29165 

.78482 

.99884 

.30871 

.78482 

.99884 

29.32577 

.78482 

.99884 

.34281 

.78482 

.99884 

.35985 

.78482 

.99884 

.37687 

.78482 

199884 

.39389 

.78482 

.99884 

29.41089 

.78482 

.99885 

.42789 

.78482 

.99885 

.44487 

.78482 

.99885 

.46185 

.78482 

.99885 

.47882 

.78482 

.99885 

29.49577 

.78482 

.99885 

.51272 

.78482 

.99885 

.52966 

.78482 

.99886 

.54658 

.78483 

.99886 

.56350 

.78483 

.99886 

29.58041 

.78483 

.99886 

.59731 

.78483 

.99886 

.61420 

.78483 

.99886 

.63107 

.78483 

.99886 

.64794 

.78483 

.99886 

29.66480 

.78483 

.99887 

.68165 

.78483 

.99887 

.69849 

.78483 

.99887 

.71533 

.78483 

.99887 

.73215 

.78483 

.99887 

29.74896 

.78483 

.99887 

.76576 

.78483 

.99887 

.78255 

.78483 

.99887 

.79934 

.78484 

.99888 

.81611 

.78484 

.99888 

29.83288 

.78484 

.99888 

. 84963 

.78484 

.99888 

.86638 

.78484 

.99888 

.88311 

.78484 

.99888 

.89984 

.78484 

.99888 

29.91656 

.78484 

.99888 

.93327 

.78484 

.99889 

.94997 

.78484 

.99889 

.96666 

.78484 

.99889 

.98334 

.78484 

p 

%) 

g(p) 

g(p) 

f(p) 

|s| 

8 

900 

21-22499 

21.20142 

.99889 

30.00001 

.78484 

1 

.23677 

.21321 

.99889 

.01667 

.78484 

2 

.24854 

.22499 

.99889 

.03332 

.78484 

3 

.26030 

.23677 

.99889 

.04997 

.78484 

4 

.27205 

.24854 

.99889 

.06660 

.78485 

905 

21.28380 

21.26030 

.99890 

30.08323 

.78485 

6 

.29555 

.27205 

.99890 

.09984 

.78485 

7 

.30728 

.28380 

.99890 

.11645 

.78485 

8 

.31901 

.29555 

.99890 

.13305 

.78485 

9 

.33074 

.30728 

.99890 

.14964 

.78485 

910 

21.34245 

21.31901 

.99890 

30.16622 

.78485 

1 

.35416 

.33074 

.99890 

.  18279 

.78485 

2 

.36587 

.34245 

.99890 

.19935 

.78485 

3 

.37756 

.35416 

.99891 

.21590 

.78485 

4 

.38926 

.36587 

.99891 

.23244 

.78485 

915 

21.40094 

21.37756 

.99891 

30.24898 

.78485 

6 

.41262 

.38926 

.99891 

.26550 

.78485 

7 

.42429 

.40094 

.99891 

.28202 

.78485 

8 

.43596 

.41262 

.99891 

.29852 

.78485 

9 

.44762 

.42429 

.99891 

.31502 

.78485 

920 

21.45927 

21.43596 

.99891 

30.33151 

.78485 

1 

.47092 

.44762 

.99891 

.34799 

.78486 

2 

.48256 

.45927 

.99892 

.36446 

.78486 

3 

.49419 

.47092 

.99892 

.38092 

.78486 

4 

.50582 

.48256 

.99892 

.39738 

.78486 

925 

21.51744 

21.49419 

.99892 

30.41382 

.78486 

6 

.52906 

.50582 

.99892 

.43026 

.78486 

7 

.54067 

.51744 

.99892 

.44668 

.78486 

8 

.55227 

.52906 

.99892 

.46310 

.78486 

9 

.56386 

.54067 

.99892 

.47951 

.78486 

930 

21.57546 

21.55227 

.99893 

30.49591 

.78486 

1 

.58704 

.55386 

.99893 

.51230 

.78486 

2 

.59862 

.57546 

.99893 

.52868 

.78486 

3 

.61019 

.58704 

.99893 

.54506 

.78486 

4 

.62175 

.59862 

.99893 

.56142 

.78486 

935 

21.63331 

21.61019 

.99893 

30.57778 

.78486 

6 

.64487 

.62175 

.99893 

.59413 

.78486 

7 

.65641 

.63331 

.99893 

.61046 

.78486 

8 

.66795 

.64487 

.99893 

.62679 

.78487 

9 

.67949 

.65641 

.99894 

.64312 

.78487 

940 

21.69102 

21.66795 

.99894 

30.65943 

.78487 

l 

.70254 

.67949 

.99894 

.67573 

.78487 

2 

.71406 

.69102 

.99894 

.69203 

.78487 

3 

.72557 

.70254 

.99894 

.70831 

.78487 

4 

.73707 

.71406 

.99894 

.72459 

.78487 

945 

21.74857 

21.72557 

.99894 

30.74086 

.78487 

6 

.76006 

.73707 

.99894 

.75712 

.78487 

7 

.77155 

.74857 

.99894 

.77337 

.78487 

8 

.78303 

.76006 

.99895 

.78962 

.78487 

9 

.79450 

.77155 

.99895 

.80585 

.78487 

p 

f(p) 

g(p) 

S(P) 

f(p) 

|si 

9 

950 

21.80597 

21.78303 

.99895 

30.82208 

.78487 

1 

.81743 

.79450 

.99895 

.83830 

.78487 

2 

.82889 

.80597 

.99895 

.85451 

.78487 

3 

.84034 

.81743 

.99895 

.87071 

.78487 

4 

.85178 

.  82889 

.99895 

.88690 

.78487 

955 

21.86322 

21.84034 

.99895 

30.90308 

.78487 

6 

.87465 

.85178 

.99895 

.91926 

.78488 

7 

.88607 

.86322 

.99896 

.93542 

.78488 

8 

.89749 

.87465 

.99896 

.95158 

.78488 

9 

.90891 

.88607 

.99896 

.96773 

.78488 

960 

21.92032 

21.89749 

.99896 

30.98388 

.78488 

1 

.93172 

.90891 

.99896 

31.00001 

.78488 

2 

.94311 

.92032 

.99896 

.01613 

.78488 

3 

.95450 

.93172 

.99896 

.03225 

.78488 

4 

.96589 

.94311 

.99896 

.04836 

.78488 

965 

21.97727 

21.95450 

.99896 

31.06446 

.78488 

6 

.98864 

.96589 

.99897 

.08055 

.78488 

7 

22.00001 

.97727 

.99897 

.09663 

.78488 

8 

.01137 

.98864 

.99897 

.11271 

.78488 

9 

.02272 

22.00001 

.99897 

. 12877 

.78488 

970 

22.03407 

22.01137 

.99897 

31.14483 

.78488 

1 

.04541 

.02272 

.99897 

. 16088 

.78488 

2 

.05675 

.03407 

.99897 

.17692 

.78488 

3 

.06808 

.04541 

.99897 

.19296 

.78488 

4 

.07941 

.05675 

.99897 

.20898 

.78488 

975 

22.09073 

22.06808 

.99897 

31.22500 

.78489 

6 

.10204 

.07941 

.99898 

.24101 

.78489 

7 

.11335 

.09073 

.99898 

.25701 

.78489 

8 

.12465 

. 10204 

.99898 

.27300 

.78489 

9 

.13595 

.11335 

.99898 

.28898 

.78489 

980 

22.14724 

22.12465 

.99898 

31.30496 

.78489 

L 

.15853 

. 13595 

.99898 

.32093 

.78489 

2 

.16980 

.14724 

.99898 

.33689 

.78489 

3 

.18108 

.  15853 

.99898 

.35284 

.78489 

4 

.19235 

.16981 

.99898 

.36878 

.78489 

985 

22.20361 

22.18108 

.99899 

31.38472 

.78489 

6 

.21487 

. 19235 

.99899 

.40064 

.78489 

7 

.22612 

.20361 

.99899 

.41656 

.78489 

8 

.23736 

.21487 

.99899 

.43248 

.78489 

9 

.24860 

.22612 

.99899 

.44838 

.78489 

990 

22.25983 

22.23736 

.99899 

31.46427 

.78489 

1 

.27106 

.24860 

.99899 

.48016 

.78489 

2 

.28229 

.25984 

.99899 

.49604 

.78489 

3 

.29350 

.27106 

.99899 

.51191 

.78489 

4 

.30471 

.28229 

.99899 

.52777 

.78490 

995 

22.31592 

22.29350 

.99900 

31.54363 

.78490 

6 

.32712 

.30471 

.99900 

.55948 

.78490 

7 

.33831 

.31592 

.99900 

.57531 

.78490 

8 

.34950 

.32712 

.99900 

.59115 

.78490 

9 

.36069 

.33831 

.99900 

.60697 

.78490 
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Tables  of  the  Function  ^1  +_  j  p  =  f(p)  +_  j  g(p) 

By 

J.  T.  deBettencourt 


I.  Introduction 

The  complex  radical  ^1  +  j  p,  where  p  is  real,  occurs  in  equations  in 
many  fields  of  application  such  as  wave  propagation  in  dissipative  media, 
transmission  lines,  and  networks.  Let  us  write 


s  =  s/1  ±J  P  =  f<P)  ± J  g(P)'  =  |  S  |  e 


+  j  e 


where 


f(p)  =  + 


g(p)  =  + 


+  \/l  +  p2  +  1 


lk 


-1 


(A.  1) 


(A.  2) 


t A 


i  +  pc  -  i 


=  cosh  (1/2  sinh  p) 

=  sinh  (1/2  sinh  p)  (A.  3) 


II.  Tables 

64 

The  functions  f(p)  and  g(p)  were  first  computed  by  G.  W.  Pierce  and 
tables  were  published  by  King  (reference  4,  Appendix  II).  We  have  employed 
a  digital  computer  in  order  to  obtain  values  of  these  functions  to  five  decimal 


places  and  to  correct  some  typographical  errors  in  previously  published 
values.  In  addition  to  tabular  values  of  f(p)  and  g(p)  for  various  values  of  p, 
other  useful  quantities  are  tabulated.  These  are  the  ratio  g(p)/f(p)*  the 
magnitude  |  s|  =  (1  +  p2)^4  .  and  the  angle  0  =  tan  1  g(p)/f(p). 


A-  1 


The  ranges  and  steps  in  the  range  of  p  for  which  the  values  are  computed 

are: 


0£pf  0.0099 

in  steps  of  0.0001 

(Table  1) 

0  -  p  -  0.099 

in  steps  of  0.  00 1 

(Table  2) 

0  —  p  <  o.  99 

in  steps  of  0.  01 

(Table  3) 

0  —  p  —  99.  9 

in  steps  of  0.1 

(Table  4) 

OS  p  <  999.  0 

in  steps  of  1.  0 

(Table  5) 

The  tabular  values  which  follow  are  arranged  sequentially  according  to  these 
ranges  of  p. 


III.  Discussion  of  Tabular  Computations 
1.  Preparation 

These  tables  were  computed  by  an  IBM  704  electronic  data  processing 
machine.  All  calculations  were  made  in  single  precision  floating  point,  i.  e.  , 
to  27  significant  bits.  The  program  was  written  in  FORTRAN. 

The  functions  were  evaluated  directly  from  the  expressions  stated 
above,  with  the  exception  of  g(p)  for  which  the  algebraically  equivalent  ex¬ 
pression 


g(p)  = 


P 

2f(p) 


(A.  4) 


was  used.  This  avoided  loss  of  accuracy  due  to  subtraction  of  unity  from  a 
quantity  differing  only  slightly  from  unity  when  p  is  small. 

2.  Verification 

For  every  value  of  the  argument  p  a  checking  function 


A-2 


cos  0 
sin  0 


(A.  5) 


1 


was  also  computed  (except  in  Table  1).  The  quantity 

l'-'l 

-13 

was  required  to  be  less  than  2  as  a  test  of  both  the  program  and  the  cal¬ 
culations.  (Algebraically  r  =  p,  and  the  expression  for  r  indirectly  includes 
all  five  of  the  computed  functions.  )  In  Table  1  the  values  of  |  s|  were  too  close 
to  unity  to  permit  calculating  r  with  sufficient  accuracy;  however,  this  table 
was  easily  verified  by  inspection  due  to  the  regular  behavior  of  the  functions 
near  the  origin. 

The  FORTRAN  source  program  was  twice  compiled  and  the  tables 
were  independently  computed  several  days  apart.  The  times  of  printing  of 
the  two  output  tapes  were  separated  by  a  month.  The  two  sets  of  print  sheets 
were  superimposed  on  a  light  table  and  visually  inspected  for  digit  overlap 
and  legibility.  The  final  plates  from  which  these  tables  were  printed  were 
prepared  by  photographic  means. 

It  is  hoped  that  due  to  these  special  precautions  there  are  no  com¬ 
puter,  printer  or  reproduction  errors  in  the  tables. 

3.  Accuracy 

The  maximum  error  (not  most  probable)  which  can  accumulate  due 
to  truncation  of  calculations  at  27  significant  bits  is: 


f(p) 

2  parts  in  2 ^ 

g(p) 

27 

3  parts  in  2 

A- 3 


5.  5  parts  in  2 


g<P)/*(p) 

!sl 


27 


5.  5  parts  in  2 
4.  5  parts  in  2 


27 

27 


This  implies  that  for  the  worst  case  (p  =  999),  considering  both 
computational  and  round-off  error,  the  tabular  error  (the  amount  by  which 
the  printed  five  place  value  may  differ  from  the  true  value)  can  be  no  more 
than: 

f(p)  (0.  5  +  .04)  x  10"5 

g(p)  (0.5  +  .05)  x  10-5 

g(p)/f(p)  (0.5  +  .005)  x  10-5 

|s|  (0.5  +  .13)  x  10~5 

0  (0.5  +  .004)  x  10“5 

4.  Linear  Interpolation 

Linear  interpolation  (simple  proportion)  may  be  used  to  estimate 
values  of  these  functions  for  arguments  lying  between  those  tabulated.  Asso¬ 
ciated  with  interpolated  values  are  two  errors:  the  double  tabular  error,  due 
to  the  combination  of  two  tabular  values,  and  the  non-linearity  error, 
a.  Example  1:  Findf(1.55): 

f(l.  55)  =  f(l.  5)  +  |  Jf(l. 6)  -  f(1.5)J 

=  1.  19261  +  2(0.54  x  10"5)  at  least 
A  conservation  bound  for  the  non-linearity  error,  together  with 


* 
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its  sign,  may  be  obtained  by  second-differencing  (in  most  regions  of  the 
tables);  i.  e.  , 

If  f(p)  is  the  function, 

p  is  the  tabulation  interval, 

g  <  A  P>  and 

E[f(p)J  =  f(p)  (interpolated)  -  f(p)  (True), 

then 

..  ' .  * 

E[f(Pj  +  g)J  lies  between  zero  and  the  smaller  of 

^  £  ^2^  ~  2f(Pj)  +  f(PQ)  +  4  (tabular  error)J 


or 


|l  -  -j&—  |f(p3)  -  2f(p2)  +  f(pj)  +  4  (tabular  error.) J 


Choose  +  or  -  to  maximize  |  E  | . 
b.  Example  2:  Find  E[f(1.55)J: 


^  £f(  1.  6)  =  2f(l»  5)  +  f(l.  4)  +  4  (tabular  error)  J 

=  ~  £.00011  +  4(0.54  x  10'5)] 


=  .000055 +  .000011 
=  +.00007 


Therefore 


f(l.  55)  =  1.  19261 


+0  +.00001 

-.00007  -.00001 


=  1.  19261 

-.00008 
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for 


The  derivation  of  this  bound  for  E  is  valid  everywhere  except 


f (p)  in  the  interval  (1.6,  1.9) 

|  S |  in  the  interval  (1.  3,  1.6) 

where  there  exist  points  of  inflection.  We  may  say  that  in  these  regions  the 
value  of  E  is  less  than  that  nearby,  although  the  sign  is  not  known, 
c.  Example  3:  Find  f(  1.65)  and  E  [f(  1.  65)]  : 
f(  1. 65)  =  f(1.6)  +  £  [f(  1. 7)  =  f(1.6)J 

=  1.  21025  +  2(0.  54  x  10"5)  at  least 

E  jf(l.  65)^]  =  is  of  the  same  order  as  E[f(1.55)]  ,  but  the 
sign  is  unknown. 


Hence 


f(  1.  65)  =  l;  21025  +  (.  00007  +  .  00001) 
=  1. 21025 +. 00008. 


5.  Approximations  for  Small  and  Large  Values  of  p 
a.  Small  p 

When  p  is  small  compared  with  unity 


2 

f(P)  =  i  +  L_ - 

8 

P  p^ 

g(p)  =  7  (1  -  | - ) 


g(p)  -  P  /  1  P2 
f(p)  2  '  "T 


) 


(A.  6) 
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If  p  -  0.6,  the  following  approximate  expressions  may  be  used  with  an  accuracy 
sufficient  for  many  practical  applications: 

f(p)  =  1  (too  low  by  4%  or  less) 


g(p)  =  | 


g(p)  5-  £ 
f(p)  2 

|S|=  1 


e  r  f 


b.  Large  p 

When  p  is  large  compared  with  unity 


«p> 


Zp 


®(pl  *  Jf  «>- 


l 


SiE)  =  i  .  _ 

f<p)  P 


|s|  =  Vp"<1  + 


e  =  2L  -  (i  + 


4p 


—  -) 


— ) 


(too  high  by  4%  or  less) 


(too  high  by  8%  or  less)  S 


(too  low  by  7%  or  less) 


(too  high  by  10%  or  less) 


>  (A.  8) 


4  2p  4p 

If  p  —  10,  the  following  approximate  expressions  may  be  used  with  an  accuracy 


sufficient  for  many  practical  applications. 
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f<p>  -  JI 

«»>  -  Jf 

£(P)  , 

f(P>  ' 

|S|  =  sfr 

e  =  JIL 
4 


(too  low  by  5%  or  less) 
(too  high  by  5%  or  less) 


(too  high  by  10%  or  less) 


>  (A.  9) 


(too  low  by  0.  2%  or  less) 
(too  high  by  7%  or  less) 


c.  Relation  Between  f(p)  and  g(p+  2) 

It  can  be  shown  that  f(p)  exceeds  g(p+  2)  by  less  than 
1 

4  P2  g(p) 

For  example,  for  p  greater  than  100  the  difference  is  less  than 
3.6  x  10'6. 

This  relation  could  be  useful  in  extending  these  tables  to  large 
values  of  p,  by  eliminating  the  need  to  calculate  and  tabulate  f(p)  and  g(p) 
separately. 


IV.  Applications 

The  various  applications  of  the  functions  f(p)  and  g(p)  were  discussed  by 

64  4  5  6 

Pierce  and  use  has  been  made  of  these  functions  by  King  *  ’  and  others. 

For  example,  in  radio  wave  propagation  in  a  dissipative  medium,  the 

■.?  . 

complex  phase  constant  k  of  the  medium  is  given  by 

k  =  ~  (3-i  (A.  10) 
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where 


CO  =  2  7T  f 

f  =  wave  frequency  (cycles/sec) 

JL  =  permeability  of  the  medium  =  ji  jH 
=  complex  dielectric  factor 
^  =  real  phase  constant 

-  real  attenuation  constant 
The  complex  dielectric  factor  §  is  given  by 

or  I co  =  &  ( l  -  j  p) 

where 

C  -  real  effective  dielectric  constant  =  £  £ 

o  r 

<5“  =  real  effective  conductivity  (mho/m) 
p  -  loss  tangent  of  the  medium 
The  loss  tangent  p  is  given  by 


(A.  11) 


P  = 


o~  _  bocrj^ 


OJ6 


(A.  12) 


where  mks  units  have  been  used  and 

=  free  space  wavelength  (meter) 
o 

C  -  real  effective  relative  dielectric  constant 

r 

In  most  cases,  the  permeability^  is  real  and  ^  is  the  real  effective  relative 

•7  #  1  *9 

permeability.  In  the  above  u  =  4  tt  x  10  henry /m  and  £  =  — - —  x  10 

/  o  o  36TT 

farad/m. 
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For  small  and  for  large  values  of  p,  the  approximate  relations  (A.  7) 
and  (A.  9)  may  be  used. 

Thus  for  a  non-magnetic,  dissipative  medium  with  small  loss  tangent 
(P  ^  0.  6) 


p*  a 

oC  &  ,§? ZL gl  (neper s/m) 

fir 

but  if  the  loss  tangent  is  large  (p  ^  10),  then 


where  'Z'  is  known  as  the  metallic  skin  depth,  in  meters. 


(A.  15) 


(A.  16) 


¥ 
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APPENDIX  B 


Theory  of  Waveguide  Propagation  for  Very  Deep  Strata 

By 

J.  T.  deBettencourt 

I.  Introduction 

The  theory  of  waveguide  propagation  in  very  deep  strata  in  the  earth's 
crust  assumes  initially  that  the  guiding  walls  are  horizontal  planes  of  infinite 
or  finite  conductivity  and  that  there  is  a  sharply-bounded  propagation  medium 
(rock)  in  between  having  small  or  zero  conductivity  such  that  the  loss  tangent* 
is  small  (p_,  <  0.6). 

The  field  expressions  for  waves  guided  between  parallel  planes  can  be 

obtained  by  reference  to  many  texts  such  as  that  of  Jordan  which  includes 

the  effect  of  losses  in  planes  of  finite  but  high  metallic  conductivity.  For 

our  purposes,  we  prefer  to  follow  the  VLF  propagation  mode  theory  of 
25  77 

Budden  and  Wait,  the  first  assuming  a  plane  earth  and  ionosphere  and 

the  latter  treating  more  completely  the  same  problem  with  extensions  to  the 

effects  of  a  spherical  earth  and  ionosphere  plus  a  development  and  discussion 

of  mode  excitation  for  the  waves  in  the  air.  We  shall  follow  Wait's  treat- 
77 

ment  for  plane  boundaries  but  with  a  modest  extension.  Instead  of  the  air 
we  have  slightly  lossy  propagation  medium  (rock).  The  ground  is  replaced 

*  The  subscript  "2"  on  quantities  denoting  loss  tangent,  dielectric  constant 
and  conductivity  is  used  to  denote  the  propagation  medium  in  which  the  waves 
are  excited  and  detected. 
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by  the  overburden,  as  one  wall.  The  ionosphere  is  replaced  by  a  discontinuity 
such  as  the  Moho,  for  the  other  wall.  In  our  case,  the  antennas  stretch  down¬ 
ward  below  the  overburden,  whereas  in  Wait's  treatment  the  antennas  extend 
upwards  above  the  ground  into  air;  the  difference  is  in  the  value  of  dipole 
moment  for  the  same  power  input  to  the  input  terminals.  Regarding  effects 
of  curvature  of  the  walls,  wave  modes  impinging  on  the  Moho  would  tend  to 
"diverge"  whereas  those  reflected  from  the  ionosphere  would  tend  to  "con¬ 
verge.  "  We  will  not  consider  curvature  effects  in  any  detail. 

II.  Theory 

The  field  expressions  have  been  developed  for  vertical  electric  dipoles. 
Assuming  perfectly  conducting  planes,  the  modes  are  those  of  the  transverse 
magnetic  type  TMm  Q  where  subscript  m  if  the  mode  number.  The  TMqq 
mode  (m  =  0)  is  the  transverse  electromagnetic  or  TEM  mode,  and  is  repre¬ 
sented  in  C.  of  Figure  I.  4  of  Section  I  of  the  Report  by  the  direct  ray  between 
T  and  R  parallel  to  the  walls.  Rays  for  the  first  order  mode  m  =  1  are  also 
shown  and  are  due  to  reflections  from  the  upper  and  lower  walls.  Excitation 
for  a  given  mode  depends  upon  whether  the  wave  frequency  exceeds  or  is  less 

than  the  cut-off  frequency  f  for  that  mode.  Let  d  be  the  distance  between 

cm 

the  parallel  planes.  Then  for  a  loss-less  dielectric  of  relative  dielectric 

constant  £  and  infinitely  conducting  walls,  the  values  off  are  given  by 
r2  cm 


f 


cm 


(m  =  0,  1,  2-  -  -) 


(B.  1) 
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where  v  is  the  velocity  of  light  in  space,  with  v  and  d  measured  in  the  same 
°  o 

distance  units.  As  an  example  of  the  calculation,  let  d  =  20  km,  £  =  4, 

r2 

whence 


f  =  3.  75  m,  kc 
Cm 

For  a  wave  frequency  f  in  kc,  then 

kc 


(B.  2) 


cm 


*kc 


=  3.75  m 


(B.  3) 


The  phase  velocity  of  a  reflected  mode  m  down  the  "guide"  is 


m 


JF"  \ll  -f  2/f ; 

V  *2  cm/ 


(B.4) 


As  long  as  f  >  f  the  radical  is  positive,  and  one  has  the  guide  wavelength 
cm 


'gm 


_  __^2 _ 

7l  -  (fcm/f)2  \/l-  (fCm/f)Z 


(B.5) 


where  is  the  plane  wave  wavelength  in  the  dielectric.  At  frequencies 
above  cut-off,  energy  can  be  propagated  down  the  guide  with  no  exponential 
attenuation  and  the  allowable  modes  of  transmission  are  those  with  m=  0,  1, 

2  -  -  The  resultant  field  at  a  receiver  is  then  the  sum  of  all  the  waves  with 
appropriate  phase  shifts  and  amplitudes  for  each  taken  into  account. 

If  f  is  below  cut-off  f  ,  the  propagation  constant  of  the  wave  mode  m 

cm 


along  the  guide 


k  „  =  -j  c* 

gm  /  gm  J  o 


gm 


(B.6) 
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becomes  imaginary  and  there  is  no  energy  propagated  as  a  wave,  only  ex¬ 
ponential  damping  with  attenuation  constant  OC .  In  the  example  cited,  with 
equations  (B.  2)  and  (B.  3),  a  10  kc  excitation  could  be  propagated  down  the 
"guide"  with  modes  m=  0  (TEM),  m=  1  (TM^)  and  m  =  2  (TM^q)  but  not  the 
third  order  mode  m=3.  All  three  "rays"  identified  by  the  modes  m=0,  1, 

and  2  would  be  combined  at  the  receiver  to  give  the  resultant  received  field. 

77 

In  Wait’s  treatment  the  ratio  f _ /f  for  the  loss-less  dielectric  and 

cm 

perfectly  conducting  walls  is  identified  with  a  cosine  symbol 


C™  =  cos  6 
m  m 


cm 


(B.  7) 


where  0m  is  the  angle  of  incidence,  of  the  m-th  ray  upon  the  plane  wall.  For 
m  =  0  (TEM),  0  =  90°  and  this  mode  wave  propagates  parallel  to  the  planes. 
There  are  many  other  aspects  and  the  reader  is  referred  to  the  references 
cited  for  further  details. 

We  now  consider  walls  of  "finite  but  very  high"  conductivity.  The  ter¬ 
minology  is  a  relative  matter  but  refers  to  the  refractive  index  of  the  walls 
relative  to  the  dielectric,  or  to  the  reflection  coefficient  of  the  wall  to  a  ray 
impinging  upon  it  from  the  dielectric.  For  infinitely  conducting  walls  the 
reflection  coefficient  of  the  wall  R^.  is  +1.  The  "finite  but  very  high"  conduc¬ 
tivity  condition  is  that  which  obtains  when  j  R.^.|  departs  by  only  a  small  amount 
from  +  1.  The  reflection  coefficient  of  the  wall  is  related  to  the  refractive 
index  N^.  of  the  wall  relative  to  that  of  the  rock,  for  the  allowable  modes  m, 
by 
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(B.  8) 


R 


W 


N  tjj  C  “  C  - 
W  m  W 


m 


m 


N  C  +  C 
W  m  W. 


m 


where 


NW=  k 


W 


\i 


£  ( l  -  j  p  ) 

rw  w' 


€  < 1  -  j  p-,) 


(B.  9) 


with  k  and  k_  being  the  complex  phase  constants,  £  and  £  the  relative 
W  L  rw  r2 

dielectric  constants,  and  p^.  and  p^  the  loss  tangents,  of  the  wall  and  rock. 


respectively.  The  loss  tangents  are 


PW  = 


V 


o  rw 


60  ^ „ 


w 


C  £  6S 

o  r-> 


60 


>  (B.  10) 


with  and  q—  being  the  conductivities  of  the  wall  and  rock,  respectively, 

W  W 

and  the  free  space  wavelength. 

In  equation  (B.  8)  the  quantity  C  is  like  the  cosine  of  an  angle  of  inci- 

"m 

dence  at  the  wall  but  given  mathematically  by 


'W 


m 


sin 


2  a 


N 


(B.  11) 


W 


For  subsequent  use,  we  define  the  symbol 

J ~ 


C  =  sin  8 
m  m 


(B.  12) 
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Now  for  perfectly  conducting  walls ,  <j~ ->  co,  whence  N  ->oo  C  1 

W  W  wm 

and  R,.r  =  4-1.  The  case  considered  here  assumes  a  loss-less  dielectric 
”m 

0-?  =  0  =  p  and  <3~  so  high  that  p  >>  1.  From  equations  (B.9)  and  (B.  10), 
^  2  W  W 

then 


(B.  13) 


If  this  value  of  N  is  very  high,  then  C  in  equation  (B.  11)  is  very  nearly 
W  Wm 

unity.  Hence  the  reflection  coefficient  in  equation  (B.  8)  can  be  writte 

C, 


~  1  -  2 


'W 


m 


-2 


m 


NWCm 


=  e 


60 


(B.  14) 


2  2 

where  —3 —  is  a  small  quantity  (  |q  \  ■«  1C  I  ),  with 
Cm  |  I  I  m| 


'Wm  ~ 


N, 


N, 


(B.  15) 


'W  "W 

The  allowable  modes  m  are  determined  from  a  knowledge  of  C  ,  i.  e.  , 

m 

from  the  allowable  incident  angles  0m  (complex),  where  Cm  is  determined 

77 

from  Wait's  reflection  condition.  For  two  electrically  different  walls,  media 
1  and  3,  bounding  the  propagating  dielectric  region  2,  the  resonance  condition 


is 

-j  2  k_d  -j  2Tr  m 

RWl(m)  Rw;J(m)  e  =  e  (B.  16) 

Let  us  assume  for  simplicity. that  the  walls  are  identical  and  have  "finite 
but  high"  conductivity  so  that  =  R^.^  =  given  by  equation  (B.  14).  The 

resonance  condition,  equation  (B.  16),  for  such  a  case  results  in 


B-6 


where 


A 


2  q  =  2  x 


'W 


m 


N 


W 


~  2 


(B.  18) 


The  resonance  condition,  equation  (B.  17),  is  solved  for  allowable  values  of 

Cm  (complex)  and  thence  for  the  quantity  Sm  in  equation  (B.  12)  which  appears 

in  the  final  expressions  for  field  components.  Even  for  a  loss-less  dielectric 

propagating  medium  (  q~  =  0  =  p  ),  the  existence  of  finite  conductivity  walls 

means  that  Sm  is  complex  which  results  in  exponential  attenuation  of  the 

component  of  each  ray  m,  "down  the  guide.  "  The  resultant  field,  being  the 

sum  of  all  allowable  modes  m,  suffers  exponential  damping  loss  attributable 

to  losses  in  the  walls  experienced  by  each  mode  "reflection.  "  When  the  walls 

are  perfectly  conducting,  <5^  =  00  and  Cm  in  equation  (B.  17)  is  a  real 

quantity  if  cr-  =  0;  in  this  case  Cm  reduces  to  the  loss-less  definition  in 
2 

equation  (B.7)  and  there  is  no  exponential  damping  of  each  mode. 

77 

The  final  expressions  for  field  components  was  given  by  Wait  for  a 
cylindrical  coordinate  system  (^>,  z)  where  the  exciting  dipole  is  located 
along  the  z-axis  at  z  =  d^,  and  the  resultant  field  is  evaluated  at  radial  dis¬ 
tances  ,  angle  (U  about  the  z-axis  and  at  a  receiver  distance  z  =  d^  verti¬ 
cally  away  from  the  z  =  0  plane.  In  our  case,  the  z  -0  plane  is  the  lower 
boundary  of  the  overburden,  with  z  measured  vertically  downward.  We  con¬ 
sider  only  vertically  polarized  electric  radiators  with  current  directed  along 
the  z-axis.  The  allowable  modes  between  parallel  infinite  planes  at  z  =  0  and 


z  =  d  are  TM  modes  (m  =  0,  1,  2.  3 - ).  The  electric  field  at  a  point 

m,  o 

( ,  0,  z)  will  have  Ez  and  E ^  components  (E^  =  0)  and  the  magnetic  field 
will  have  only  -component  (H^  =  Hz  =  0).  We  consider  only  the  resulting 
Ez  field  component,  for  plane  walls. 

For  highly  conducting  walls  (piM.  >  10)  the  propagation  constant  is 


W 


kW  =  ^J/o  £o  ^rw(1  '■>  PW>  =  j  (B*  19) 


where  the  skin  depth  is  given  by 


1  ^  ^ 
W  = 


504 


<37, 


(in  meters) 


W 


(B.  20) 


where  f  is  in  cps  and  n~  is  in  mhos/m. 

W 

For  the  slightly  lossy  propagating  dielectric  (P2—  0.6) 


whence 


k2  =  O/ 


\/fi  So  '  /2  -  ■> 

=  A  Q(p2>  -■>  8(P2i] 

4*  /SK 


«*■ 


^  P2  .  60  T  «2 
°  M  r2  "T 


(nepers/m) 


(B.  21) 


(B.  22) 
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It  is  with  the  casep^>>  10  and  P^—  0.6  that  we  shall  be  concerned.  We 
further  consider  that  the  plane  walls  are  of  a  thickness  much  greater  than 
their  metallic  skin  depth  given  by  equation  (B.  20). 

Following  Wait's  development  but  with  the  slight  change  to  a  dielectric 
of  small  loss  tangent,  the  electric  field  component  Ez  is  then  the  sum 

7‘t(Id2)<iT  V  ~  ^  2  .M) 


2d 


m  =  0,  1, 2 


C  (C  )  S  H  (k  S 
am  m  m  o  '  2  mr>' 


fm<dT)fm<V 


(B.  23) 


where  (Idz)^^  is  the  dipole  moment  of  a  center-driven,  loss-less  dipole  of 

total  length  dz  carrying  a  constant  (with  z)  current  I  and  located  at  a  depth  d^,. 

(2) 

The  quantity  Hq  (k^  is  the  Hankel  function  of  the  second  king  of  com¬ 

plex  argument  k2Sm  ^  .  The  quantity  Sm  is  given  by  equation  (B.  12)  and  be¬ 
haves  like  a  pattern  factor.  For  perfectly  conducting  walls  and  a  loss-less 

dielectric,  and  for  frequencies  above  cut-off,  S _  =  sin  9  .  The  factor  S  , 

in  equation  (B.  23),  appears  once  to  give  the  z-component  of  a  ray  travelling 

at  an  angle  8m  away  from  the  dipole  source  and  once  again  to  give  the  z-component 

of  the  wave  reflected  towards  the  receiver. 

For  a  given  depth  d^,  of  the  dipole  having  a  moment  (Id'z)^  ,  the  function 
fm(dR)  behaves  as  a  "height-gain"  function  for  the  receiver.  The  functions 

fm(dR)  and  fm  (dT)  are  given  formally  by 

-j  k2  Cm  z 


f  (z) 

m 


.  j  k2  cm  z 


+  Rwe 


(B.  24) 


>F 


w 
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where  z  is  d^,  or  d^.  For  plane  walls  so  highly  conducting  that  j  N^j  1, 

then  the  plane  wave  reflection  coefficient  for  vertical  polarization  is  very 

nearly  unity  and  given  in  the  exponential  approximation  by  equation  (B.  14). 

In  such  case,  the  functions  f  (z)  can  be  written 

m 


fm<z)  =  cos  <k2m  2  ‘  j  — -  ) 

2  C 

m 


(B.  25) 


For  z  —  0 


f  ( z  =  0)  =  cosh  A  “=  1 
m  2  C 

m 


(B.  26) 


if  j  A  |  «  2  J  Cm  J  ,  which  is  true  for  modes  not  too  near  grazing  and  is  true 
for  the  cases  considered  here. 

We  consider  from  here  on  the  source  and  observer  to  be  so  close  to  the 

boundary  (i.  e.  ,  2  z  <<  d)  that  f  {d  )  S' 1  ="  f  (d  ) .  We  further  assume  that 

m  T  m  R 

the  source  is  so  close  to  the  boundary  (dT«  _ )  that  we  can  take  its  dipole 

A  2  TT 

moment  (I dz)d^  as  (Idz)Q.  Then  we  may  write 

(B. 27) 

where  E^  is  a  reference  field  and  W  is  the  field  referred  to  E  1  .  Following 
Wait's  definition,  the  field  Eq  of  the  source  (Idz)d^,,  in  the  medium  at  a  large 
distance  ^  on  a  perfectly  conducting  plane,  is 

,-j  k2  e 

-  (far -field) 

f  (B.  28) 

,  -j  (k2  f  -  TT/2) 


Ez  =  E  '  W 
o 


-j 


2  Tf  ^Idz^T 


= 
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where 


Eo 


s  t*Q 

2  TT^ 

If  the  source  is  located  at  d-j  =  0,  then 


(Idz)d 

2  V  T 


(B.  29) 


E  '  =  ^ 
°  2  ir 


(Idz) 


(B.  30) 


For  empty  space  and  a  perfectly  conducting  plane,  the  value  of  E  '  in  equation 

o 

(B.  30)  is  the  familiar  300  mv/m  (rms)  at  ^  -  1  km  for  1  kw  of  radiated 


power.  If  the  plane  is  not  perfectly  conducting,  this  value  of  E^  for  1  kw  in¬ 


put  is  reduced  by 


I  ^rad 
V  Rrad  +  RSW 


where  is  the  surface  resistance  of 


the  plane  wall.  If  the  plane  wall  is  perfectly  conducting  but  the  dielectric  is 

loss-less  with  &x  >  1,  then  the  reference  value  for  1  kw  input  is  reduced 
2 

-l/„ 

by  (  g  )  '■*.  If  the  plane  wall  is  not  perfectly  conducting  and  if  the  dielectric 

r2 

is  lossy,  the  relations  are  more  complicated.  In  any  event,  for  a  dipole  lo¬ 
cated  very  close  to  the  boundary  plane,  having  a  given  dipole  moment  (Idz)Q, 
we  retain  the  definition  E  '  given  in  equation  (B.  30).  Then  W  is  given  by 


W 


2 


m  =  0,1,2-- 


?  (2) 

£  (C  '  )  S  H  (k-S  x?) 
Tn '  m  m  o  '2m*" 


r 


(B.  31) 

,  the  Hankel  function  may 
be  replaced  by  the  first  term  in  the  asymptotic  series  expansion 


In  the  far-field  where  it  is  assumed  I  k_  S  Q  I  >  1 

2  mf| 


ho2)w=  ih 


j  Tr/4 
e  e 


(B.  32) 


B-ll 


whence  equation  (B,  32)  may  be  approximated  by 

oo 

j  -rr/4  ^ 


W 


7 T  f>  . 

"a"  N/TT  k_ 


2 


^  3/2  -j  k2  S 

£  (C  )S  e  L  m 


m=  0,  1 


'm  m  m 


?\l 


t 


/I 


j(  TT/4+  p _/4) 


oo 


m  =  0,  1 - 


(B. 33a) 

j? 

Am  e  m  (B.  33b) 


m 


if  the  propagating  medium  has  a  small  loss  tangent  p  0.  6. 

In  the  form  written  in  equation  (B.  33b),  Am  is  the  relative  amplitude  and  If/ 

the  total  relative  phase  shift  of  mode  m.  It  is  with  A  and  7 _  that  we  shall 

m  m 

be  principally  concerned,  and  thence  to  the  evaluation  of  W  which  gives  the 

final  field  relative  to  the  reference  value  E '.  Far -field  conditions  are 

o 

assumed. 

The  components  in  equation  (B.  33a)  are  each  complex  in  general.  We 

write  each  in  complex  notation  and  proceed  to  evaluate  A  and  7  .  S  is 

1  m  m 

complex  and  may  be  written 


m  m 


Sm  =  S  '  -  j  S'-  = 


S  e 
m 


m 


■V 


1  -  c 


m 


(B.  34) 


m  “m  -  m 

The  imaginary  component  gives  rise  to  the  exponential  attenuation  and 
the  real  component  gives  rise  to  the  phase  shift.  In  the  exponential  term 

-j  *2  -  -j  (/2-j  <K,>  (S^  -j  S£)f  =  -j 

’--Uri4r«r~A*"''iys™  (B-35) 

where  jS  and  are  the  phase  and  attenuation  constants  per  unit 

r gm  gm 

distance  along  the  guide,  and  Agm  and  ^gm  are  t^ie  exP°nential 
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attenuation  and  phase  shift  of  each  mode  m  contributing  to  the  E  field  in  the 
far  zone.  With  small  loss  tangent  p ^  0.6,  is  given  by  equations  (B.  21) 

and  (B.  22)*,  whence 


P2 

T 


/^m  /^2  Sm  " 

=  /9  S  •  (*2  +  ISL 

gm  /  2  m  l  2  s' 

^  m  < 


e  II 

&m 

S  1 
m . 


(B.  36) 


A  =  jo 

gm  gm  f 


/gm  {* 


(B.  37) 


In  the  evaluations  of  S  and  \  (C  ),  we  need  to  evaluate  the  quantity  A 
again  by  equation  (B.  18)  and  the  quantity  Cm  from  the  resonant  condition, 
equation  (B.  16).  For  the  case  of  highly  reflecting  plane  walls,  we  use  equation 
(B.  17)  which  assumes  |  A  k^d  1,  with  A  being  a  small  quantity. 

F  or  plane  walls  of  large  loss  tangent  (p^  10)  and  for  a  lossy  dielectric 

of  small  loss  tangent^^  •£=  0.  6),  we  may  write 

A=  A'  +  j  A"  =  4"  <B-38) 


w 


where 


A'  =  J  (i+  -£),  A"  = 


J 


-  47  y 


£ 


r2 


60  <%^o 


P2  = 


_  60  <3"2  Xc 


(B.  39) 
(B.  40) 


*  If  the  loss  tangent  p£  is  large,  the  values  of  ft  and  will  have  to  be 
evaluated  from  tables  of  and  g(p^ )  in  Appendix  A. 
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and  where  both^  and  are  small  quantities  for  the  conditions  assumed. 
The  restriction  |  ^k^dj<C  1  is  solved  from. 

A  k2d  =  J /^d  [  ( 1  +  P2)  +  j  ( 1  -  P2)J 

/)  r~  *  1>  (B.41 

|Ak2d|  =  x\}i  /?  d  « i 

with  ^=  2  77-/^  and  X2=  • 


The  value  of  Cm  is  obtained  from  the  quadratic  solution  of  equation  (B.  17), 


viz. 


m 


7 r  m 
2kzd 


TT  na 

2k  d 
2 


For  the  zero-order  mode  m  =  0, 


The  quantity 


JL 

k2d 


is  given  by 


(1  +  j) 


so  that  for  m  =  0 


>  (B.  42) 


>  (B.  43) 


(B.  44) 


(B.  45) 
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If  A I /3zi  is  sufficiently  small,  then  from  equations  (B.  34)  and  (B.  45), 


S  1 
o 


S'  1  +  ■  r4l.  =  1 
/*2d 


S  =  1 
o 


S  "  =■ 


X 


°  2 /V 


V, 


>  (B.  46) 


2/^ci 


Before  proceeding  to  modes  mil,  let  us  examine  the  various  relations 

for  perfectly  conducting  walls  ( (S^.  =°°)  for  which  N^.  =  ,  R-^  =  1,  for 

vertical  polarization,  and  for  a  loss-less  dielectric.  Let  us  designate  the 

resonant  condition  by  C  °  as  that  which  obtains  when  A  =  0  and  p_  =  0.  Then 

3  m  2 


(B.  47) 


The  corresponding  value  of  S  °  is 


(B.  48) 


(B.  49) 


>  (B.  50) 
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and  there  is  no  exponential  attenuation  of  the  modes  above  cut-off. 


If  f  <  fCm  »  then  is  purely  imaginary 

r-  -j??o 

s»°  -  -■>  ^  -  lsJ  •  m 


<Sm>’  =  °  <Sm> 


"  =  \J~r~ 

Smt=^  <?S  “)=  -r/2  =  90O 


k  (B.  51) 


J 


and  "modes"  below  cut-off  are  those  of  energy  propagated  only  with  exponential 
damping. 

For  m  =  0,  we  rewrite 


=  i  -  Sq  ,  S"  - 


S  =  l  =  S  °  ,  r_ 

o  o  o 


je. 

W 


J 


o  2 


For  mil,  and  recalling  that  |  A^d  <<  1,  then 


Sm  =  1  - 


=  1 


2  2 

7T  m 

.  HL 

'  3  k2d 

«Cm)2 

1  ”  j  P2 

(1  +  j) 


without  further  approximation. 


If  p  6  «  1 ,  then 
2 


2  2 
S  =  (S  °)  + 
m  '  m 


2  JL 

7T*  ->  u 


j 


(B.  46a) 


(B.  52) 


(B.  53) 
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where 


u  = 


+  p  <c  °)2 
Ad  P2' 


(B.  54) 


2  X  .  .  o  2 

Finally,  with  f  not  too  near  cut-off,  i.  e.  ,  <<  (S  )  ,  then  for  mi  1 


A* 


m 


s  ?s° 

m  m 


c  i  -y  c  0 


_  A>  O 

S  -  S 

m  m 


Ysm  '  *“ 


j  — ~  =  S  '  -  j  S  "  =  S  e  v  *  sm 

2  s  °  m  m  m 


-J  \ 


m 


u 


m  2  S 


m 


1  + 


Hi) 


=  S  ° 
m 


-1  Sm  ~  -1  u 


m 

m 


=  tan 


2  (S  °) 
m 


2  = 


u 

2  (S  J2 

m 


^  (B.  55) 


For  the  function  £  (C  ),  under  the  restriction  Ak  d|«l  (i.  e. 

m  m  2  1 


excitation  of  modes  is  proportional  to  £  ),  one  has 

m 


VCm' 


1  Q  2 

i+j  vr;  n  2  —  (Rw ) 

2  k^d  Rw  £  q 


(B.  56a) 


C  =  C 


m 


1  +  J 


k_d  C  c 
L  m 


(B.  56b) 


For  m  =  0,  using  C  in  equation  (B.  43),  and  writing  ^  (C  )  in  complex  form 


S  <Cm>  =  S'  -J  S"  -  S', 


m 


‘J 


m  m 


(B.  57) 


we  have 
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s0<co> -  «;  = 

5, 


£  e 
o 


S;  =  o 


)>  (B.  58) 


S„  I  =  1/2  ^  = 0 


For  mil,  and  making  use  of  the  resonant  condition  (B.  17),  equation  (B.  56b) 
becomes 

1  j  \ 


2  - 


tt  m 

k  d  C 
2  m 


m 


e  m 


(B.59) 


Using  the  value  of  Cm  from  equation  (B.  42)  together  with  the  restriction 
2 

|  A  k^dj-*^  (^Trm)  that  applies  here. 


Sm  = 1 

m 


% 


j>4 


2  2 

TT  m 


=  0 


1 


(B.60) 


m 

In  summation,  with  the  values  of  $  (C  ),  S  ,  and  e  l  defined 


-3  k7  S 


2  m 


m  m  m 


f*  defii 


as  above  for  m  =  0  and  for  mi  1,  the  values  of  Am  e^  m  in  equation  (B.  33b) 


m 


'  m 


ied  as 

follows 

IS 

1  Is  1 

3/2  e" 

A„ 

gm 

1  m 

1  1  ml 

V 

J) 

g  1 

(B.  6la) 
(B.  6' lb) 
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III.  Sample  Calculations,  f  =  10  kc 

For  illustration,  we  shall  consider  only  those  modes  of  propagation  at  a 

frequency  f  which  are  above  cut-off  frequencies  fc  .  For  m=0,  values  of 

I  C  I  and  ,  |S  I  and  ~Y  „  ,  and  A„  and  "V  are  given, respectively  by 

I  ^ol  vQ  '  °  '  ao  ®° 

equations  (B.  58),  (B.  46),  and  (B.  37)  where  appropriate  values  of  and  S^' 

are  used.  For  m  -  1,  values  of  I  £  I  and  "Y c  ,  I  S  I  and  ^ £  ,  and  A„ 

I  ml  I  m|  m  gm 

and  *Y  are  given,  respectively  by  equations  (B.  60),  (B.  55)  and  (B.  37).  The 
°m 

results  are  illustrated  by  several  examples  to  follow,  in  which  the  modes  are 

excited  by  radiation  from  a  vertically  polarized  elementary  dipole  located 

just  below  the  upper  plane,  the  waves  being  propagated  in  a  dielectric  between 

this  plane  and  a  lower  parallel  plane  at  a  depth  d  below  the  upper  plane.  The 

frequency  assumed  is  10  kc  (  =30  km). 

o 

1.  Air  Dielectric,  perfectly  conducting  identical  plane  walls,  d  =  20  km 
This  simplest  of  all  cases  is  governed  by 


C  =  l 

r2 


<^  =  °  =  p2 


<r  = 00 
vw 


N  =  R  =1 

W  W 


(B.  62) 


For  this  case  A  =  0  =  -  u.  The  cut-off  frequency,  given  by  equation  (B.  1) 


is 


f  =7,5  m,  (kc)  , 
cm 


€■  =  1 


(B.  63) 


The  TMqo  (TEM)  will  be  propagated  as  will  the  TMj  ^  mode.  All  higher 
modes  will  be  such  that  f  is  below  cut-off  f 


cm 
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2.  Loss-Less  Dielectric  (G  >  1),  perfectly  conducting,  identical 
walls,  d=  20  km  *2 

To  illustrate  this  case,  it  was  assumed  that 


€  =  A  C~=0  CT  ~ 

r,  w2  UW 


=  ex 3>  N  =  CO 


2  2  ~W  W 

p„  =  o  X_  = 15  ^  Rw  = 1 


(B.  64) 


2  '  2 

A  =  o  =Jl=  u 

The  frequencies  of  the  (loss-less)  cut-off  modes  are  given  by  equation  (B.  1) 
and  become 

f  =  3.75  m  kc  (6  =  4)  (B.65) 

cm  r2 

Hence,  for  a  10  kc  wave  modes  m=  0,  1  and  2  can  be  propagated  without 
exponential  damping.  Values  of  Ez  were  calculated  for  1  kw  radiated  into 
the  dielectric  (region  2)  and  for  distances  15  -  -  100  km.  For  these  cal¬ 

culations, 


o 

II 

6 

co  =  ° 

S  =  1.0000 
o 

§  =  1/2 
o 

A  =  0. 5000 
o 

m  =  1 

Cx  =  .375 

S1  =  .9090 

V1 

=  0.9090 

m  =  2 

C2=.75 

S2  =  .6614 

s2  =  2 

A2  =  0.6614 

(B.  66) 

The  TEM  mode  (m=  0)  is  weaker  than  the  TM  mode  even  though  the  latter 

1,0 

travels  a  greater  distance  in  the  dielectric. 

Calculations  of  E*  ,.  W  and  hence  E„  were  made  for  2:  15  km  for 

°  )  z  ( 

which  2 ~rr  Sm  *  so  t^iat  t^ie  large  argument  expansion  of  H^  '  (^Sm^  ) 

could  be  used  and  the  approximate  far-field  relations  employed.  The  results 
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are  shown  plotted  on  the  upper  curve  in  Figure  I.  5  of  Section  I  of  the  Report, 

with  E'  shown  as  a  reference  (this  has  a  value  3  db  less  than  the  inverse  dis- 
o 

tance  value  for  air,  for  one  kilowatt  radiated  power).  The  minima  and  maxima 
in  Ez  are  the  result  of  destructive  and  constructive  interference  of  the  three 
modes,  and  Ez  will  oscillate  below  and  above  the  inverse  distance  reference 
value  E^  as  the  relative  value  W  varies  with  distance  ^  .  On  the  curve,  a 
minimum  occurs  at  ^  near  28  km,  a  broad  maximum  near  50  km  and  a 
second  minimum  near  100  km.  If  a  10  kc  signal  were  to  be  propagated  under 
the  assumed  conditions,  an  optimum  distance  occurs  at  about  50  km. 

The  curve  of  Figure  1.5  should  serve  only  as  an  illustration  for 
further  discussion  of  waveguide  modes.  In  this  loss-less  case,  for  the  same 
value  of  d,  use  of  higher  frequencies  allows  more  and  more  modes  of  propa¬ 
gation.  The  resultant  mode  interference  is  more  complicated.  Also,  for  a 
given  frequency,  fewer  modes  can  be  propagated  as  the  plane  separation  depth 
d  decreases.  Thus,  if  d  were  10  km,  cut-off  frequencies  are  fCm  =  7.  5  m  kc 
and  a  10  kc  signal  could  be  propagated  only  by  the  TEM  (TMqo)  and  TMj  ^ 
modes.  If  the  lower  discontinuity  were  a  plane  at  d  —  5  km,  only  the  TEM 
(m=0)  mode  would  be  propagated  for  a  10  kc  excitation. 

3.  Low-Loss  Dielectric,  perfectly  conducting  identical  plane  walls 
For  illustration  we  assume  d  =  20  km  and  f=  10  kc  as  before,  but 
it  is  assumed  the  loss-tangent  p£  is  very  small  and  not  zero.  The  electric 
constants  and  related  factors  assumed  for  calculation  are  (at  10  kc). 
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rr-  -  10  ^  mhos /m 
°2 


=4 

r2 


p2  =  0.45 


rr~  -  o° 

0  W 


NW=oo 


Rw  =  +1 


(B. 67) 


Then  K  =  X  /s/£~  =  15  km  and  the  exponential  attenuation  constant 


-2 


o(  =”  60  TT  CS~^/\J <5^  =  ^25  x  nepers/km  =  0.  82  db/km. 

One  consequence  of  dielectric  losses  is  that  care  must  be  taken  in 

the  definition  of  reference  field  E  or  E^  for  a  given  "radiated  power,  "  and 

examination  must  be  made  of  the  term  "radiation  resistance."  The  subject 

51  Aq  75 

has  been  treated  by  numerous  authors  such  as  King,  Tai,  and  Wait  and 

is  touched  upon  in  Appendix  G.  The  current  on  the  dipole  may  be  obtained 

from  a  knowledge  of  the  input  power  P^n  and  the  resistance  of  the  dipole  at 

the  input  terminals.  The  reference  field  in  the  far-zone  may  be  obtained  by 

a  reference  to  P-  . 

m 

Referring  the  field  to  that  from  a  dipole  radiator  of  known  dipole 
moment  Idz,  another  consequence  of  dissipation  in  the  propagating  medium 
is  that  higher  order  modes,  travelling  greater  distances,  contribute  less  and 
less  to  the  mode  sum  than  lower  order  modes.  This  is  because  values  of 
from  the  resonance  condition  for  perfectly  conducting  walls  is  complex 
and  consequently  so  is  Sm.  The  imaginary  part  of  Sm  gives  rise  prin- 


m 


2  7T 


cipally  to  exponential  attenuation  with  coefficient  p  S  '  ="  S  1  per  unit 

•  2  m  m 

2 

distance  if  the  loss  tangent  p^  is  small. 
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Calculations  of  the  field  Ez  vs  distance  ^  were  made  using  the  assumed 
conditions  (B.67).  The  dipole  moment  was  assumed  to  be  the  same  as  that  for 
the  case  =  0,  i.  e. ,  Idz  =  16,900  amp.  m.  (ms),  The  results  are  plotted 
in  the  lower  curve  of  Figure  I.  5  of  Section  I  of  the  Report,  the  curve  being 
labelled  "Ez  ( -  10~^  mhos/m)".  The  two  curves  of  Ez  for  £3^  =  0  and 

=  10  ^  mhos/m  may  thus  be  compared  for  dipoles  having  the  same  dipole 
moment,  not  input  power. 

-6  ,  -°C> P 

Note  that  the  curve  for  <5-^  =  10  oscillates  about  the  curve  EJ  e 
for  the  TEM  (m=0)  mode,  the  excursions  being  less  and  the  curve  smoother 


then  the  upper  curve  for  6^  =  0.  Further  discussion  of  the  curves  is  given 

in  the  text  of  Section  IB  of  the  Report: 

More  extensive  calculations  by  digital  computers  were  being  planned 

as  this  present  contract  period  was  completed. 

4.  Loss-Less  Dielectric,  highly  identical  conducting  walls 

The  assumed  constants  for  this  case  were  /-r—  =  10  mhos/m  with 

p  »  1,  €,  =4,  =  10  ^  mhos/m,  d=Z0  km,  f=  10  kc,  p  =  0.45.  Some 

w  r2  1  2 
spot  calculations  have  been  made  by  desk  computers,  the  results  (not  plotted) 

showing  further  smoothing  of  the  previous  curve  and  that  mode  m  =  2  is  quite 

weak. 

Calculations  should  be  carried  out  by  digital  computers  for  other 
depths  to  the  lower  discontinuity  d  and  other  frequencies  f. 
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5.  Effect  of  Earth's  Curvature 

The  effect  of  earth's  curvature  has  not  been  formalized.  Even  if  the 
ranges  should  turn  out  to  be  so  large  that  curvature  effects  might  be  included, 
it  is  not  expected  that  one  would  find  areas  in  the  earth's  crust  to  remain 
homogeneous  and  of  very  low  conductivity  over  such  distances.  Consequently, 
it  is  not  planned  to  study  the  effect  of  earth's  curvature  at  this  stage. 
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APPENDIX  C 


Theory  of  Radio  Wave  Propagation  in  Rock  Near  and  Below  an 
Overburden-Rock  Interface 

By 

J.  Carolan 

I.  Introduction 

There  are  several  possible  propagation  modes  between  antennas  immersed 

in  a  rock  medium  situated  below  a  conducting  top  layer  (e.g.  overburden)  at 

VLF  or  LF  frequency  ranges.  For  example,  waves  may  travel  via  an  "up- 

over-and-down"  (UOD)  mode,  i.  e.  ,  from  the  source  in  the  rock,  up  through 

the  overburden,  along  the  surface,  back  down  through  the  overburden  and  to 

the  receiver.  This  mode  is  particularly  effective  when  the  overburden  layer 

is  electrically  so  thin  that  its  influence  may  be  neglected.  The  field  expres- 

60,61 

sions  of  Moore,  specialized  for  dipoles  in  sea  water,  may  be  extended 

for  use  here. 

There  is  a  possible  deep  waveguide  mode  (reference  89  and  Appendix  B) 
which  could  exist  for  waves  in  a  rock  medium  guided  between  a  thick,  highly 
conducting  layer  on  top  (e.g.,  overburden  or  sea  water)  and  one  below  (e.  g.  , 
the  Mohorovic  discontinuity).  This  mode  would  be  effective  if  the  conductivity 
were  very  small  (less  than  10  mhos/m,  for  example)  over  large  volumes 
in  the  earth's  crust  (see  Section  IB  of  Report). 

The  mode  discussed  in  this  note  is  that  of  waves  in  a  semi-infinite  rock 
medium  below  a  more  highly  conducting  medium  (overburden)  guided  along 
the  boundary  to  a  receiving  point  also  in  the  rock.  In  concept,  this  "interface 
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wave"  mode  is  similar  to  that  for  the  ground  wave  in  air  with  dipoles  above 
the  ground,  where  the  rock  with  complex  phase  constant  k^  has  replaced  the 
air  with  real  phase  constant  .  The  "interface  wave"  mode  would  be  the 
resultant  of  a  "direct  wave,  "  a  "reflected  wave"  due  to  reflection  from  the 
overburden,  and  an  "interface  surface  wave"  along  the  rock-overburden 
boundary. 

It  was  thought  intuitively  that  as  transmitting  dipole  and  receiving  point 
were  lowered  below  the  interface  one  would  encounter  a  "depth  gain"  similar 
to  the  "height  gain"  for  dipoles  elevated  in  air  above  ground.  If  so,  then  the 
"depth  gain"  for  the  interface  rock  wave  might  afford  a  means  of  determining 
whether  a  received  signal  was  due  predominantly  to  such  a  wave  or  to  the 
possible  propagation  by  the  up -over -and -down  mode. 

It  is  the  purpose  of  this  note  to  outline  the  approach  and  approximate 
solution  for  vertical  electric  dipoles  and  further  to  give  sample  calculations 
of  the  interface  wave  for  a  particular  propagation  path  being  experimentally 
investigated. 

Section  II  contains  a  summary  of. the  theoretical  approach  and  approximate 
solutions.  The  sample  calculations  are  discussed  and  results  plotted  on  curves 
in  Section  III.  The  results  are  discussed  in  Section  IV. 

II.  Theoretical  Development  for  Vertical  Electric  Dipoles 

The  model  assumed  is  shown  in  the  insert  in  Figure  C.  1.  A  vertical 
electric  dipole  source  is  located  along  the  z-axis  of  a  cylindrical  coordinate 
system  (p  ,  0,  z)  in  region  1  (rock)  at  a  distance  d  below  the  plane  boundary 
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Figure  C.  1.  Normalized  vertical  electric  field  E^/Ey 


in  rock  for 


vertical  electric  dipole  source  and  point  of  observation 
located  at  depth  d  below  overburden. 


4 


C-3 


(z  =  0)  of  region  2  (overburden).  Both  media  are  assumed  semi-infinite,  homo¬ 
geneous  and  non-magnetic.  It  is  desired  to  determine  the  field  at  another 
point  in  region  1. 

The  complex  phase  constant  for  region  n  (n  =  1,  2)  is  given  by 


where 


complex  dielectric  factor  =  £,  £  (1  -  j  p  ) 

o  rn  n 

r.f 

relative  effective  dielectric  constant 


loss  tangent  =  I  (a/ £  £  )  =  60 

un  o  rn 


(C.  1) 


>  (C.2) 


=  effective  conductivity 
\Q  =  wavelength  in  free  space 
and  mks  units  are  employed. 

For  vertical  electric  dipoles  in  region  l,  the  Hertzian  potential  has  only 
a  z-component.  The  development  of  expressions  for  the  electric  field  then 
follows  that  for  vertical  dipoles  in  air  above  ground  (reference  5,  Chapter  VII; 
references  62  and  79)  except  that  for  region  1  rock  with  complex  phase  con¬ 
stant  k  has  replaced  air  with  real  phase  constant  /?  .  Of  importance  is  the 
1  /  o 

relative  refractive  index  of  waves  incident  from  region  1  upon  region  2, 

where 


er2(1'j  P2] 

€r1  "J  Pi) 


(C.  3) 
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It  is  assumed  that  |  N^j  will  be  moderately  large.  Frequencies  of 

interest  are  less  than  100  kc,  and  at  such  frequencies  the  loss  tangents  p^, 

given  by  equation  (C.  2)  will  be  large  (PnS  10)  for  the  typical  electrical  con- 

2 

stants  assumed  for  each  medium.  N  then  is  essentially  real  and  given 
approximately  by  the  conductivity  contrast  ratio  <j~/  <j-  (there  is  a  small 

u  1 

imaginary  component  which  is  negative  when  p  >  p  ). 

2  1 

The  electrical  field  in  the  rock  may  be  considered  as  the  sum  of  several 

6  Z 

components  like  those  of  Norton  for  dipoles  in  air  above  ground.  The  result¬ 
ant  wave  may  be  termed  the  "interface  wave"  and  in  the  far  field  it  is  the 
resultant  of  a  "direct  wave"  between  dipole  and  point  of  observation,  a  "re¬ 
flected  wave"  from  the  overburden,  and  an  "interface  surface  wave"  guided 
along  the  rock-overburden  boundary.  For  the  sample  calculations,  it  was 
necessary  to  include  higher  order  correction  terms  (reference  5,  Chapter  VII). 

The  complex  numberical  distance  for  antennas  on  the  boundary  may  be 
79 

written  in  polar  form 

-jb 


Pe  = 


(C.4) 


5  79 

In  the  usual  expressions  ’  for  p  ,  complex  phase  constant  k  for  rock  re- 

e  1 

places  real  phase  constant  jQ  for  air.  With  large  loss  tangents  for  both 
2  ° 

media,  in  equation  (C.  3)  is  practically  real  and  the  phase  angle  b  in 

equation  (C.  4)  is  Close  to  135°.  The  general  complex  numerical  distance  W 


for  antennas  below  the  boundary  may  be  written  as 
W  =  P  e'jB 

o  2 

and  the  phase  angle  B  is  135  for  ^jreal. 


(C.  5) 
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III.  Example  of  Calculations 


Propagation  over  a  one-mile  path  between  antennas  in  drill  holes  on  Cape 

Cod  was  being  investigated  and  physical  data  typical  for  such  a  path  were 

assumed  for  calculations'.  The  electrical  constants  assumed  were  6  =  10 

rl 

-4  -3 

and  CT,  =  8  x  10  mhos/m  for  the  rock,  and  =  20  and  q—  =  4  x  10 

1  r2  2 

mhos/m  for  the  overburden.  (In  one  case,  for  10  kc,  a  second  computation 

-3 

was  made  for  =1.6  x  10  mhqs/m.  ) 

The  frequencies  of  interest  were  100  kc  and  less,  at  which  the  loss  tan- 

12 


gents  p^  and  p^  exceeded  10.  Values  of 


N21 


were  about  5.  Further,  the 
depths  below  the  overburden  of  the  dipole  source  and  of  the  point  of  observa¬ 
tion  were  assumed  identical,  of  value  d.  The  curves  in  King  (reference  5, 
Chapter  VII)  for  the  complex  "ground  wave"  attenuation  function  F  were  used 
with  B  =  135°.  For  small  values  of  P  it  was  necessary  to  compute  F  using  the 
series  expansion  expressions  (references  5,  Chapter  VII;  62  and  79).  It  was 
also  necessary  to  include  correction  terms  in  the  field  equations  to  account 
for  nedr-zone  conditions,  particularly  at  the  lower  frequencies. 

The  vertical  and  horizontal  components  of  electric  field  were  computed 
for  several  frequencies  from  0.  1  to  100  kc  as  a  function  of  depth  d.  The 


resulting  amplitudes  were  normalized  to  the  amplitude  E 


of  the  vertical 


direct-wave  component  of  the  electric  field,  which  component  contained  addi¬ 
tional  near-field  correction  terms.  Only  the  magnitudes  of  the  normalized 


vertical  electric  field 


'z'  Vd 

on  the  curves  of  Figure  C.  1. 


Ez/E  at  the  observing  point  P  are  shown  plotted 
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IV.  Discussion  of  Results 

Referring  to  the  curves  in  Figure  C.  1  for  angles  near  grazing  incidence, 
the  "interface  surface  wave"  predominates,  and  at  frequencies  higher  than 
1  kc  this  component  is  weaker  than  the  "direct  wave"  component  of  the  total 
field  for  the  assumed  conditions.  At  frequencies  higher  than  1  kc,  |  Ez | 
increases  with  depth  (angle  of  incidence  decreasing)  and  approaches  the  "di¬ 
rect  wave"  value  at  larger  and  larger  depths.  The  increase  of  |Ez|  with 
depth  is  the  sharper  the  higher  the  frequency.  Such  variations  are  attributed 
to  the  relatively  stronger  effects  of  exponential  damping  in  the  rock  on  the 
"reflected  wave"  and  "interface  surface  wave"  components  than  on  the  "direct 
wave"  component.  The  curve  for  0.  1  kc  is  suspect  because  the  validity  of 
the  assumptions  is  questionable  for  such  low  frequencies;  it  is  shown  in  small 
dashes  in  Figure  C.  1.  At  10  kc,  where  curves  are  shown  for  two  values  of 
(j— ,  the  general  remarks  on  behavior  of  normalized  |ez|  with  depth  apply, 
but  for  the  higher  conductivity  case  the  "interface  surface  wave"  component 
is  less  and  hence  there  is  a  greater  relative  increase  in  normalized  |EZ|  with 
increasing  depth. 

Calculations  were  made  for  the  radial  component  of  the  electric  field 
but  are  not  included  here  because  (a)  we  have  not  devised  a  practical  means 
for  its  measurement  in  drill  holes,  (b)  the  vertical  component  J  Ez  j  is  the 
stronger,  and  (c)  the  radial  component  decreases  with  increased  depth  (see 
below). 


C-7 


The  measurement  of  the  variation  of  J  Ez  J  with  depth  is  suggested  as  one 
possible  means  to  determine  whether  the  received  signal  is  due  predominantly 
to  the  rock  propagated  mode,  discussed  or  to  a  possible  up -oyer -and -down  (UOD) 
mode.  Field  expressions  for  the  latter  three-medium  problem  are  not  avail¬ 
able.  However,  for  a  given  source -observer  separation  one  would  expect  the 

-2  e<d 

field  for  the  UOD  mode  to  vary  with  the  depth  d  according  to  e  1  where 


oCj  is  the  attenuation  constant  for  the  rock.  Thus  at  10  kc  with  (j-  =  8  x 


10 


mhos/m,  oC  =1.5  db/100  ft.  For  a  500  foot  increase  in  depth,  the  contri¬ 
bution  to  the  received  signal  should  decrease  by  15  db  whereas  J  Ez|  should 
increase  toward  the  direct  wave  value  according  to  Figure  C.  1,  the  amount 
of  increase  depending  upon  the  starting  value  of  d  (e.  g. ,  3  db  for  the  depth 
range  100  to  600  feet). 

While  the  theory  for  the  vertical  electric  dipole  assumes  an  overburden 
of  infinite  thickness,  the  expressions  for  the  field  in  the  rock  should  not  be 
affected  seriously  by  the  influence  of  the  air -overburden  boundary  if  the 
overburden  is  several  skin  depths  in  thickness.  This  is  principally  because 
of  the  exponential  damping  of  8.  7  db  per  skin  depth  (55  db  per  wavelength)  of 
travel  each  way  in  the  highly  conducting  overburden. 

With  antennas  very  near  the  overburden  the  received  field. intensity  is 
due  principally  to  the  "interface  surface  wave"  component.  At  frequencies 
above  1  kc  a  more  effective  communication  link  is  achieved  by  increasing  the 
depth  of  the  transmitting  and  receiving  antennas. 
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APPENDIX  D 


Uninsulated  (Bare)  Cylindrical  Antennas  In 
Dissipative  Media  -  Theory 
By 

J.  T.  deBettencourt 

I.  Introduction 

In  what  follows  it  is  assumed  that  the  bare  antenna  is  center  driven  and 
is  immersed  in  a  homogeneous,  isotropic,  dissipative  medium  of  infinite 
extent.  The  antenna  is  assumed  to  have  infinite  conductivity;  in  such  case 
Stratton  has  shown  that  the  complex  phase  constant  k  of  the  current  is  the 
same  as  that  of  the  surrounding  medium.  The  dissipative  media  with  which 
we  shall  be  concerned  have  electrical  properties  such  as  those  for  sea  water, 
soil,  or  rocks  (see  Section  IA  for  typical  constants).  A  discussion  of  the 
complex  phase  constant  of  a  dissipative  medium  is  given  in  Section  IID,  and 
the  complex  characteristic  impedance  ^  of  the  medium  is  discussed  in 


Section  IIE.  For  non- 

-magnetic  media,  one  has 

* 

•n 

I 

II 

X 

V! 

X 

(D.  1) 

< 

(D.  2) 

k 

(  l-j  <xl/3 

ft  =  phase  constant  =  ^3  f(p) 

(D.  3a) 

o("  =  attenuation  constant  =  ^3^  g(p) 

(D.  3b) 

^  =  phase  constant  for  space  =  2  T T/j[ 

(D.  4) 

,  60  crjL 

p  =  loss  tangent  =  =  o 

€. 

(D.  5) 

D-  1 


in  which  <3-  and  ^  are  the  real  effective  conductivity  and  relative  dielectric 

constant,  respectively,  \  is  the  free  space  wavelength,  and  mks  units  are 

o 

used.  The  functions  f(p)  and  g(p)  are  discussed  in  Section  IIB  and  tabulated 
in  Appendix  A. 

The  antenna  is  of  length  2h  and  radius  a  such  that  -t-  >>  1.  Interest  will 

c L 

be  concentrated  on  antennas  having  an  electrical  half-length  Tr/2  —  y^h  *  3  T/2 

and  on  electrically  short  antennas  such  that  0.  3,  in  which  is  the 

phase  constant  of  the  medium  for  an  loss  tangent  and  given  by  equation  (D.  3a). 
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Formally,  the  theory  is  based  upon  variational  formulations  of  Tai  and 
£>8 

Storer  °  for  antennas  in  free  space  but  where  the  complex  phase  constant  k 

of  the  dissipative  medium  is  substituted  for  the  real  phase  constant  ^^2  of 

free  space,  and  ^  is  substituted  for  the  real  characteristic  impedance 

=  120  tt  ohms  of  free  space.  Then  the  formulas  contain  exponential,,  sine, 
o 

and  modified  cosine  integrals  of  complex  argument.  Because  we  lacked  appro¬ 
priate  tables  for  complex  arguments,  we  resorted  to  approximations  using 

asymptotic  expansions  for  large  arguments  and  convergent  series  expansions 

6>8 

for  small  arguments.  In  the  formulas  of  Storer,  the  argument  of  some  of 

the  integrals  are  half  as  large  as  the  smallest  argument  in  the  integral  ex- 
70 

pressions  of  Tai.  Because  of  the  interest  in  antennas  whose  half-length 

was  equal  to  or  greater  'chan  a  quarter -wavelength  in  the  medium,  we  based 

70 

our  equations  on  the  formulations  of  Tai  since  the  approximations  using  the 
asymptotic  expansions  were  more  accurate. 
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II.  Exponential,  Sine,  and  Modified  Cosine  Ingetrals  -  Series  Expansions 

We  wished  to  check  our  expansions  of  sine  and  modified  cosine  integrals 
with  values  of  those  integrals  calculated  from  tabulated  values  of  the  exponential 
integral.  Tables  of  the  latter  have  been  prepared  by  the  National  Bureau  of 
Standards  ^  and  Corrington^have  shown  how  the  sine  and  cosine  integrals  may 
be  deduced  therefrom.  For  this  purpose  we  use  the  NBS  definition  of  the 

*®i 


exponential  integral.  Let  z^=x  +  jy=/o  e 


r 


L.  The  exponential  integral  is 


given  by 


El<zl)  = 


co 

r  -u 

e 


du 


u 


(D.6) 


and  is  defined  for  -7 T  <  0  ^  &  IT.  The  tabular  values  are  given  for  the  angular 


range  0  —  0  ^  -  TT . 


For  z^  4  0,  Ej(zj)  is  given  by  the  series 


Ej  (zp  =  -  C  -In  Zj  - 


n  =  1 


c-l)n 

n .  n ! 


(D.  7) 


where  C  =  0.  5772  - -  Euler's  constant.  The  series  (D.  7)  is  particularly 

useful  when  |  |<  1  so  that  very  few  terms  in  the  series  are  required. 

When  |zj|  is  large,  the  asymptotic  expansion  for  E^z^)  may  be  written 


1  - 


2! 

2 


3! 


+  ---) 


(D.8) 


For  a  complex  variable  W,  the  following  integral  relations  are  employed: 

pW 

Ci(W)  =  cosine  integral  =  ]  —  dt  =  ci(W)  (D.  9) 


p W 

I 
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Cin(W)  =  modified  cosine  integral  = 


1  -  cos  t 

Jo 


dt 


=  C  +  InW  -  Ci(W) 


<D.  10) 


Si(W)  =  sine  integral  - 


do 


and 


-  si(W) 


L(W)  =  Cin(W)  +  j  si(W) 


(D.  11) 


(D.  12) 


In  the  theoretical  development,  we  use  the  complex  variable  z  =  x-  jy 

je 

=  p  e  ,  and  y  ^  x  so  that  -  TT/4i0^O.  For  this  range  of  0,  z^=  z*  where 
the  asterisk  denotes  complex  conjugate.  Denoting  by  £(z the  exponential, 


sine,  or  cosine  integrals,  then 


f(Zl*)  =  f*(zj)  =  f(z) 


(D.  13) 
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Following  Corrington,  then  the  desired  integrals  may  be  computed  from 
the  tabulated  exponential  integral  as  follows: 

Cin(x  -  j  y)  =  C  +  1  n  (x  -  j  y)  -  Ci  (x  -  j  y) 

Gi(x  -  j  y)  =  -  j  JjE1(y  + jx)  +  E*(-y  + jx)  J 

Si(x- jy)  =  -  j  |~E  j(y  +  jx)  -  E  *  ( -  y  +  j  x)J  +  .ip 

L(x  -  j  y)  =  Cin  (x  -  j  y)  +  j  Si  (x  -  j  y) 

in  which  E  j  is  the  tabulated  value  and  E  *  is  the  complex  conjugate  of  the 
tabulated  value. 


(D.  14) 
(D.  15) 

(D.  16) 

CD.  17) 
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The  series  representation  (D.  7)  may  be  used  to  obtain  approximate  forms, 
useful  for  small  z,  for  the  integrals  in  equations  (D.  14)  through  (D.  17).  With 
z-x-jy,  one  obtains 


Cin(z)  = 


2 

z 

2.  2! 


4.  4! 


6 

z 

6.6! 


(D.  18) 


3  5 

2  Z 

Si(z)  —  z-  3,3!  ^  5t  5  5"'"’“"  (D.  19) 


2 

L(z)  ^  “  (1- 


1080  )  +  J  z  t1  ‘  18  +  -gtio  ) 


(D.  20) 


The  series  forms  (D.  18)  and  (D.  19)  may  be  derived  readily  from  the  series 

2 

expressions  in  Janke-Emde-Losch  for  ci(W)  and  si(W)  when  substituted  in 
equations  {D.  9)  and  (D.  11). 

For  large  arguments,  asymptotic  expansions  like  (D;  8)  are  substituted 
in  equations  (D.  14)  through  {D.  17)  with  the  result 

,  sin  z  2  .  cos  z  ,,  6  . 

Cin(z)  —  C  +  1  n  z  -  ■  ( 1  -  — t- - )  + - t —  ( 1  -  — - ) 

z  z4  z  z^ 


(D.  21) 


Si(z)  =  JL  -  (i  .  JL  .  _  _)  _  ill*  (1  -  ±  -  (D.  22) 

2  Z  z2  Z2  z2 


-J  z 


L(z)  =  C+lnz+j  i  -  j  — — 

2 


(1  .  ~2-  ..  -  _)  +  j  —  (1  -  — - ) 

s  z 


(D.  23) 


The  series  (D.  21)  and  (D.  22)  are  formally  like  those  derived  from  asymptotic 
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expansions  for  ci(x)  and  si(x)  for  real  variable  x  as  given  by  Janke-Emde- 
2 

Losch  but  where  the  complex  variable  z=x-jy  is  substituted  for  the  real 
variable  x. 

To  illustrate  the  accuracy  of  using  approximate  relations,  calculations 

were  made  for  L.(z)  with  z  =  x  -  j  y,  for  y  =  0  and  y  =  x  and  for  x  =  0.  5,  3.0, 

4.0,  and  5.0.  For  y  =  0,  the  tabular  values  of  Cin(x)  and  Si(x)  were  taken 

from  King's  text  (reference  5,  Appendix)  from  which  the  tabular  value  for 

L(z),  defined  in  equation  (D.  12),  is  readily  obtained.  For  z  =  0.5-j  0.5  and 

19 

z  =  3  -  j  3,  tabular  values  of  E^(y+ jx)  and  E-  (-  y  +  j.x)  exist  from  which 

tabular  values  of  L(z)  were  obtained  using  equations  (D.  14)  through  (D.  17). 

The  exponential  integral  for  the  larger  values  of  z  =  4  -  j  4  and  z  =  5  -  j  5  were 

19  z 

obtained  from  tabular  values  of  the 'function  e  E^(z)  and  proceeding  as 
above  to  obtain  L(z).  For  z  =  0.  5  -  j  0.  5  and  z  =  0.  5  -  j  0,  the  approximate 
value  of  L(z)  was  calculated  from  expression  (D.  20)  using  two  terms  in  the 
parentheses.  For  the  other  values  of  z,  approximate  values  of  L(z)  were 
calculated  from  equation  (D.  23)  omitting  the  second  terms  in  the  parentheses 
The  results  of  such  calculations  are  shown  in  Table  D.  1  with  L(z)  written 
in  polar  form.  The  error,  in  percent,  between  the  tabular  and  approximate 
values  of  the  magnitude  R  and  phase  angle  0  are  also  given. 

For  the  smallest  z.^the  error  in  the  approximations  using  expression 
(D.  20)  is  quite  small  and  should  reduce  for  smaller  values  of  z.  For  larger 
values  of  z,  using  equation  (D.  23)  with  y  =  0,  the  error  is  small  and  reduces 
the  larger  the  value  of  x.  For  y  =  x,  the  error  is  quite  small  for  x  >  3. 
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TABLE  D.  1 


Comparison  of  Values  of  L(z)  Calculated  from 

Tabulated  Values  of  the  Exponential  Integral  with  Those  Calculated 

Using  Series  Approximations 

*  •  «- 
z  =  x  -  j  y  y<  x 

i  (A 

L(z)  =  Cin(z)  +  j  Si(z)  =  R  /0_=  ReJ 

z  L(z)  Approx.  L(z)  Error  in  % 


(deduced  from  tables 
ofEj(z)) 

(deduced  from  series) 

R^ 

£ 

0.5  -  j  0.  5 

0.62419 

/0. 67211 

0.  62050 

/0. 67763 

-0.59 

+0.82 

0.5  -  j  0 

0.49697 

/l. 44601 

0.49697 

/l.  44601 

0.00 

0.00 

3  -  j  3  . 

2.  1633 

t0.  37408 

2.  1627 

/0. 37378 

-0.03 

-0.  08 

.3  -  jO 

2.4165 

/0.  87108 

2.4221 

/0. 89196 

+0.  23 

+  2  .  40 

4  -  j  4 

2. 4409 

/0.  32884 

2. 4407 

/0. 32886 

-0.01 

+0.01 

4  -  j  0 

2.7423 

/0. 69599 

2.7629 

/0. 70075 

+0.  75 

+0.69 

5  -  j  5 

2.6482 

/0. 30129 

2.6530 

/0. 30085 

+0.  22 

-0.  15 

5  -  j  0 

2.8374 

/0. 57788 

2.8492 

/0. 57580 

+0.42 

-0.  36 

6  -  j  6 

2.  8270 

10.  28148 

2.8266 

tO.  28153 

-0.01 

+0.  02 

6  -  j  0 

2.8229 

t0.  52902 

2.8236 

/0. 52630 

+0.02 

-0.  51 
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Values  of  z  where  y  «  x  will  be  seen  to  represent  the  case  for  bare  an¬ 
tennas  immersed  in  a  dissipative  medium  having  a  loss  tangent  p  which  is 
very  small.  Values  of  z  where  y  =  x  will  then  represent  that  case  for  large 
loss  tangent.  The  quantity  x  will  represent,  the  radian  lengths  2/5  h  or  4y$h 

in  the  functions  L(2z)  and  L(4z)  used  in  our  modification  of  Tai's  integral 
70 

expressions.  Accordingly,  since  we  lack  tables  of  Cin(z)  and  Si(z),  we 
shall  use  approximations  (D.  20)  for  electrically  short  antennas  and  (D.  23)  with 
x  i  IT,  y—  x  corresponding  to  antennas  with  —  TT/2. 

III.  The  Variational  Solution 

The  zero-order  variational,  or  EMF,  method  of  solution  is  based  upon 
a  sinusoidal  distribution  of  current.  If  the  antenna  lies  along  the  z-axis  and 
z'  denotes  the  position  coordinate,  the  zero-order  current  distribution  is 
given  by 

I(z')  =  1(0)  .siri.  k  <h  -  1  (D.  24) 

sin  kh 

in  which  1(0)  is  the  input  current  at  z'  =  0.  The  complex  phase  constant  of 
the  current  k  is  the  same  as  that  of  the  dissipative  medium  given  by  equation 

(D.  1).  The  distribution  given  in  equation  (D.  24)  is  the  same  as  that  used  by- 
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King  to  obtain  the  approximate  electromagnetic  field  due  to  a  bare  antenna 
in  dissipative  media  and  for  which  3  TT/2;  a  different  distribution  was 

used,  however,  to  obtain  the  input  impedance. 

The  input  impedance  ZQQ  for  the  zero-order  variational  (EMF)  method 
may  be  written  as 
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(D.  25) 


.  ✓ 


oo 


11 


sin6  kh 


where  is  the  complex  characteristic  impedance  of  the  dissipative  medium 
given  by  equation  (D.  2),  and  where 


*n  =  2U2z)  +  e 


j  2  z 


[> 


1  j  2z 

-  - 

j+« 

31  -  1  n  2 

2 

(D.  .26) 
2h 


with  z  =  kh  - ^3  h  (1  -  j  )  and  with  the  thickness  parameter  =  2  In  . 

The  functions  L(W)  are  given  by  equation  (D,  12)  and  discussed  in  Section  DII. 

The  first-order  variational  solution  is  based  upon  Tai's  trial  current 
.70 

distribution  which  may  be  written  as 

K*'):  1(0){-,^k(h-  U'‘  Ak*h~  lz'l  >  C°S  k(h--1^  1  1  (D.  27) 

L  sin  kh  +  kh  A  cos  kh  j 

The  first-order  input  impedance  may  be  written,  after  evaluating  the  constant 
A,  as 


"01 


=  JL 


1S  U  -  V 
11  22  12 


z  IS  cos  z  -  z  IS  sin  2z  +  sin  z 

11  12  22 


(D„  28) 


s* 

The  constant  A  in  equation  (D.  27)  is  evaluated  from  the  variational  method  as 

<D.  .29) 


A  = 


II  cos  z  -  ^  s^n  z 


^22  s*n  z  “  z  ^12  cos  z 


The  parameter  3^  in  equations  (D.  28)  and  (D.  29)  is  given  by  equation  (D.  26). 
The  parameters  3^^  and  3^  are  very  long  expressions  which  may  be 
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obtained  from  the  equations  of  Tai  but  with  complex  z  =  kh  written 
the  real  value  x  =  ^li  in  those  equations. 


“V, 

f  *  /. 


IV.  The  Hal 


f-Wave  a -vi-—..  .  f  /S i  —  ' 

i  vrr .  ,  | 


1.  In  F ree  Space 


2  rrh 


In  free  space,  p  =  0,  £  =  1  and  kh  become  simply  /3  b  -  -  . 

r  /  o  ,t0 

The  results  of  severed  methods  for  computii, g  the  input  impedance  have  !we:'. 

compared  previously,  sometimes  graphically  and  occasionally  in  tabular  term. 

Listed  below  in  Table  D.  2  a.re  numerical  values  for  the  input  impedar.ee  Z 

and  admittance  ’  fer  an  antenna  the  length  of  which  is  one-half  wavflenrvh 

in  free  space,  c  ' Gained  from  several  methods.  The  value  of-/?.  cho3>*n  was  10. 

The  results  for  ■ '.ie  lirst-order  variational  method  were  computed  lv  n;,  t.'c 

formulas  of  Ta‘  and  tabulated  values  for  the  sine  and  modified  ..osi  »e  mt>.- 

gral  (reference  ",  Appendix).  The  King- Middleton  second  order  rale-i  wei  u 

taken  from  Kind’s  text.  ^  The  values  obtained  by  King^  using  a  :*?ce  it  appi*  ui - 

mation  to  his  it  rative  procedure  are  also  shown.  The  values  d  ■r'io  \  froi 
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the  EMF  metho.<  are  well  knowi  . 

The  comparison  of  the  values  of  Y  calcu.  ;tJ  by  the  !«■  e 

t,  | 

methods  was  discussed  by  King.  We  merely  add  that  the  valu'  *.  r  culate* 
by  the  firat-or<.~r  variational  method  differ  but  1%  in  the  conducts:;  :  and  3^ 
in  the  susceptancc  from  the  corresponding  King- Middleton  valuei  m-  thus 


agree  well  with  experiment. 


c .  In  '  -Less  Dielectric  (^  i  1,  p  =  0) 


Jr  ?  .s-lcss  dielectric,  p  =  0  if  the  antenna  length  is  a-'  i<  rod  t. 
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